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IIEPEIMOBA

Mosorpadio  NPUCBSIYEHO  PO3pOOII  YHCIOBHX  METOIIB
KOHPOPMHMX 1  KBa3iKOHOPMHUX  BifOOpaXeHb  JOCIIIKCHHS
KBasiiJieaTbHUX TIOJNIB HAa NPHKIAAI MOJCTIOBAaHHS Ta OITHMI3aIlii
napameTpiB  QiNbTpaliiHUX TPOLECIB y CXWIBHHX A0 aAedopmaii
CepelIOBUIIAX 3 YypaxyBaHHSAM 3BOPOTHHOTO BIUIMBY BH3HAYAIBHHUX
(akTOpiB MpoLecy Ha XapaKTEPUCTHKH CEPEIOBHILA.

IIpoBeneHo  mociimkeHHs — QinbrpamiiiHux — gedopMmaiiii B
MOPUCTUX CEPEAOBUIAX — KPUBOJIHIMHMX CKJIagHOI TeoMeTpii
001acTaAX, OOMEXEHUX JHIAMH Tedil Ta eKBIMOTEHI[IATFHUMH JTiHIIMH, 3
ypaxyBaHHSIM B3a€MOBIUIMBY XapaKTEPUCTHUK CEPENOBHIIA Ta IMPOLECY.
BUKOpUCTOBYIOUM i[Ief0 TMMOETANHOT TMapaMeTpu3allii XapakTepUCTHK
Cepe/IoBHINIa Ta TpOIeCY, PO3pOOJICHI HOBI €(EeKTHBHI alrOpUTMU
pPO3B’sI3yBaHHS BIJNOBIIHUX KpaloBUX 3a7ad Ha KOH(OpMHI Ta
KBa3iKOH(OPMHI BiIOOpaXKEHHS KPHUBOJIIHIHHMX MHOTOKYTHHKIB Ha
MPSMOKYTHI, IO ONUCYIOTh TMPOIECH 3BOPOTHOTO BIUIMBY TPaJliEHTIB
KBasimoTeHuiany (OiIpIIKX 3a IX KpUTHYHI 3HAYCHHs) Ha QiIbTpawiiHi
XapaKTePUCTUKH cepenoBuia. Ha OCHOBI MOOYyZOBaHUX PO3B’SI3KIB
TAaKUX HETIHIMHUX 3a/1ad4, KoIu KoedilieHT ¢QinbTpamii Ta KOMIIOHEHTH
TeH3opa (inbTpamii 3ajiexarh sSK BiJ KOOPAMHAT (i3MYHOI 00JIACTI
¢inpTpanii, Tak i Bifg OIykaHHMX (YHKLIA Tedii, MoTeHUiady Ta HOro
IpajgieHTy  JOCHIKEHO xapakrep (opMmyBaHHS 30ypeHHX 30H
cepenoBuIIa. Otpumano MOJIeTIbHI CIiBBiTHOIIICHHS MiX
XapakTepucTUKaMH HeJle(OpMOBAHOTO CepeIOBUIIA Ta CEPEIOBHINA, IO
negopMyeThCsl MiA BIUIMBOM TiIpoAMHAMiuHOI [Iii ¢QimpTpaumiiHoro
motoky. Ha oOCHOBI TpOBEACHHX pO3PAaxXyHKIB BCTAHOBJICHO, IO
BpaxyBaHHS BIJIACTHMBOCTEH TIIOPUCTOTO CEPENIOBUINA Ta  BIUTUBY

IpaflieHTIB MOTEHLiany Ha mpouec ¢inpTpanii NPUHLMIIOBO 3MiHIOE



0a30Bi TONOXKEHHS BiOMOi y JiTepaTypi METOAWKHA  OLIHKH
(biTpTparitHuX XapakTepUCTUK IPYHTIB.

Binmosigny METOI0JIOTIIO MIEPEHECEHO Ha BUMAOKU
0araTo3B’sI3HUX KPHUBOJIHIHHMX oOiacred ¢inprpamii. [Ipu mpomy
BUPILIEHO MPOOJeMy BpaxyBaHHS PO3ABOEHHS JIiHIT Tedil MpH mepexomi
Bix Oarato3s’si3HOI 00jacTi ¢inbrpamii 10 0aHO3B sA3HOI. Po3pobieHo
HOBI €(EeKTHBHI UHCIOBI METOOM Ta AITOPUTMH PO3B'SI3yBaHHS
HEMHIMHUX  OOCpHCHMX KpaloBHUX 3agad Ha KOH(OpMHI Ta
KBa3iKOH(GOPMHI BimOOpaKeHHS I JBO3B’S3HMX Ta TPHU3B SI3HUX
objacTeli Ha OCHOBI ifel MOYEProBoi IapaMeTpU3allii XapaKTEPUCTHK
MpoIeCy Ta CEpPelOBUINA MPH MOJCIIOBaHHI Cy(pO3iMHUX SBUI Y
IPyHTax; OTPMMAHO UHCIOBI pO3B’S3KM 3a7ad 13 BpaxyBaHHIM
¢inpTpaniiinoi gedopmariii cepe1oBUIa MPH BpaXyBaHHI B3a€EMOBILIMBY
TPaJieHTy  KBa3iMoTeHIiamy Ta  (QinbTpamiiHUX  XapakTepUCTHUK
Cepe/IoBHILA, BCTAHOBJICHO 30HH 30ypeHHS BUXiTHOTO MOTOKY 3MiHHUM
KoedimieHToM (QiNbTpalii; Brepiie Ha OCHOBI pPe3yNbTaTiB YHCIOBUX
PO3paxyHKIB BCTaHOBJICGHO CIiBBIIHOLICHHS MIX XapaKTepUCTUKAMH
cepeIoBHIIa 1 IIpolecy 0 Ta micis aedopmarii (piabTpaliiiina BUTpaTa,
rizpoanHamiuHa citka, koedimieHT (inbTparii, iH.) 4715 BUIAAKIB, KOJIX
¢izndHa 005acTh QiNbTpallii € 6araTo3B’sI3HOIO.

Ha miii ocHOBI po3po0iieHO KOMIUIGKCHHH — MiIXix 10
MaTEMaTHYHOI'O MOJICIIOBAHHS HEJIHIHHUX MPOIECIB BUTICHCHHS B
HaTOra3oBUX IJIacTaXx, OOMEKEHUX EKBIMOTCHLIAIBHUMHU JIHISIMUA Ta
JMHISIMA Tedii 32 YMOB 3BOPOTHBHOTO BIUIMBY Ta PO3BUHYTO YHUCIIOBI
METOAM KOH(POPMHHUX 1 KBa3iKOH()OPMHHX BifOOpaKeHb PO3B’SI3aHHS
BIJIMOBIAHUX HEMIHIAHMX KpaloBHUX 3amad Oaratoda3Hol ¢ijabTparrii.
30KkpeMa, po3po0JIEHO aNrOpUTMU PO3PaxyHKY MpoueciB OaraTodazHoi
¢inpTpanii y HaQTOra3oBHX IUIaCTaX 3a YMOB YTBOPEHHS JOJAaTKOBHX
GiNbTpallifHUX BIUIMBIB NIISIXOM TIONOBHEHHS ICHYIOHOro (OHIY

CBEpAJIOBHH, NPH LbOMY, NPOAHAII30BAaHO 1 OMHCAaHO BCi MOXKIIHUBI



Bunagku (OpMyBaHHA Tedii 3aJeXHO BiJA 3HAUYEHb KEPyIOUOro
MOTEHIlIaTy Ta BUAIJICHO «KJIOYOBI» THUIH 33aad Ha 3HAXOKEHHS THX
Horo 3Ha4eHs, SKi 3a0e3mnevuyBaiu O ONTHMI3alilo NEeBHUX (PYHKIIOHAIIB
(BUTpAT, MEPETOKIB TOILO), 30KpeMa, 3 METOK YHUKHEHHS (OPMYBaHHS
(3HayHMX TO CBOIM IUIOmI) 3acTiiHMX 30H. Ha ocHOBI koMOiHamii i
Moaudikarii METO/IB KBa3iKOHGOPMHOTO BiIOOpa)KEHHS Ta IOETAITHOI
¢ikcamii xapakTepUCTHK CEpeAOBHILA 1 Mpolecy po3polieHo Mmiaxia 10
pO3B’s3aHHS BIAMOBIAHUX KpaWoBUX 3anad. [loOygoBaHO METOIHMKY
KOMIUIEKCHOTO ~ MOJIIOBaHHs JaBOo(da3Hol  ¢inbTpaliii 3a yMOBH
HETIOBHOTO BHWTiICHEHHsI (Mozenb bakmes-JleBeperra), omrumizaltii
napameTpiB Ta KepyBaHHS. CTBOPEHO NPOTpaMHHHA KOMILIEKC, LIO0
peanizye po3poOsieHi B POOOTI alrOpuTMH, sIKi € YHiBepCaJIbHUMH,
30KpeMa, MPUAATHUMH JJIs BUPIMICHHS OCUTh BAXIIUBOI TEXHIYHOT
3aj]a4i ChOTOJICHHS — PO3PaxyHKY €()EeKTHBHOCTI BIUTHUBY T1J[PaBIiqHOTO

PO3pHBY IU1acTa Ha (QiNbTpaLiifHi XapaKTePUCTUKHU MPOLIECY BUTICHEHHS.

PO3ALJI 1. MATEMATHUYHE MOJIEJIOBAHHSA



®LILTPALIMTHUX JEPOPMALIN B IPYHTAX 3
YPAXYBAHHSIM B3ACMOBILINBY XAPAKTEPUCTHK
CEPEJIOBHIIIA TA IPOLIECY

[Ipn mepeBuIeHHI MIFOYAMH  TPATI€EHTAMH  JIOITyCTHMOTO
(KpUTHYHOTO) IX 3HAa4YeHHS M TEBHOTO IPYHTY, HampuKiIang, B
HaBKOJIOJPEHHOMY CepeloBHII BinOyBaeThCcsl BTpata (imbTpamiiHOi
MIITHOCTI TPYHTIB, L0 3yMOBIIOE 3MiHy KoedilieHTa QinpTpamii.
He3Baxkatoun Ha Te, MmO poO3MIpH 30HH, i€ TPAAIEHTH HAIMOPY
MEPEeBUILYIOTh KPUTWUYHI iX 3HAYEHHS, MOPIBHSIHO 13 T€OMETPUYHUMHU
po3MipaMu obOiacti ¢iabTpamii (30KpemMa, MIKAPEHHAMH BIiICTAHIMH),
JIOCUTH Mali, 3MiHH, IO BiIOYBalOTHCA y TPYHTI IIi€i 30HHU, BIUIMBAIOThH
Ha KoedimieHT ¢inpTparmii. XapakTep 1 pO3BUTOK LWUX 3MiH TPYHTY
JOCUTH CKJIATHUM 1 3aJIeKUTHh HE TUTHKU Bif TPaJi€HTIB HATOPY, a ¥ Bix
MEXaHIYHOTO CKJIaxy IPYHTY, TeoMeTpii obmacti Tomo. Arne, Bigomi Ha
el Yac TeopeTWYHi PO3paxyHKH mporecy (inbTpalii B MOPUCTOMY
Cepe/IOBHILII HE BPaxOBYIOTh B3a€MOBIUIMBY TpPaIi€HTIB Hamopy Ta
KoediuieHTa QinbTpanii Ha QiNBTPaLiiHI XapaKTEPUCTHKH CEPEeIOBHILA.
Lle sBume, 3yMoOBJIeHEe BHWHUKHEHHSAM (impTpamifHux medopmariii,
CYIPOBO/UKY€ETHCS CYTTEBUMH 3MiHAMH TIUTOMOI BHTpatu. Tomy,
0COONMBHUH 1HTEpEC NPECTaBIIsiE HEiHIITHE MOJIEIIOBAaHHS TaKOTO POIY
SBUIIl 3 ypaxyBaHHSM B3a€MOBIUIMBY BEJIMKMX TPAJi€HTIB HAropy Ta
(GiNbTpallifHUX XapaKTepUCTUK CepeoBUINa (Hanpukian, cydosis, mo
MOpOJKEHa TpafieHTaMU OiMBIIUMH 332 KPUTHYHI iX 3HAYCHHS).
MeTtoauka po3B’si3yBaHHS TaKOTrO POy 3aj1a4 po3podiieHa B poboTi [72].

VY wmiii poOOTI CTaBUTHCS 337a4a PO3MOBCIOIUTH iICH0 BpaXyBaHHs
B3a€MOBIUIMBY Ta MIXiA HENMHIAHMX OOepHEHh Ha OULTBII CKIIAJHI
BUMAJKH TIOPUCTUX CEPENOBHII — OJXHO3B’SI3HUX KPUBOMIHIIHNX

YOTMPUKYTHUX oOnacteil — G, =ABCD (z=Xx+iy), oOMexeHux

YOTUPMa TJIaJKUMHA KpuBUMH: JiHisMU Tedii (BC = {Z: fz(x,y)= O},



DA= {z £, (X,y)= 0}) Ta CKBIMOTCHITI ATbHUMH JHIIMA (
AB = {z: fl(x,y)z 0}, CD= {z: f3(x,y)= 0}).

B ocHOBY nmocmimkeHb MOKIaIeMO, 38 TPAAULIEI0, MPOLEC PyXy
(30xpeMa, pipTparlii B MOPUCTOMY IUIACTI, PyXY 3apsSHKEHUX YaCTHHOK
y MPOBITHIHN IIACTHHITI, 1 T.I1.), IKHHA OMMHACYETHCS 32 JOMTOMOTOI0 3aKOHY
Hapci (3akony Oma) v=x-grad ¢ Ta piBHSHHS HEpPO3PHBHOCTI [156,
175] divo=0, ne Bzox(x,y)+ioy(x,y) — WBUAKICTH QinbTparii; Kk —
neska oOMexkeHa HenepepBHa B oOmacti G, ¢yHKUiS uyM TEH30p
($YyHKUIH APYroro paHry, 0 XapaKTepH3ye MPOBIAHICTH CEpPelOBHIIA,
HOro HEOIHOPITHICTh, aHI30TPOMNII0 Ta CXWIBHICTH 10 Aedopmaii;
(pch(x,y) — KBa3IMOTEHIIa] IO, TaKWi, IO (p‘ AB=Ps s (p‘CD =¢*,

_do

BC dn

do

an (y BuUmaaky  i30TPOIHOTO  CEpEAOBHIIA),

=0
DA
—0< P, <P <+00; N — 30BHINIHA HOpMANb 10 BiATIOBiMHOI IIMAHKH

TpaHMII 00IaCcTi.

Po3B’s130k 3amadi dimprpartii B HaHOUTBII MMOBHOMY 00Cs3i, SIK
Bimomo [34, 156, 170, 171, 174, 175, 200], 3BoAuTECS 10 TOOY0BH
riIpoAMHAMIYHOI  CiTKM  pyXy, TOOTO CITKM  CKJIaAeHOoi i3
CKBIMOTCHINIANBHUX JIiHIA Ta miHiM Teuii. [lIBuakicte ¢inprparmii B
JesiKiii Touni o0yacTi pyxy IPYHTOBOTO HOTOKY, siK Bimomo [10, 135,
185], Bu3Ha4yaeTbest popMysor L=k-grad ¢, a HanpPsSMOK CIIBNAAaE 3
HaIMpPSIMKOM JOTUYHOI JI0 JIiHIT Teuil y JaHiid ToUIl.

Otxe, po3poOka HOBUX €(PEKTHBHUX ITOPUTMIB PO3B’S3yBaHHS
HEJNIHIHHUX O0epHeHHWX KpaloBUX 3amad Teopil QinpTpamii Ha
KoH(OpPMHI Ta KBa3iKOH(GOPMHI BimoOpakeHHS, 110 T03BOJISIE BpaxyBaTH
0arato TMpPaKTHUYHO BAXUIMBHX (DAKTOPIB, 30KpeMa, TaKWX SK CKIaTHA
TeoMeTpis 00J1acTi, CKITaHa 3aJIeXKHICTh KoedimierTa GinpTpartii Ta iH. €

AKTYaJIbHOIO Ta BAXJIMBOIO NPAKTUYHOIO 3a1a4€IO.



1.1. YwucjoBo-aHAJITHYHI MeTOAM PO3B’A3YBAHHA HeJiHiAHNX
o0epHeHMX KpaiioBuUX 3agau Teopii ¢ginbTpanii Ha koHdopmui Ta
KBa3ikoH(GOPMHi BizoOpakeHHs

Y upomMy maparpadi = BHUKIAICHO ~ METOAM  IOETAIHOI
napaMmeTpu3allii XapakKTepUCTHK MPOIIECy Ta CEPEOBHIIA JIIsI YUCIOBOTO
pO3B’sI3yBaHHs HENiHIMHUX KpaloBuUX 3agady Ha KOHGOpPMHI i
KBa3iKOH(OPMHI  BiIOOpaXeHHS B KPUBOJIHIMHUX YOTHPUKYTHHUX
00J1aCcTAX, OOMEKEHUX JIIHIIMH TeYil Ta €KBIOTCHIIIAbHUMH JIiHIAMU,
sIK1 pealizoBaHo y Bursaai nmakery nporpam mis [IK IBM PC/AT, mo
JI03BOJISIE TIPOBECTH PO3PAXyHKH sy (DiIbTpamifHUX XapaKTEPHUCTHK.
301KHICTh PO3POOICHUX AITOPHUTMIB TPOLTIOCTPOBAHO 3a JIOITOMOTOIO
rpadikiB IpH pi3HUX IMMapaMeTpax po30UTTS 00JacTi KOMIIEKCHOTO
MOTEHITiaNy.

Ha 6a3i MeToy moueproBoi mapameTpu3allii Ta METOAY CyMapHHUX
300paxenp [.Ilomoxis po3poOneHO KOMOIHOBaHWI MiIXiX IO
PO3B’sI3yBaHHS MOCTAaBIEHUX 337a4 Ha KOH(QOPMHI BigoOpakeHHS 3
BHKOPHCTAHHSAM BiJJOMHX TI€pEBar OCTAHHHOT'O METOY (3aITHC PO3B’SI3KY
Y BHTJISI aHATITHIHUX (HOPMYIT, JIOKATi3allisi HeJIIHIMHOCTI, MOXKITHBICTh
BHOIpPKOBOTO paxyHKy Ta iH.). 3alpoIoHOBAaHO HOBI KpaloBi 3aaadi, mpu

PO3B’s13aH1 KX BUKOPHCTAHO repeBaryu GopMys CyMapHUX 300paeHb.

1.1.1. OOepHeni kpaiioBi 3agaui Ha KoH(pOpPMHI BigoOpa:KeHH:

OJHO3B’I3HUX KPUBOJIIHIHHNX YOTHPHKYTHHUX 00J1acTeil

PosrisiHeMo MozenbHY 3amady NpO 3HAXOMKEHHS TapMOHIYHOL
¢dyHKii (p:q)(x,y) (moTeHmiany) B OJHO3B’SI3HIM KpUBOMiIHIMHIN
YOTUPUKYTHIN obmacti G, = ABCD (z:x+iy), oOMexeHi 4oTHpMa

[JIAJKAMH ~ KPUBHUMH AB= {Z: fl(x,y): O}, BC= {Z: fz(x,y): 0},



CD:{Z:fs(X,y):O}, DA:{Z:f4(X,y)=0}, ki B toukax A, B,C,D
NEPETUHAIOTBCA M TPIMHUMH  KyTaMH, TIDH yMOBax: @ ag=Q,,

« do

(p‘CD:(p' dn -2

dn DA

=0 (me N — 30BHINIHA HOpPMalb JO

BC
BigNOBigHOT KpuBoi) [64, 68]. LlnsixoM BBeneHHs rapMoHiuHOl (yHKIIT

\yz\y(x,y) (byHKIil Tedil), KOMIUIEKCHO CIPSDKEHOI 0 (p:(p(x, y), i

3aMIHOI0 OCTaHHIX [IBOX TpPaHHUYHUX YMOB Ha YMOBH: \y‘ gc =Q.

\u‘ ap =0 (Q - HeBinomuil mapameTp, moBHa BHTpaTa), WO 3a1ady

3aMiHUMO OLNbII 3arajbHOI0 33Jadel0 Ha KOH(QOpMHE BimoOpaXKeHHs

w=m(z)=<p(x,y)+i\|1(x,y) ¢iznunoi obmacti G, Ha NPSIMOKYTHHUK
. . *

(obmacTp KOMIUIEKCHOTO TOTEHLIATY) Gw={(0.¢*<@<¢ ,O<\|/<Q}

MIPH BiAMOBITHOCTI YOTHPHOX KyTOBUX Touok [102, 141, 142, 146] (nus.
puc. 1.1).
OGOeprena KpaiioBa 3agada Ha KOH(POpPMHE BiIOOpaKEHHS

z:z(m)z x((p,\y)+iy((p,\u) obnacti G Ha G, npu HeBizomMoMy Q Mae

BUTILSA

ox Oy Ox _ 8y
300y’ v do , (Pw)eG,, (1.1)

[l e b llo o -
(Ko.Qlyl0Q)=0.  ,(xlo0)y(p0)-0 *S<PS<P*-
Ockinbku  QyHKIIT X=X((p,\|1) Ta y=y((p,\|1) 3a/10BOJIbHSIOTh

ymoBi Kormi-Pimana (1.1), To Ko)kKHa i3 HUX € TapMOHIYHOIO B 00JacCTi

, )
G > 110 JI03BOJISIE 3BECTH J]aHy 3ajia4y JI0 PO3B’A3yBaHH: B G  PIBHSHb



G (a0

oA D

Puc. 1.1. Dizuuna ob6aacme G , ma 6I0N06IOHA 1l 001aCMb KOMNIEKCHO20

nomenyiany G

Jlanmmaca Ax=0, Ay =0 npu 3agaHux HeniHIHHUX KpailoBux ymoBax (1.2)
ta ymoBax Kowii-Pimana Ha rpanuui 0G obnacti G, sKi B JIesIKHX
BUMNAJKaX 3pYYHO 3aMIHHTH Ha YMOBH OPTOTOHANBHOCTI JiHIA Tedii Ta
SKBIMOTCHINIAIGHAX JIIHIH 70 BIAMOBITHUX IIJISHOK TpaHUIl (¢i3waHOT
obmacTi (nuB., Hamp., [99])
grad\y(x,y)-grad fl(x,y = (x,y)e AB,
gradcp(x,y)'grad fz(x,y =0, (x,y)e BC,
gradw(x,y)-grad f3(x,y =0, (x,y)eCD,
gradcp(x, y)-grad f4(x, y)=0, (x,y)e DA.

Hepexiﬂ Bi}_'[ npaMux 10 06epHeHI/IX 3aJa4 Ma€ HU3KY mepeBar, a

(1.3)

caMme:

1) obepnena 3ana4a CTaBUTHCS B TPAMOKyTHWKYy G = (mpsma — B
KPUBOJIIHIHHOMY YOTHPHKYTHHKY G, );

2) aBTOMAaTUYHO BUPIIIYETHCS PoOIeMa o0y I0BU CiTKH (OibIe TOTO,

CciTKa B G,, mo BIJIMIOBiIa€ PIBHOMIpHIN CITII B Gw, €

TiIPOAMHAMIYHOIO CITKOIO PYXY);
3) ogHOWacHO i3  TOOYAOBOIO  TiAPOAMHAMIUHOI  CITKH  PyXy

BH3HAYAEThCS (imbTpariitHa BuTpara Q , Ipu MbOMY, 3a3HAYMMO, IO



HEJIIHIAHICTD, KA MOPOKYETHCS MEPEXOAOM BiJ MpSAMOi 3amadi J0
obepHEHOI € JIOKaNi30BaHOI 1 CYTTEBO HE BIUIMBAE HA XiJ
pO3paxyHKy JaHOI 3a/1adi;

4) npu BUBYEHHI Ha QimpTpariiHux momsax ((hoHax) pi3HHX IPOLECIB i
SIBUII] KOHBEKINii, MacooOMiHy, nuy3ii Ta iH. PO3UMHHHUX PEUOBHH,
10 3a0PYAHIOIOTH 00JIACTb.

Tomy, pominbHUM € 1OOYHIOBa KOH(OPMHHUX OPTOTOHAIBLHUX
CITOK, sKi 3pydYHi, a iHOMI 1 HEOOXiJHi, JUIS YHUCIOBUX METOJIIB
PO3B’SI3yBaHHS TUX YM IHITNX KPalOBUX 3a/lay MaTeMaTHYHOI (Di3UKH.

Jiis moOymoBH HOBOTO €()EKTUBHOTO alTrOPUTMY YHCIOBOTO
PO3B’sI3yBaHHS KpalOBHX 3371ad Ha KOH(DOPMHI BitoOpaskeHHs, B 00JI1acTi

G, MUIOKMHA ((p,\u) BU3HAYMMO PIBHOMIPHY OPTOTOHANBHY CITKY

G(}’)z{((pi,\yj): @; =9, +A@-i, 1=0,m+1; \|1J-=A\|1-j, j=0,n+1;

0" -0, Q _Ag }
— ] , Ay 1 Y Ay ™ eN(, me A, Ay KPOKH

Ap

CITKH BIATIOBITHO IO (® Ta .

Jist aucnoBoi moOynoBU BiOOpaKeHHs MpAMOKyTHHKa G =~ Ha
KPHUBOJIHIAHY YOTHPUKYTHY 00nacth G, (IpU BIAMOBIIHOCTI KYTOBHX
TOYOK) 3alMLIeMO pi3HHULEeBHHA aHajor 3anadi (1.1), (1.2) y piBHOMipHIi
ciTkoBiit obsacri (citui) GY.

Ax Bigomo [190], koxeH i3 momaHkiB omepaTtopa Jlammaca

d%u

2
Au=Lu+Lu, (Lu :STLZJ , Ly :8\41_2) MOKHA  alpOKCHMYBaTH

TPUTOYKOBUMH oOmeparopamu AU j T A,U; 3 TOYHICTIO O(hlz) Ta
O(hzzj (mabmon “xpect”)

U. . —2U. . +U. o -
L1u~Alu-= i+1, ] ij Il,j,
J A(PZ




Ui, j1 =205 j +Uj g

) (1.4)

Ay
Ane, 3 METOI0 OUTBIII TOYHIMIOTO BpaxyBaHHS TeoMETpil o0acTi

G, s anpokcumanii oneparopa Jlamiaca BUKOPUCTaEMO IIa0JIOH

“AaImuK” — B’ SITHTOYKOBY PI3HHUIICBY CHMETPHYHY CXEMY 3 BaroBUMH
KoediieHTaMu

Au ~ Au :A1(G” j+1+(1—20)Jj +csuj_l)+Az(csui+l+(1—2cs)ui +csui_1).(1.5)

Tyr 1 nHaganmi cxemu Ttumy (1.5) MaioTh Opyruil mopsmok
anpokcuManii. 30DKHICTb Ta CTIHKICTP TaKMX CXEeM TOBHICTIO
nociimkena B [190, 191].

Towmy, piBHsAHHS Jlamumaca st cpsHKeHUX TapMOHIYHUX (DyHKITIN

X((p,\y) Ta y((p,\y) 3aMiHEMO, 3rimHO 3 cxemoro (1.5), Takumm

Pi3HULIEBUMH PiBHIHHAMHI
G(Xi+1,j+1_2Xi,j+1+Xi—1,j+1)+(1_26)(xi+1,j = 2% X )+
+‘5(Xi+1,j 17 2% j1 T X1 1 +Y2(0(Xi+1,j+1‘zxi+1,j * X4, '—1)+
+(1-2c xi’j+1—2xi,j +X jqJto Xi—l,j+1_2Xi—1,j +Xq j- )):O,
o yi+1,j+1_2yi,j+1+yi—l,j+1j+ 1=20)Yis1,—2ij +Yig, j])+ (1.6)
+G(yi+1,' 172Yi jat Vi jatY (G(yi+1,j+1_2yi+1,j R EREY
+(1‘25 Yi.j+1—2Yi i +Yija +G(yi—1,j+l_2yi—1,j +yi—1,j—l))=0'
i=Lm, j=1n,

2

ne o€ lO;O.SJ — BaroBuil Koe(iLi€HT, BiJg BUOOPY SIKOTO 3aJICKHTh
CTIHKICTh, TOYHICTh Ta MIBUAKICTh 301KHOCTI pi3HHIIEBOI cxemu [190,
191].

Kpaitosi ymoBu — dyHKii, 110 BU3HA4Ya0Th BizndHy obmacts G,

— allpOKCUMY€EMO TO‘lKOBO-piBHI/IHCBI/IMH piBH}IHH}IMI/I, B SKI BXOIATH

TpaHUYHI BY3/IH



f1(’(0, i"Y0,j ):0’ faWXmat i+ Y )= 0, j=0,n+1,
fz(xi,n+1’yi,n+1)=01 fy Xi0Yio =0, i=0,m+1

(1.7)

3 Meroro 3a0e3MeUeHHsT OPTOTOHANBHOCTI CITKM 3a PIBHSHHS
3B’SI3Ky MPUTPAHUYHUX BY3JB 3 I'PAaHUYHHMHU BYy3JIaMH BHKOPHCTAEMO
YMOBH OPTOTOHAJILHOCTI JIiHIM Tedii Ta EKBIMOTCHIIIAJIBHUX JiHIH 10
BIAMOBIMHUX  AUISHOK Tpauuii Qizmunoi obmacti (1.3), sxi
anpokcumyeMo 3a cxemoro tumy UYUBLII [14] Ttakumm dwncioBo-
AQHATITHIHUMH Pi3HUIICBUMH PiBHIHHAMHA

fiy (Xo,j Yo, Xyl,,- —Yo,j )‘ f1y (Xo, iYoj Xxl, i %0, ): 0,

!

f2x Xi,n+l’yi,n+1 yi,n _yi,n+l - fZy Xi,n+1'yi,n+lxxi,n _Xi,n+1):0’
i

!

f3)( Xmad, i Ymed, j AWm,j = Ymatj _f3y Xt i Yme, j Mm,j = Xmad, j =0,
fax WioYioNia—Yio ) fay (Xi,o’yi,OXXi,l_Xi,O =0,
i=0,m+1 j=0n+L (1.8)

Konhopmuuii iHBapiaHT Y KPUBOIIHIHHOrO 4oTHpHKyTHHKA G,
(BiIHOIWIEHHS CTOPiH TNPSAMOKYTHMKA G ) € HEBIIOMUM (OCKUIBKH
HeBizoma BuTpara Q ) i BU3HA4Ya€eThes B MPOLEC] po3paxyHKy. Dopmyiy

JUTsL HAOJIMYKEHOTO 3HAXOKEHHS TaHOT BETMYUHH OJICPKHMO Ha ITiJICTaBl
yMOBH  “KOHGOPMHOI  TOMIOHOCTI B MajgoMmy~  BIIMOBITHUX

YOTHPUKYTHHKIB (MPSIMOKYTHHUKIB) TIBOX 0OJIacTe

m,n
yz-(mlxm)i,jzzloyi'j ’ (+9)
y .z\/(xi+lyj_xi,j)2+(yi+l,j_yi,j)2+\/(Xi+1,j+1_xi,j+l)2+(yi+1,j+1_yi,j+1)2
N \/(Xi,j+1_xi,j)2+(yi,j+1_yi,j)2+\/(Xi+1,j+1_xi+1,j)2+(yi+1,j+1_yi+1,jF

Toni GinpTpaliiiny BUTpaTy 3HalaeMO 3a (GOPMYJIOH0




n+1

Q=Ao (1.10)

PisHnneBa mocTaHoBKa 3a1adi OMUCYETHCS CHCTEMOIO PiBHSIHB
(1.6) — (1.9).

AJNropuT™M HaONMIKEHHS PO3B’SA3KY 0OEpHEHOI nudepeHuianbHOl
3amadi (1.1), (1.2) pizaunesoro 3amadero (1.6) — (1.9) B 3arampHOMY

BHTAAKY MOOYIyeEMO HUISXOM IOETAIHOI MapaMeTpu3arii BeTHduHU Y

(a60 3HaueHHs BUTPaTH Q), PAaHUYHMX Ta BHYTPIlIHIX By3iB citku G

3 BUKOPHCTaHHSAM ifel meromy OnouHOi iTepauii Ui aHaIiTUYHOTO
oOTpyHTYBaHHS oro 301kHOCTI [14, 19, 24, 168, 201]. A came, 3amaBimm

KUIBKICT M Ta N By3JiB PO30UTTs CiTKOBOI obnacti G, mapamerp €,

0 XapakTepHW3y€ TOYHICTh HAOIKEHHS PO3B’s3KY BIATIOBIIHOI

pi3HHueBo'1' 3a/1a4i, IMMOYATKOBI HAOMMKEHHS KOOPAMHAT TPaHUIHUX
0 0 0 0 0

wyarin %), v% 0 5 v®h g ) v 19 oY) s

BUKOHYBaJINCH piBHOCTI (1.7)) Ta moyaTtkoBi HaONM>KEHHS KOOpAWHAT

BHYTPIIIHIX BY3JIiB (I(J), ()) i=1m, j=1n, 3a dopmyrowo (1.9)

3HAXOAMMO TIOYaTKOBE HAOJIMKEHHS y(o) ( (O),y(o)j KOH(OPMHOTO
iHBapiaHTa Y. YTOYHCHHS  KOOPAMHAT  BHYTPIIIHIX  BY3JIB
(X (kD) i, J(k+1)) (k=0,1,... — HOMep KpOKy iTeparii) MPOBOANMO 3
JIOTIOMOTOF0 iTepariiianoro meroxy 3ewmens [126, 155] 3a dpopmymamu,
OTPUMaHUMH IUIIXOM po3B’si3aHHS (1.6) BimHOCHO Xij T Y 3

METOIO MPUCKOPEHHS IMIBUAKOCTI 301KHOCTI BCHOT'O TPOIIECY 1 €KOHOMIl
MaITiHHOTO dYacy Ta Ha OCHOBI ifedl Meromy OmodHOi itepartii
BUKOPUCTAEMO JIUILE MEPIIMK iTepaliiHuii KpOK), a HOBI HaOJIMKEHHS

BemunH Y Ta Q 3Haxogmmo 3a ¢opmymamu (1.9) ta (1.10). Hami,

OiANPaBIsSEMO  KOOPAMHATH  TPAaHUYHUX  BY3JIB,  PO3B’s3yIOUH



HaOMIDKEHO cucTeMy piBHSAHB, cdopmoBany i3 (1.7), (1.8), Ta
MepeBIpAEMO BHKOHAHHS YMOB CTa0Lmi3amii KOOpIWHAT TPaHUIHHX
BY3JiB (3TiZHO 3 TIPHUHIMIIOM MAaKCUMyMy IS CHCTEM PIiBHSIHB
emintuaHoro tuiy [147]), dbimerpariiinoi BUTpatH Ta KOHGOPMHOCTI
ciTku (IO TIACHIIOE YMOBH OpTOroHanmbHOCTI (1.3)) BiIHOCHO KpOKY
iTeparii BiMOBiTHO

(k) _ __(k)H (k) _ __(k)D
max [x X |y y <g,
XI,J’yi‘JEaGZ I’J I’J I’J I’J

‘Q(k+1) _Q(k)‘<8, ‘D(k+l) _p®

(1.11)

<§g,

1 Ly \/(Xi+1,j+1_xi,j +(yi+l,j+1_yi,j)2
(m+1)(n+1)i'j=° \/(Xi,j+1_xi+l,j )2 +(yi,j+1_yi+1,j )2

yCepeIHEeHe 3HAYCHHS BiTHOIICHHS JIOBXKUH JliarOHAJICH KPUBOIIHIHHAX

e D=

YOTHPHKYTHHKIB CiTKOBOi 0bnacti G .

Sxmo ymoBu (1.11) He chmpaBmKYIOTbCSA, TO TOBEPTAEMOCS IO
YTOYHEHHS KOOpAWMHAT BHYTPIMIHIX BY37iB 3a hopmymoro (1.6) i T.a. Y

MIPOTHJICKHOMY  BHITAIKy OOYHCIIOEMO HEB’S3Ky  KOH(MOPMHOCTI
OTPUMaHOi CITKH 32  (OPMYIOI0 8*=|1— D|. Jlana HeB’s3Ka

XapakTepu3ye BIAXMICHHS OTPUMAaHHUX KPHUBOJIHIHUX YOTHPUKYTHUKIB
BiJl BIONOBIAHMX TPSMOKYTHUKIB (OCKUIBKM BiJHOIIEHHS JOBXHH
niaroHanei y nMpsIMOKYTHHUKY PiBHE OAWHUII, a iCHYBaHHS MPAMUX KYTiB
3a0e3MnevuyeThcss yMOBaMu opToroHanbHocTi (1.3)).

Skmo  MoTpiOHO 30INBIINTH CTYIMiHb TOYHOCTI HAOIMKEHOTO

pO3B’SI3Ky (3MEHIIMTH HEB’SI3Ky €, ), TO 30iIbIIyeMO TapamMeTpu

pO30UTTS M i N Ta po3B’sa3yeMo pizHUIEBY 3anady (1.6) — (1.9) 3aHOBO.
OnTUMAJIBLHICTG CIIIBBIIHOIIEHHS M M 1 N JOCATa€THCSA aHAJIOTIYHO JI0

[40, 105, 179 — 182] nuisixoM onTHMi3allii aHAOTiB (yHKIIOHAIIB THITY



Pimana.
OTxe, aAIrOpUTM MO0y TyEMO TAKHM YHHOM.

1. 3amaemo T'PaHHLIO ¢biznynol obuacti G,=ABCD:
AB= {z: fl(x,y)zo}, BC= {z: fz(x,y)=0}, CD= {z: fg(x,y)=0},
DA= {z: f4(x,y)=0}.

2. 3ajmaemMo KiNbKiCT M Ta N By3JiB pO30UTTA CiTKOBOi obmacti G,
napameTp €, 3HaUYEHHs MOTEHIIaTiB @,, @* Ta BU3HAYAEMO AQ .

3. 3amaemMo modYaTKOBI HAOMMKEHHS KOOPAMHAT TPAaHUYHUX BY3IiB

W40 0,0 )

0 0 .,
m+ mH,jr Xin+l y() Xi,O)' yi(,o) (rax, mod

i,n+1*
BUKOHYBAJIUCH PiBHOCTI (2.7)).

4. 3amaeMo TOYATKOBI HAONMMKEHHS KOOPIWHAT BHYTPINIHIX BY3JIIB
0. 13, 57

5. 3a dopmymoro (1.9) 3HaAXOOAWMO IIOYATKOBE HAOIKCHHS
y(o) =y(xi(‘0j) : yi(’(})J HEBiIOMOI BETUUMHH 7 .

6. IIpoBomuMO  yTOYHEHHS  KOOpAMHAT  BHYTPIIIHIX  BY3iB
(xi(’kjﬂ) : yi(‘kj+l)j (k=01,... — HOMep KpOKY iTepaliii) 3 OITOMOIO0

OJHOTO KPOKY iTepauiifHoro Merony 3eiaens 3a Gopmyiaamu

x-(k-+1)=(c5(x(k) —2x) 4 xK) j+(1—2c5 x ) +x.(k+1))+

i]j i+1, j+1 i,j+1 i1, j+1 i+1,] i-1 ]
(k+1) (k+1) | o (k+) 2 (k) (k) (k+1)
+G(Xi+1,j—1 = 2% +Xi—1,j—1)+y (G(Xi+1,j+1 ~ 2.4, +Xi+1,j—1)+

k K+1 k k+1 K+1
#1-20] X9, x5 D o X9 g - 21D 1D 1))] /(2(1_26)(1”2 )
K+1 k k k k K+1
950 (o s~ 2y 8 v+ 20 5 + 95D )+

kK+1 K+1] K+1 k k K+1
rof v 25D v o2 (o5 -2v 8, v o



+(1—

7.

10.

11.

(k) (k+1) (k) (k+1) |, (k+1)
(yi,j+1+yi,jtl j“’(yi—l,jﬂ‘zyi-f,j +yi-1+,j-1)jj/(2(1—20)(1”2))*

20

Lm, j=1n.

k +1)

3Hax0AMMO HOB1 HAOJIKEHHS y(k+1) Ta Q( Benn4yuH Y Ta Q 3a

¢dhopmynamu (1.9) ta (1.10) BignmoBigHO.
[TianpaBaseMo KOOPAWHATH TPAHUYHHUX BY3JIB, PO3B’A3yIOUU
HAOMIKEHO CHCTEMY piBHsHB cpopmoany i3 (1.7), (1.8).

Busnagaemo  ycepenHeHe — 3HAUCHHS  BUIHOINCHHS  JOBXKHH

niaroHajel KpUBOJIIHIHHMX YOTUPUKYTHHUKIB CiTKOBOT 0Onacti G

2 2
K+l k+1 k+1 k+1
L3 \/(X‘(+1+,J)+1—Xi(,i+)j +( i(+1+'i)+1_y‘('i+)j
(m+1)fn+1); 4

D(k+1) =
i,j=0 k+1] k+1) ) k+1, k1) \2
s (2 3)

[lepeBipsiemo  Bukonanus ymoB  (1.11). Skmo  ymoBu
CHPaBAXKYIOTBCS, TO OOYMCIIOEMO HEB’SI3KYy  KOH(OPMHOCTI

OTPUMAHOI TiIPOANHAMIYHOI CITKH €, . Y MPOTUIICKHOMY BUIAIKY

— TOBEPTAEMOCS 10 YTOYHEHHS KOOPIAMHAT BHYTPILIHIX BY3JiB —
m.6,1 T.1.

BuBonnMo 3Ha4YeHHS MaTeMAaTHYHUX MapaMeTpiB Ta QiabTpaIiitHIX
XapaKTEPHUCTHUK (KUTHKICTH KPOKIB iTepartlii, GuTbTparliiiHy BUTpaTy,
HeB 513Ky KOH(OPMHOCTi, KOOpAWHATH BY3diB (pismaHoi obmacti,
O0YHCITIOEMO HIBUAKOCTI (inbTpamii Ta TpamieHTH TOTEHIIaNiB,
OyayeMo TiApoAMHAMIUHY CITKY pyXy Ta MOBEPXHIO MIBUIKOCTI).

Ha ocHoBi piBHsAHHS pyxy v=kK-grad¢@ Tta ymoB Korri-Pimana

(1.1), BenmuuuHY IIBHUAKOCTI PyXy 3HAXOAMMO 32 TAaKHUMH Pi3HHIICBUMHU

dbopmymnamu:

- Y BHYTPIILIHIX By3JlaX CITKH



Vi, :ZJAi_Tl;\/(XHl,j _Xi—l,jF+(yi+1’j —yi_lyj)z i=1m, J:R ,

I 5= (g =X, PG Vi o) = O e =% j) Vi, j —Yia, )5

- y TpaHUYHHX By3Jax ciTku Ha AB
Ay I
Vo, j :2_30 j \/(Xl,j —Xo,j)2+(y1,j —yo,j)z » J=1n,

Jo,i =%, =%0,1)Vo,j+1 Yo, j-) —(Xo,j+1 = %0, j-1) Y1, j = Yo,j) »

- y TpaHUYHHX By3ax citku Ha BC

Ay .
Vind 77 1\/(XiJrl,nJrl_Xi—l,n+1)2"'(Yi+1,n+1_3’i—1,n+1)2 ,1=1m,
i,n+

Jin1 = is i1 = X)) Vinsr = Yin) =5 s =X ) Vg = Yicane) |

- y TpaHuYHHX By3nax citku Ha CD

Ui+l j :Z%X/(Xm+1,j_Xm,j)2+(ym+1,j_ym,jy , j=1n,

It = Konst = Xm, 1)V, a1 = Ymet, 1) = Kot o1 = Xmet, j-0) Vi j = Y, )

- Y TpaHUYHUX BY3JIax CiTkd Ha DA
Ay R
Vio =7 0 \/(Xi+1,0 _Xi—l,o)z +(yi+1,0 - yi_1,0)2 , 1=1Lm
i

Ji0 =0 = Xicr.0) Vi1 Yio) = (i1 =% 0)Vizr0~Vio) s

- y BepmmHI A

Lo,0 :JAO_“([)\/(XLO ‘Xo,o)z +(y1,0 - yo,o)2 '

J0.0=(X1,0=%0,0)(Yo.1~Y0,0)~ (X1 =%0,0)(Y1,0~Yo,0)

- y BepmmHi B

UO,n+1:ﬁ\/ (Xl,n+1_xo,n+1)2 +(y1,n+1_y0,n+1)2 ’




‘JO,n+l = (Xl,n+1 - XO,n+1)(y0,n+l - yO,n)_(XO,n+l —Xon )(yl,n+l - yO,n+1) :

-y Bepuuai C

| P P
Um+1,n+1 \/ m+1 n+1 Xm n+1 ym+1 n+1 ym n+1

m +1,n+1
J m+l,n+l = (Xm+1,n+1 - Xm,n+1)(ym+1,n+1 “Ym+in )—
- (Xm+1,n+1 - Xm+1,n )(ym+1,n+1 - ym,n+1) ;
-y BepmuHi D

Vm+1,0 :\]j%OJ(Xm-Fl,O _Xm,o)z +(ym+1,o - ym,o)2 ’

Imi1,0 = Kimiz,0 = %m 0) Va1 = Yme1,0) = Kinsa1 = Xmi1,0)Vmaz,0 = Ym,0)
[o3naunmo i popmynu gepes (1.12).
YmoBu Komni-Pimana (1.1) wa rpanuui 0G, —obmacti G

(O]
anpOKCHUMY€EMO y BUTIISAL (TUB., Hamp., [190])
Xiv1,0 ~%i0 :((yi,l - yi,O) Yio ~Yis10 :((Xi,l_xi,o) 1= " (1.13)
X157 %0, Y yo,j+1‘yo,j) Yoj =¥, =7 Xo,j+1‘xo,j) j=Ln

MoaudixkyBaBmm 3araqpHy (OpMYITy CyMapHUX 300paskeHb
I".ITomoxis [150, 151, 173], 3aransHuii po3B’ 130K CKiHYCHHO-PI3HUATICBOT

cucremu piBusHb (1.6) mpu o=0 y BHyTIpilHIX 1 TpPaHHYHHX TIO
. . y
BEPTHKAN By3lax CiTKOBOro mnpsAMokyTHuka G!  samumemo y

pO3ropHYTi ¢opMi dYepe3 3HAUCHHS B TPAHUYHUX BY3Jax IO
ropusoHTaii [59, 60, 65, 67, 68, 131]

ij k{“kAkJFVLBk*YZZ

o

(plkxt ot pn kXt n+1)}

o

ijk( ka+Vka+V22

i=0m+1, j=1n,

(pl,k yt,O + pn,k yter_l)J ) (114)




jle', _ 2 k _ 2
e Py =y aegsingg Me=l+y-yPoos B pye=my g -,
vk:nk—,/nﬁ—l.

Hesinomi Ak, Bk , Ck' Dk, X 00 Y100 ¥t ne1r Yin+1» WO BXOIATE y

(1.14), BU3HAYAIOTECSA B PE3yJbTATI PO3B’S3aHHSI CHUCTEMHU HETIHIHHUX

piBHIHB, chopmoBanoi 3 (1.7) Ta (1.13)

n
f1 kz_‘,lp, [Ak +Bk +y22

(plkxt 0+ PnkXt n+1)J

n m. e
> pj.k{ck +Dy +v2) = (pl,k Ye0 T Pnk yt,n+1)} =0;
k=1 t=1 Mk ~Vk

fy (Xi,n+1’ yi,n+1)= 0;

n m+1t
f3 épj’ { LA VB +YZZ (pl,kxt,0+pn,kxt,n+l)]’

=1 M Vi

m+1 t

Z pJ k(“k +1C +Vm+1D +Y22 (pl,k yt,O + pn,k yt,n+l)} =0;

|0 le

o

n
2
|+10 XIO Y Zplk Ck+VLDk+Y z

(pl,k Yot Pnk yt,n+1)J_ Yio |
k=1 (=

o

n
2
YioVYiso=Y Zplk Wi A+ Vi B+ Z

(plkxt0+pn kX, n+1) —X0 |
k=1 t=1 Mk~



_ka (pl,k Yt0t Pnk yt,n+1)} =

Zi pj,k((“k _1jAk +[Vk —1j'3k +Y22( )Vk (pl kX0 Pk n+1)J

=] =
L 23 Vi
Z(pmk Pik| ActBe+y > - (pl,kxt,0+pn,kxt,n+l) =
k=1 t=1 M Vk
n m -
:kz_:lpj,k[[l_“k)ck+(1_Vk]Dk+y2%(u:k)\/k (plkyto+pn kY n+1)}
i=1m, j=1n, (1.15)

Jie HeBiZloMa y mpejacTaBieHa 3a popmyJiorwo (1.9).

3aransHUN PO3B’SA30K CKIHUCHHO-PI3HHUIICBUX DPiBHAHE (1.6) mpu
6=0 3rigHo 3 3araapHOI0 (HOPMYIIOK CyMapHuX 300paxkens I .TTomoxis

[150, 151, 173] mMoxHa moOAaTH 1€ ¥ y BHYTPIMIHIX 1 TPAaHUYHUX TIO
TOpPU30HTANl By3Jlax CiTKOBOro mpsMokyTHuka G! uepes 3HauenHs B
TpaHUYHMX BY3JaX MO BepTukam [64, 67]

Wi

m .
X J:kz_:lpi,k[uliAkJrV BMZZ = (plkX0t+pm kxm+1t)]

W

Zplk{“kck+vl{Dk+Yzz - (plky0t+pmkym+lt)J (1.16)

i=1,m, j=0,n+1,
e p;y=.-2-sinkL g =142 y2cosKE o =m, 44021
i,k m+1°" m+l’ k ma1’ k k k
Vie=M =y -1

Yy IEOMY BUNAJKY HEBigOMI Ak , Bk , Ck , Dk ,

. . .
XO,t’ yO,t' Xm+1,t’ ym+1,t BU3HAYAIOTHCA B PE3YJIbTaTl PO3B A3aHHSA TaKOl



CHCTEMH HENiHIHHUX anreOpaiyHuX piBHIHB

fl(XO,j Y0, )z 0

n
V
Z P k[”n+lAk +VRHB +y2 )

t=1 Mk

n+1-t

e (pl,kxo,t P kXmatt )]

n+1 t

m
kz_lpi, [ +1Ck+Vn+le+Yzz

f3 kxm+1, i Ymij ): 0

an: (AHBNZZ

(pl,k Yot t PmkYmsit )] =0;

(plkX0t+ Pm k m+1t)J

m 9 n Vt
k .
Zpi,k Cy +Dy+7° 2 —— (pl,kyo,t+pm,kym+1,t) =0;
k=1 t=1 Mk ~Vk

M=

=~
Il

n Vt
k
1(pi,k - pi+1,k{ck +D +y2) (pl,kyo,t + Pk Yot )}

t=LHg ~Vk

t=1 P VK

= Yépi,k[(“k —1)Ak +(vk —1)Bk +y2§( b (plykxo,t + Prnk Xmadt )J

t

n
(pi+1,k —Pix| Ac+HB TP (pl,kxo,t + pm,kxm+1,t) =

=Ykzn;1pi,k((“k_ljck ( _1JD +Y22( )Vk(plky0t+pmkym+1t)J

M=

=~
Il

Wi

(pl,kXO,t + Pk Xma1t )}Xo, j :V(yo, j+1 = Yo, j)

m
kZl [ukAdemzZ

n \Jt\

m . .
ic oyl
yoj‘kz_:lpl,k[“kck”k[’k Z

t=1 Vi

(pl,k Yot T PmkYmeat )]:Y(Xo, ji+1 7 %0, )



i=Lm, j=1in, (1.17)
Jie HeBizioMa Y TpezcTaBiieHa 3a popmyoro (1.9).

Po3r’s30k cuctem (1.15) ta (1.17) 3HaAX0AMMO iTeparliiHO TaKUM
YUHOM: 33JJaEMO HYJIHOBE HAOIMKCHHS HEBIJIOMOI BETHIMHH Yy (Tak, 1100
YHCII0 ()L:A(p-nT+1 HE TMEpPEeBHIIYBAJO IIyKaHOI BuTpatH Q),
PO3B’s13yeMO BUOpaHy CHCTEMY NpHU 3aJaHOMY 3HA4Y€HHi Y, HAIpUKIaJ,
MeTonoM Hetorona [155]. 3a BignoBigHMMH QopMylamMH CyMapHHUX

300paeHb BU3HAYAEMO KOOPJIMHATH BY3I1iB 001acTi G, Ta 3HaX01UMO Y

3a (1.9). B 3anexxHOCTi Bifg OTpHMaHOi HEB’SI3KM BHOMPAEMO HACTYIIHE

HAOJIMKCHHS HEBIJIOMOT BEJIMYMHHM Y 1 T.J. Y MOBOIO 3aKiHYCHHS MPOLIECY
MOKe OyTH HEPIBHICTD ‘y(k”) —y(k)‘ <g.

EdexTuBHICTS 3aIpONOHOBAHOT METOAUKU IOJSTAE B TOMY, IIO
dbopmynmu  cymapHuUX ~ 300pakeHb  3a0€3MedyloThb  PO3B’A3HICTH
JIOKaJIi30BaHO]1 JIIHIHHOT (OCHOBHO{) YaCTHMHM JAAHOI CUCTEMH, a HEBIIOMI
Koe(IIieHTH 3HAXOMATHCA MUISXOM PO3B’SA3aHHS HENHIMHUX CHCTEM
HEBUCOKHUX TOPSAAKIB 32 ymMoBHU (1.9), MOpOKeHNX JHIIEe TPAaHUIHIMH
ymoBamu (1.7) Ta ymoBamu Komri-Pimana (1.13).

Takum 4YMHOM, TIepeBard METOAY CYMapHHX 300paKeHb
I'Tlonoxist (3amuc po3B’sI3Ky Y BUTIAAL  (HOPMYNH, MOXKIHBICTH
BUOIPKOBOTO paxyHKy Ta iH.) e(peKTUBHO BHKOPHCTaHI MPU PO3B’sI3aHHI
KpaloBHX 3a/1ad Ha 00epHEHI KOH(POPMHI BITOOPaKeHHS KPUBOJIHIHHIX
YOTUPHUKYTHUX oOmacteil. Ilpyn po3B’s3aHHI 3amad 3 BUKOPHUCTAHHSIM
METOJTy CyMapHHX 300pakeHb OUTBIIICTH HEBIIOMHX, IO BXOIATH B
pi3HHUIIEBY 3a/jady, B paxyHKy ydacTi He OepyTh, IO MPUBOIUTH JI0
3MEHIIeHHs 00cary oOumcmoBanbHOI pobotu. Ll oOcraBuHa nae
MOJKJIMBICTh TMO30YTHCS HAATO BEJIHMKOi OOYHMCIIOBAIbHOT MOXHOKH.
Metox cymapHux 300paxkenp [.Ilomoxist 3acrocoBano 1 10

pPO3B’sI3yBaHHs 3aJad IpH MAyXKe€ BENHMKIK 1 HaBiTh HEOOMEKEHiH



KUIBKOCTI BY3JiB CITKH IUIsl OJHO3B’S3HUX 1 MHOTO3B’SI3HUX TUIOCKUX
obmacreit [59, 60, 64, 65, 67, 68, 131]. Tak, y poboTtax [59, 60, 64, 67,
68], BUKOpPUCTOBYIOUN MOAM(IKOBaHI (GopMyIH CyMapHHX 300paKeHb,
MOOYIOBAaHO PO3B’SI3KM JEIKUX KpaloBHX 3amad Teopii (imbrparii npu

HasIBHOCTI JpKepena nonepedHux 30ypenb MN  BUXiZHOTO MOTOKY (TYyT

M i N goBimeHi Toukm kpuBoi BC Ta (p|MN =p°). 3okpema, y

pobortax [60, 68] ommcaHO aNrOPUTMH NPEACTABICHHS PO3B’S3KIB Y
XapakTepHUX (32 HAasIBHICTIO TOPU3OHTAIBHUX Ta BEPTUKAIBHUX
po3pi3iB) Bunaakax GopMyBaHHA JIiHIN po3Ainy QiIbTpaliiiHUX NOTOKIB

y IBO3B’s13HUX obnactax G, , a B [59, 67] -y Tpuss’s3uux obnactsix G,

, SKi MaTUMyTh MICIle B 3aJIGKHOCTI BiJi 3HaYCHHS MOTEHIiany ¢°. Y
pobotax [65, 131] Bukopucrano MoaudikoBaHi (GOPMYIH CyMapHHX
300pa’keHb TPH MOOYI0BI pO3B’s3KiB KpaOBUX 3amad Teopil inprpartii
MIPH  HASIBHOCTI TOYKOBOTO mpkepena (ocobommBoi Toukm M eBC,
(p|M =1m).

[ToOymoBanuii  anropuT™M MOAM(PIKOBAHO IO PO3B’SI3yBaHHS
HENIHIHHUX ~ OoOepHEHMX KpaloBMX 3a7ad Ha  KBa3iKOH(OPMHI
BiTIOOpaKEHHST KPUBOJIHIHHUX YOTHPUKYTHHUX O0JacTe, OOMEKEHHX
JIHISIMU Tedil Ta eKBIIOTEHIIaJbHUMH JIIHIIMHU.

B sxocti TecTtoBOro (KOHTPOJBHOTO) TPHKIATY PO3TIITHEMO
001acTh OOMEXKEHY JIBOMa JyraMu KOHIICHTPUYHHX KU paaiycamu 1 Ta
€ 1 IpOMEHSMH, III0 BUXOAATH 3 MOYATKy KoopAauHaT i kyramu 0.1 Ta

1.1 panian o oci abeiwc. [TozHayaTuMeMo 1o 061acTh K G .
3 pomomororw sorapumiunoi  pyskuii ®=Inz—0.1i ngana

o0nacth BimOOpaXkaeTbCsl Ha MPAMOKYTHHK lO,lelO,lJ [141, 142].

PozninuBiiu B o0epHeHiN QyHKIIT Z —e@+0.1i MIWCHY 1 YSIBHY YacCTHHH,

OTPUMAEMO aHATITHYHI (OpMyIH Ui BU3HAYCHHS KOOpAMHAT (pismyHOT



obnacti G; 4epe3 KOOpAMHATH 00IACTI KOMIUIEKCHOTO moTeHuiany G

x(¢,y)=e% cos(y+0.1),
y(p.w)=e?sin(y +0.1). (1.18)

. . . . L ey
Pizuuesi ananoru piBHsub (1.18) y piBHOMIpHI# citui G/ MaroTh
BUTJISI

x; j=elae cos(jAy+0.1),

. 1.19

BBaxarumemo, mo po3s’s3o0k (1.19) oOepHeHOi KpaiioBoi 3amaui
(1.1), (1.2), orpumanwmii 3a anamiTHaHUME hopmynamu (1.18), € TournM.
3naiizemMo po3B’szok 3amaui (1.1), (1.2) 3a amropurmom AK sk

pO3B’s130K pi3HHUIEeBOi 3ama4i (1.6) — (1.9) (Tyr 1 Hamam y dopmymnax
(1.6) B3sTO BaroBuii KoeQiLieHT 0:% [14]).

Kpim toro, po3s’s30k 3amadi (1.1), (1.2) 3HafizemMo 3a METOIUKOIO,
sgKa TIOJISIra€ y BUKOPUCTaHHI MOAM(DIKOBAaHMX 3araibHuUX (HopMyI
cymapuux 300paxens I.ITomoxis (1.14) um (1.16).

TakuMm 4YHMHOM, pPO3PaxyHOK TiIpOAMHAMIYHOI CITKH pYXy B

obnmacti G, Ta HeBimoMOi GuIbTpaniiHOi BuTpatH Q 3IIHCHEHO 3a
BKA3aHUMH METOIMKaMi mpu M=n=12, ¢, =0, ¢*=1, £=107° (qus.
tabn. 1.1), me, okpiM mykaHoi BuTpatd Q, 3HalieHO HEOOXimHY
KUTBKICTh KPOKIB iTEparii kM , kQ, kD JUIA BUKOHAHHS BiJIIOBITHUX
yMOB 3aKiHueHHs nporecy (1.11) Ta HeB’ 13Ky KOHPOPMHOCTI OTPUMAHOT
F1IpOJUHAMIYHOI CITKH €, .

Tabauys 1.1
Pesyromamu mecmosozo po3paxyuky

MeTomuka pospaxysky | Kp kQ Kp Q €,




Amnanitnuna gopmyia - - - 1.00024 0.0E+0
Anroputm AK 274 115 238 1.00044 2.1E-4
Dopmynu I'.ITonoxis 442 117 143 0.99596 7.5E-3

3ayBaXuMO, IO AaHAIOTIYHI pe3yiabTaTd Oyimu  OTpHUMaHi
B.IL.CugopuykoM y  IOCHIIKEHHSX  TPOIECIB  OCECHMETPUIHOI
¢inpTpamii Ta BCTAaHOBIEHAa IX aJEKBATHICTb JaHUM HAaTypHHX
JOCITI/DKEHB.

BuxopuctoByroun pe3yabTaTd po3paxyHKiB, OOUUCIMMO BiTHOCHY
MaKCHMaJIbHY 1 BIJHOCHY CEPE/IHIO IMOXHUOKH 3HAYeHb KOOPIUHAT BY3JIiB

Ta BiAHOCHY NOXHOKY (inbTpauiifHOi BUTpaTH 3a Gopmyiaamu

XM —x. . ym -V
8,, =max b1 W1000, [ TM1100% |
1] XM y.m.
1) 1)
0 b
65:2(m+b(n+1)2 ‘ = m S m ~41 |:100%,
ivj ‘ X ] Yioj
Q" -Q
SQ: o -100%,
ze xi’”j, yi’"j, Q™ — TOoYHI 3HAYCHHs, OOYHCIICHI 33 aHATITHIYHUMHU

¢dopmymnamu (1.19), Xi i Yijo Q —3Ha4yeHHS, 0OYKCIICHI 32 AITOPUTMOM

AK Ta 3 Bukopucranusam ¢opmyn I'.Ilonoxis (aus. Tadn. 1.2).

Tabnuysa 1.2
Pesynomamu obuucnenv 6iOHOCHUX NOXUDOK
MeToanka po3paxyHKy O S 6Q
Anroputm AK 1.71% 0.63% 0.02%
®Dopmymnu I'.ITonoxist 6.73% 1.28% 0.43%




Po3po0iieHnii anroput™ po3BHHYTO HA BUMAJIKH IMOPYIICHHS YMOB
KOH(OPMHOCTI, SIK Y BEpIIMHAX KPUBOJIHIHHOTO YOTHPUKYTHHKA, TaK 1
B3JI0BK KYCKOBO-TJIa[IKUX IPAHMYHUX JIHIA Tedii Ta eKBIIOTEHLIaJIbHUX
JiHIA o6macti. [ mpuKiIamy po3riasHEMO Ie OMWH BUIAIOK, KOJHA B
obmacti G, mopyimieHa yMoBa KOH(OPMHOCTI CITKH Y BEpIIHHI.
Hampukinan, nmpoBexeMo po3paxyHKH B 00JacTi OOMEKCHIH MPSIMUMHU
x=0, y=0, x=1 Ta mapaGomnoto y=x2+1 [74]. Tyt nopyeHa ymoBa
koH(popMuocTi y Bepmmui C (muB. puc. 1.2). ITozHayarmMemo IO
0051acTh 5K G, . Yucnosuit po3s’s30K 3anmaui (1.1), (1.2) y uiti obnacri
3HalieHo 3a anroputMoM AK Ta i3 BUKOPHCTaHHSM 3araibHUX (POopMyI
cymapHux 300paxens [.Ilonoxis mpu m=n=12, ¢, =0, ¢* =1
£=1078 (qus. Tabn. 1.3). Ha 0CHOBI 3HAiIEHOr0 PO3B’A3KY MOOYIOBAHO
PO3paxyHKOBY TiAPOAWHAMIYHY CITKY pyXy (puc. 1.2).

Tabnuys 1.3
Topienannsa pe3yromamie po3paxyHKy & G2
Mertoauka po3paxyHky: Ky kQ Kp Q g,
Anroputm AK 289 130 177 1.16447 | 1.1E-2
®opmynu ['Ilomoxis | 401 20 20 1.15807 | 4.9E-2




Puc. 1.2. T'iopoounamiuna
cimxka 6 obnacmi G,

reomeTpii obnacti G, .

Tak, Ha pucynky 1.3
300paskeHa TiIpoAnHaMiyHa
pyxy B
paxiyca 3 3

ciTkKa MiBKPY3i
piBHOMIpHO
pPO3IOAUICHIMH Ha JiaMeTpi
BepmuHaMu (TyT JiHIT Tedii

HE OpPTOTOHAIBHI

[MopiBHIOIOYH pe3yIbTaTH
pO3paxyHKiB HaBeneHi y Tabmuisax 1.1 —
1.3,

PO3pOOJIEHOTO aBTOpaMH allTOPUTMY B

OYCBHUJIHUMU € nepesaru

MOPiBHSIHHI 3 METOJIOM, e

BUKOPHUCTOBYIOTECS (YOPMYJIH CyMapHUX

300paxenp [.Ilomoxis — BiH €
TOYHIIIUM B PO3paxyHKyY
TiApOAUHAMIYHOT CITKH Ta B

3HaXOKeHHI (PiIbTpamiiHOi BUTpaTH, a
TaKOXXK TPOCTIHUM B pearmizamii. Tomy
HaJam YHUCIIOBI pO3paxyHKH
MPOBOAUTUMEMO 3a anroputMoMm AK,
TECTYBaHHS SIKOTO IPOBOXMIIOCS HA
0araTo4nCcIOBHX

BUMNAAKax CKJIaJHOIL

Puc. 1.3. IIpuxnao ziopoounamiunoi
CimKu y 6UNAOKY NOPYULEHHS YMO8
OPMO2OHANLHOCMI Y 8EPUIUHAX

eKBiMToTeHmiaIbHiH miuii AB) [74].

1.1.2. YucaoBa modyaoBa riIpoaMHAMIYHHX CiTOK Ta INOBePXOHb

IIBHIKOCTI pyxy

301KHICTH

PO3pOOJIEHOTO  AITOPUTMY

aHp06OBaHO IIJIAXOM



MMPOBCACHHSA 0araTOYMCIIOBHX YHUCIOBUX pOBanYHKiB Fi,[[pOI[I/IHaMi‘lHI/IX

CITOK pyXy y KPHWBOIIHIWHMX YOTHPUKYTHHX obOnacTsix G, ckiagHOi

Z
reoMeTpii mpu pi3HUX 3HAYEHHSIX MapameTpiB M Ta N po30HUTTS obnacTi

KOMIUIEKCHOTO ToTeHIiany G, mpu 10bOMy OTPUMAaHI PO3paxyHKOBI
3HAYEHHs BEJIMYUHHM (iIbTpaliiiHOi BUTpaTH JUIs KOXHOI obnacti G,

MPaKTUYHO OJHAKOBI, IO IMATBEPIPKYE CTIHKICTE PO3POOICHOTO
ITOPUTMY, SIKa € HEOOXiZAHOIO 1 JOCTaTHHOIO YMOBOIO HOTO 301:KHOCTI
[14, 19]; a Takox HLIIXOM MMOOym0BU rpadikiB crabimsalii psmgy
PO3paxyHKOBUX IapaMeTpiB BiIHOCHO KpOKy iTepauii, mo me pa3
MiATBEPIKYE 30DKHICTH PO3POOICHOTO anropuTMmy. s aHamiTHYIHOTO
OOTpyHTYBaHHS 301KHOCTiI PO3pPOOJICHOTO AITOPUTMY, B OCHOBI SIKOTO
JISKUTH TOETalHa MapaMeTpu3allisl BeIUYMH KOH(GOPMHOTO iHBapiaHTa
Ta KOODJAMHAT IPAaHUYHUX 1 BHYTPIIIHIX BY3JIB CITKOBOI 00JacTi,
BUKOPHUCTAHO ifiei MeToay Gs1ouHOi iTepamii [168].

YucioBi po3paxyHKU NPOBOAMIIKCS JUIst pi3HUX oOnactedt G, npu

tounocti Habmmkens £=10"8 (qums. (1.11)), mo He MepeBHIIye TOPSIOK

2 . .
O(|h| j aIlipoKCHUMallll BUXIAHUX PIBHAHb, MNPU 3aJaHUX TPaHUIHUX

norennianax @, =0, ¢* =1 Ta npu pi3HUX 3HAYCHHAX apaMeTpiB M Ta N
po30uTTs 06macTi KomiiekcHoro norenuiany G [74].

Pesynbratn poss’ssysanns samaqi (1.1), (1.2) B obnacti G,
nofgano y tabnuui 1.4, a rizpoguHaMiuHy CiTKy 300pa’keHO Ha PUCYHKY
1.4. Ha pucysky 1.5 mnpourrocTpoBaHO MaTeMaTW4Hy 301XKHICTH

AJITOPUTMY AK JJI1 MAaKCUMaJIbHOI'O Bi,Z[XI/I.TIeHHﬂ HaOIMKEHb KOOpAUHAT

TpaHWYHUX BY3JIiB M, 3HadeHHs BuTpatd Q Ta BigHOMICHHS

niaronaneii D BigHOCHO Kpoky itepamii. Pesynbpratén oOunciens

BEJIUYMHHU IIBUIAKOCTI ¢inbrparii 3a Gopmynamu (1.12) (aus. puc. 1.6)



IIoKa3ajd, 110 HaliMeHIIa PO3paxyHKOBa BCIIMYHHA H_IBI/II[KOCTi

cranoButh 0.3667 i gocsiraeTbes y BY3Ii (i, j):(25,25), a HanOinpIma —
1.0027 -y Byssi (i, j)=(0,13).

Posrnsremo ob6macte  dimprpamii G,, oOMexeHy KpHUBHMH

z

fz(x,y)z y—25+7cos f3(x,y)=x—10n,

f(xy)=x, %

f, (X, y): y—3—3cos% , Ky TMo3Ha4YaTuMeMo 4epes G,. Po3p’si3aBuin

3agauy (1.1), (1.2) y uiit obnacri, 3HalieHo QinbTpauiiHy BUTpaTy (IUB.
Tabu. 1.5) Ta moOymoBaHO TiApOMUHAMIYHY CITKY pyxy (auB. puc. 1.7).
301KHICTb PO3POOJICHOTO AITOPUTMY MPOUTIOCTPOBAHO HA PUCYHKY 1.8

st mapametpie M, Q ta D. 3ayBaxkumo, 10 K i 04iKyBajocs (B CHITY
cumetpii obnacti G;) HaliMeHIIa PO3PaXyHKOBa BENMYMHA INBUIKOCTI
¢inprpamii 0.0077 mocsAraeThes y By3nax (i, j)z ((12,25),(13,25)), a
Hait6imbima — 0.0697 — y Bysmax (i, j)=((0,25),(25,25)) (us. puc. 1.9).

3a3HaunMO, 10 MaKCHUMaJbHI  HEB’SI3KM  KOH()OPMHOCTI
Tabnuys 1.4
3nauenns napamempis po3paxyHKy cimxu 8 G1
2
Nei mxn Ky kQ Kp Q €, O(|h| j
1:20x20 : 601 238 506 1.00016 5.1E-5 4.5E-3
2 1 24x24 i 795 309 668 1.00012 1.5E-5 3.2E-3
3 1 28x28 i 1017 i 385 83 1.00009 1.2E-5 2.4E-3
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Puc. 1.7. Tiopoounamiyna
cimka pyxy 6 obnacmi Gg ?;?8
npu pozoummi 24 x 24 n
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0034

o _ T Puc. 1.8. Cmabinizayis napamempis
0.0z ) o N 6i0HOCHO KpOKY imepayii npu
oot 4+ BT PO3DAXYHKY 2i0pOOUHAMIYHOT CImKU

pyxye Gy

i 15 20 35 3 J
Puc. 1.9. Beruuuna weuoxocmi inompayii ¢ obnacmi G3

OTPUMAaHUX TIAPOJMHAMIYHUX CITOK €, MAalOTh MicLleé B OKOJI JESKUX

TPaHUYHHUX BY3MiB, Ji¢ KPHUBOJIHIKHI €JeMEHTapHI YOTUPUKYTHUKU
HaWO1IbIIIe BIAXUISIOTHCS BiJl IPSIMOKYTHHKIB.

Po3pobnennii anroputM 3acTOCOBaHO IO ACIKHX 3adad Teopii
¢inprpanii.  3okpema, HOro  3acTOCOBaHO OO0  PO3pPaxyHKY
TIAPOAMHAMIYHOI CITKH PyXy 1AealbHOI pPIAMHM J0 HECKIHYCHHOI



CHCTEMH TOPH3OHTAJILHO po3MilleHuX ApeH. B cuny cumerpii KapTHHU
PYXY PO3IIISAaTUMEMO JIMIIE OAWH (ParMeHT TaKoi CHCTEMH, a caMme —
bisuuny obmacts G,, me AB={z:0<x<l,y=m}, BC=1{z: f(x,y)=0}=

={z:x=|,0£ ygm}U{z:OSxsl,y:O}U{z:x:0,0sySm—b—r},
CD={z: x>0, x2+(y—(m—b))2=r2}, DA={z:x=0,m-b+r<y<mj|,

CD - 30BHIiIIHIi KOHTYp JOBEPILIEHOT 32 XapaKTEPOM PO3KPHUTTS IUIACTa
ApeHu pagiyca r, b Ta m — BiAnoBigHO rIMOWHA 3aKIaJaHHs IPEHAKY
ta g0 Bojoymopy, 2l — Bigcramp Mmik apeHamu. ITo3HayaTUMEMO IO
obmacte ¢inprpamii mpu r=1m, b=11m, s=13m, 1=20m sx G,.
Pesyneratu poss’szyBanns 3agayi (1.1), (1.2) y wiif obmacti nmogano y
Tabmumi 1.6, a rigpoamHaMidHy CITKY pyxy — Ha pucyHky 1.10. Ha
pucynky 1.11
BiJNOBIIHUMHU MaTeMaTHYHUMH MapaMeTpaMH BiTHOCHO KPOKY iTeparii.
1.12)
nokasye, mo Haimenme ii 3HaueHHs 0.0123 gocsraerbes y By3mi
(i,j)=(6,25), a maii6imeme - 0.3310 - y Byari (i, j)=(25,10).

BU3HAYUCHY B

npoimocTpoBaHo  30DkHICTH anroputMy AK  3a

Po3paxyHkoBa BeIWYMHA IIBUAKOCTI (inbTparii (IuB. puc.

Posrnsmemo me onny ¢isuuny obmacte G,

MepIIoMy KBaApaHTI Ta OOMEXEHYy OpPTOTOHAIBHUMH JyraMH Kil
paniyciB 0.81M, 1.6M Ta 2M, EeHTpHU SKUX JIeKaTh HA OAHIA MpAMiA Ha
1.13).

[Toznayatumemo 1m0 obmacts dinbrpanii sk Gg. Po3s’s30k 3anaui (1.1),

Bimcrani 2.16M Ta 2.56M oaMH Big OJHOTO (IWB. pHC.

(1.2) y miii 061acTi MOIAaHO y BUTJISL TIAPOIUHAMIYHOI CITKH pyXy (AMB.

Tabnuysa 1.6
3nauenns napamempis pospaxynxy cimxu ¢ G,
2
N mxn | ky | Ko | kp Q Ex O(|h| j
1:20x20: 605 | 320 | 416 0.7453 6.9E-2 3.5E-3
2 1 24x24 815 | 418 | 548 0.7451 7.2E-2 2.5E-3
3 128x28 1046 | 523 | 693 0.7449 7.5E-2 1.8E-3
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Puc. 1.11. Cmabinizayis napamempie
8IOHOCHO KPOKY imepayii npu
PO3PAXYHKY 2IOPOOUHAMIUHOT CIMKU
pyxye Gy

10 13 M 35 5 J
Puc. 1.12. Benuuuna weudxocmi ginompayii 6 oonacmi G, Tabnuys 1.7
3nauennsa napamempis pospaxynxy cimxu ¢ Gg
2
N mxn | ky Ko Kp Q €y O(|h| j
1:20x20: 765 | 141 | 374 1.1686 2.3E-4 5.4E-3
2 24x24 1014 | 183 | 462 1.1692 1.6E-4 3.8E-3
31 28x28 1288 | 227 | 544 1.1695 1.2E-4 2.8E-3




Puc. 1.13. Tiopoounamiuna n

0g

]

00012

0,0008

0,0004

0,0000
1 201 an 601 201

1 201 401 601 201
0,746

0,744

0742

0,740
Lo
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Puc. 1.14. Cmabinizayis napamempis
BIOHOCHO KpOKY imepayii npu
PO3DAXYHKY 2I0POOUHAMIYHOL CImKU
pyxy 6 Gg

5

15 20 35 3 i

: 10
Puc. 1.115 eIUYURA UBUOKOCL iﬂbmé?a)z(ﬂ' .
puc. T.13) Ta TaONUI PO3PAXyHKOBUX 3HAYCHH IPUOPIZHUX 3HAYCHHSIX

¢ obnacmi G

mapameTpiB po3outTs (tabn. 1.7). Ha pucynky 1.14 mpoimroctpoBana
iTepamniiiHa 301KHICTE PO3POOIEHOr0 AITOPUTMY AJSI MAaKCUMAalbHOTO
BIIXWJICHHS HAOIMKEHb KOOPAWHAT TPAaHWYHUX BY3JIiB M , 3HaAUCHHS

Butpatn Q Ta BigHOmeHHA Aiaronaneld D. Po3paxyHkoBa BenMuuHa

MBUAKOCTI  GiabTparii 300pakeHa Ha pucyHky 1.15, me, sk i

OYiKyBaJlOCSl B CHJIy CHMETpii KapTHHHU pyXy, HaiiMeHIue ii 3HaYeHHS



0.1935 pmocsiraeThCcs y By3Jax (i, j)= (15,0)U (15,25), a HaiolubplIe —
0.6919 -y mysmax (i, j)=(012)U(013).

3ayBaXUMO, IO PO3POOJCHHN aJITOPUTM 3aCTOCOBAHO [0
pO3B’s3yBaHHS KpaHOBHX 3alad y KPHUBOJNIHIMHMX YOTHPHUKYTHHX
00acTsIX, 0OMEKEHHX JiHIIMH Teuil Ta eKBIMOTEHIIaTbHUMH JiHIIMHU Y
BHITaJIKaX, KOJIM KOKHA 13 TPAHWYHUX JIHINA Tedii Ta eKBITOTCHITIATBHIX
JIHIA 3aJaf0ThCA JCKIIbKOMA aHAJITHYHMMHM CIIiBBIIHOIICHHIMH (JIHB.
puc. 1.10), mpu gomy, B3IOBX AaHOI JIiHI{ (Ha AUIAHIN TpaHUIl QizumaHol
001aCTl) MOPYIUIyeETHCS YMOBa KOH(OPMHOCTI, Ha BiZIMiHY BiJl BUMAAKiB
1l OpyIICHHS Y BEpIIMHAX KPHUBOJIHIHHOTO YOTHUPUKYTHUKA (IMB. PHC.
1.2 ta 1.3). Tak, Ha pucyHky 1.16 300pakeHO TiIpOAWHAMIYHY CITKY

pyxy B obmacti G, mnpu nedopmosaniii (komom paxiyca 0.25)
exBimorenmiaipHii mdinii CD : a) — muissxoM BIAaBIIOBAaHHS, IIPH LbOMY

obmacte G, CTUCKyeThes i pinbTpaniiina Butpata 3poctae Bix 1.1643 o
1.2475; 6) - utsryBanus, 00macte G, pO3MMPIOEThCA i PinbTpaliiina

BuTpara cnanaae no 1.1363.



1.1.3. Po3p’sisyBaHHsi  o0epHeHMX  KpaWoBHX 3aga4y  Ha

KBa3ikoHPOPMHI BigoOpa’keHHsT B OJHOPIAHHUX AHI30TPOMHUX
cepeIoBHIAX

a)

A I D
Puc. 1.16. I'idpodunamiuna cimka pyxy 6 obnacmi G, 3 degpopmosarioro (a) —

60aen08annam; 6) — eumazyseanusim) exginomenyianvroro niniclo CD npu

epanuunux nomenyianax ¢, =0, @* =1 ma poséummi 17 x 17

PosrnsHeMo HenmiHIHHMIA cTamioHapHUN mpouec QinbTpaLii, KOJHu
. . . : K11 X2
KOEeili€HT MPOBIAHOCTI K BU3HAYAETHCS 3AJEKHICTIO K= ,
K1 K22
e K, =const (r, S=l,2) — BENMYMHHM, IO XapaKTepU3yloTh
MIPOBIAHICTH CEPENOBHINA, HOTO aHI30TPOMII0 Ta CXHWIBHICTH MO
nedopwmartiit [58, 74]. Toxi 3amaga
{\Vy =K1 Py TK2Pys

(0.¥)eG,,
Wy =K Px — K220y ®

{H(X(@*,\vly( a0, fa(X((P*,w)y(cp*,w))=0, 0<y<Q,
fxoQ)yleQ)=0.  1,(e0)yl00)=0.  ¢.<p<o"



3 JOMOMOTOO BiIMOBiTHOTO KBa3iKOH(POPMHOTO BifoOpakeHHs 0OnacTi

, .
G, Ha obmact G, 3BOAUTHCS 10 pO3B’s3yBaHHs B G pIBHSHD

JIPYTOTO MOPSIIKY

0%2x o ox ) o ox\) 0 OX
— 5 T (KiKop KoK ’— +—=| Ko =— 0,
8([) &V[( 11™22 21™12 &Vj ) ( 12 8‘1’) G\V[ 21 a(pj

62
ag EZ,((KMKZZ K21‘<12)7J (218\|/] 5\64,(‘(12%}:0

MIPY 331aHUX HETiHIMHUX KpaoOBHX YMOBaX Ta yMOBax

o ook _oxo oy OX_OY
Kllaw Klzaw—a(p’ KZlaw KZZa\V—&p (1.21)

Ha rpannii 0G obnacti G . 3ayBaxkumo, mo cuctema piBHsnb (1.21) €

(1.20)

CHCTEMOIO EIINTHIHOTO TUITY NTPH BUKOHAHHI YMOB

(K12+K21)2 4K K9y <0, KyqKHy — 15K >0. (1.22)
3 Meroro 3abe3medeHHsS TIAAKOCTI JaHOTO KBa3iKOH(GOPMHOTO

BiIOOpaK€HHS y KyTOBHUX TOoukax M ={A, B, C, D} Ha BIAIIOBIIHI
Gynkuii f, (X,y), i=14 , Hakiagaemo ymoBu [102, 142]

Oy +Oy = (1.23)

>
fiay M)fi (M) fi—ly,(M )fiy,(M )

Vs, ) 1y 00, 5, 00 1, )

! ! /2
- Ky fj, (M)+(K12+K21)ij(M)ij(M)+K22ij (M)
c0s0,, = :

\/ij’Z(M J+ ij'z(M )\/[Kllfjx'(M )+K12ij’(M ))2+(K21fjxr('v' )*Kzzij'(M ))2

df
fO(M) = f4(M), j=1npu i=12 ta j=3 npu i=34.

e cos@,\,I =

Ymosu (1.23) 03Ha4arOTh, IO JOTHYHI JO TPAHUYHUX JIIHIA Tedii



MOBUHHI HACTUIBKM BiIXWJISATHCHh BiJl HOpPMaliell [0 BiJIOBIIHUX

CKBIMIOTCHINIAIGHAX JIiHIM, HACKUTPKHA aHI30TPOINsl BIAXHIISLE BEKTOP

MIBUJKOCTI BiJl JaHWX HopMaieid. € ¥ iHmuWH cnocid mo30yTHcs

0COOJIMBOCTI Y KyTOBHX TO4YKax M — 1€, 30KpeMa, JOCATAEThCS, SKIIO
. o — —_ i

nokmacti /M =90° k1,(M )=k, (M )=0, k31 (M )=r,,(M).

BpaxyBaBuii mpH I1bOMY, IO KOCHHYC KyTa © BiIXUJICHHS
BEKTOpa MIBHAKOCTI U BiX rpamieHty moreHiiany grade B JOBiIbHIM
TOUI Z=X+iYy 00UUCITIOETHCS 32 GOPMYIIOO

2 2

1 1
- K11Q +(1< +x )(p @, +Kop®
11 12K 22
cos@ = X X'y y

(1.24)
2 2 ' "2 ' "2

Px +(py (Kll(px +K12(Py) +(K21(Px +K22(pyj
MIPUXOIUMO IO YMOB KBa3iOpTOTOHAIHHOCTI (BIAMOBIAHMX aHAIOTIB
YMOB OpTOroHaibHocti (1.3)) B OKonax AinsHOK rpanuui obmacti G, ,

SIK1 MAFOTh BUTJIISL

: : 2 [ox
—ka(x,y)%+fky(x,y)g— \/ka (x, y)+fky (x y) 2— gy J1-c0s2@,

72 ’ ! !2
K11 fey +(‘<12+‘<21)ka fky tx22Tky

/2 /2 ! ! 2 ! 1 2
ka + fky (Kllka +K12fky) +(1<21ka +K22fky)

cos@k =

k=13,

/ 2 2 2 2
flx(x y)gﬂ f|y(X y)g—x \/flx (x,y)+ fiy (x,y) g\)l(f +% J1-cos?@, ,

,2 ’ ’
K1lf|>( +(K12+K21)f|x f|y TKp f|y

2 12 ' N\ 2 / N\ 2
flx +f|y (Kllflx +K12f|y) +(K21flx +K22f|yj

12

cos®, =



1=24. (1.25)
TakuMm uymHOM, MaeMoO HENiHIHHY 3amady, e, Ha BIAMIHY Bif
I30TPONHUX CEPENOBHIL, Yy CiTKOBiH obmacti GJ dirypyrots mani

TapajesorpaMy 3aMicTh MaJTUX MPSMOKYTHHKIB.
s gucnoBoi  mMOOYMOBH  BimoOpakeHHS  HapaMeTPUIHOTO

npsAMOKyTHUKAa G =~ Ha KPHUBOIIHIHHY YOTHPUKYTHY oOmacte G, ,

piBusinns (1.20) y piBHOMIpHiN CiTkOBil oOmacti G/ ampokcumyemo
TakuM guHOM. llepmmit Ta apyrmii momanku (1.20) ampoxcumyemo

TPUTOYKOBUMH OTIEpaTopamMu A U j Ta Aou; (1.4). Tpetiii Ta yeTBepTHit

momanku (1.20) ampoKCMMYeEMO BIiATIOBIIHO TAaKUMHU PI3HUIICBUMHU

oneparopamu [ 190]

1 Uisg, j+1 7 Yitg, j Ui, j+1 7 Yig ja
Agl; = 2h, {am,j 2h, —&_q 2h, ,
(1.26)
A ol (a- _ Ui+1,j+1‘“i—1,j+1_a_ - Uil
47, ] ZhZL i, j+1 2h1 i,j-1 2h1 )

3 MeTOI0 OibII TOYHIIIOrO BpaxyBaHHs reomerpii obmacti G, ,

BHKOPHUCTAEMO MIA0JIOH “SIMUK” — JIeB’ITUTOYKOBY PI3HUIIEBY CXEMY 3
BaroBUMH KoedilieHTaMu Uil anpokcumanii piBHsAHB (1.20) Takumun
BiJTNOBITHUMH pi3HULEBUMHE onepaTtopamu [190]

Al(csuj+l+(1—2c5)uj +oU )+A2(csui+l+(1—2cs)Ji +crui_l)+

ij o
Tomy piBastans (1.20) ans pyHKIIR x((p,\u) Ta y((p,\y) 3aMiHUMO,

3rigHo 3 cxemamu (1.27), TakKUMH PI3HULEBUMH PiBHAHHSIMH



G(X' 1,j+1 2%, j+1+Xi—1,j+1)+(l_26)(xi+l,j = 2% ; +Xi—1,j)+
+GQ(J 1 —2X Xi jo1 F X ja
+7°100;,1 11 X1, j41 7 (I+lj+l+ +lj)xl+lj 1in+1,]—1)+

+(1 26 \b: Ij+l+b +b: . X j

i,jh,j-1
+olb; 1,1(1X|—1,J+1 , )xl—lj +big X

i-1,j ,J'—l))
i+1,j it j1 ~ Xisa, j—c- 4, '(Xi 1j41 "X )l
_di,j+1c i+1,j+1_xi1,j+j+d| jlt Xit1j-1 = Xi-1,] 1j)/4 0, (1.28)
G(y(+1,j+1_2yi,j+1+yi—1,j+1)+(1 26 \Yis,j— 2y|,1+y|—1,j)+ '

i, j+1XI j+l (
(b l+b|_l

+viC

+o yi+(L 4~ 2Yi Y ja

+Y2( b; 1, j+1yl+l j+l ( |+1 j+l +1 j )yl+lj +b; 1, j y|+1 j—l)
+(1_20 bij+1Yijer 70 (Ij+l+b i +bij i, j—lj

+c bi—1,j+1 i-1,j+1 _(b|—1,1+1 +b|—1,] )yl—l,J +b|—1,] y|—1,j 1))+
+7-dig Z/yi+l,j+1 —VYin j—l)+di 1 (yi—l,j+l —Yi- j—JJr
+Gj, j+1(yi+1, j+1 Vi, j+1)_ci,j—1 Yisg, j1 Vi, j—l}))/A':O'

e 1=1m, j=1n, bi1j=K11K22—K21K12, Ci,j =12, di’j=K21.

PiznunieBi anamorn kparioBux ymoB (1.7) 3ammmumMo 6€3 3MiH.
[Ipurpannyani ymoBu KBazioproroHambHOCcTi (1.25) (momaTkoBi yMOBHU
3B 13Ky MK IPaHUYHUMH Ta IPUTPAHUIHUMHE BY3JIaMH) alipOKCUMYEMO
3a cxemorw Ttmmy UBIIT [14] TakuMu 4HCIOBO-aHATITHYHUMH

Pi3HULIEBUMH PiBHSIHHAMHI
~ iy (Xo j ’VO.J‘XVL] ~Yo,j )+ fy (Xo, iYo,] Xxl, i~%0,] )=

oo, byl 3o,
=1 fix Xo.j Yot f1y o j:Y0,j

><\/(x1’j—x0’j)2 +yy - yoj)2 - cosz®10J

fle( |n+1 yl n+1xy| n yl n+1) f2y ( i,n+1’ yl n+lX | n-— | n+l)




12 12
:\/fzx (Xi,n+1'yi,n+1)Jr ny (Xi,n+1’yi,n+1)><
2 | 2
><\/(Xi,n _Xi,n+1)2+(yi,n _yi,n+1) 1-cos ®2i,n+1’
- f3x (Xm+1,j Ym+, j Xym,j Y+, j )"' f3y (Xm+1,j Ym+, j Xxm,j _Xm+1,j):
!2( ) /2( )
=1 fay moa i Ymwj T3y Wmanj Ymen j X

><\/(Xm+1,j _Xm,j)2 (ym+1j ~Ym, 1)2\[1 cos ®3m+1j

f4x'( 0 y|oxy|1 y.o) f4y( 0 yIOX Xi1 XIO)
2 2
=\/f4x (XiO'yi0)+f4y (Xio’yio)x
\/(Il X|O)2 Wit~ le)zﬂl cos ®4|O’

i=1,m, j= =1n. (1.29)

KgasikoHnhopMHH#l iHBapiaHT Y KPHUBOIIHIHHOTO YOTHPHKYTHHKA

G, BHM3HaYMMO Ha MiACTaBi YMOBU ‘“‘KBa3ikOH(OpPMHOI momiOHOCTI B

MajoMy’  BIAMOBIMHWX YOTHUPHKYTHHKIB (TapajiejorpamiB)  IBOX
obyacreit
mh o, i +04
1
1 by (1.30)

Yz(m+1)(n+1) 0 Taij

ﬂeau=J@nu—¥JF+bnu‘WJF'

ai,j:\/(Kll(yi,jﬂ_yi,j)_Klz(xi,jﬂ_xi,j))2+(K21(yi,j+l_yi,j)_KZZ(Xi,jJrl_Xi.j»2'

ANTOpUTM HAOMMKEHHS PO3B’SI3Ky oOepHEHOi AuQepeHITiabHOI
3amadi pizHUIEBOI0 3amadeto (1.28), (1.7), (1.29), (1.30) B 3araasHOMY
BHMAAKYy moOyaoBaHo anajorivno mo m.1.1.1 mumaxom moeramHOL

rapamMeTpu3allii BeIMIUHA Y , TPAHUYHUX Ta BHYTPINIHIX BY3/IiB CITKH



GJ 3 BUKOpHMCTaHHAM i/iel MeToy GrouHoi itepaii [168]. Binnmosiaxo

B asroput™M AK BHeceMo Taki 3MiHH:

» B 1.5 — TOYaTKOBE HAONKCHHS HEBIIOMOI BEIMYHHU Y

3HaxX0AUMO 3a Gopmynoro (1.30);
» B I.6 — yTOYHEHHS KOOPAWHAT BHYTPIIIHIX BY3JiB MPOBOIUMO 3
JIOTIOMOT'OI0  OJTHOTO KPOKY ITEpaImiiHOro MeToxy 3edmens 3a

(hopMysIaMu OTPUMAHUMH IIITXOM po3B’si3auHs (1.28) BigHOCHO
Xi, j Ta yi, j ;

» B 1.7 — HOBe HAOMWKEHHS BEIWYMHH Y 3HAXOJIUMO 33
dhopmyitoro (1.30).

» B 1.8 — KOOPAMHATH I'PAHUYHUX BY3JIIB MIANPABIIEMO IILITXOM
PO3B’sI3aHHS CHCTEMH PiBHIHB chopmoBanoi i3 (1.7), (1.29).

» B 1ml0 - HeB’s3Ky  KBa3iKOH(GOPMHOCTI  OTpUMaHOI

riApoAMHAMIYHOI CITKM pyXy OOYHMCIIOEMO 3a (OPMYJIOHO
€, = ,8§+8§, € &y, &y = HEB’SI3KM anpOKCUMalil PiBHAHB

(1.22):

m,n
£, =max
X =1
m,n

€, =Mmax
Y iR

Xii1j X1 j _(Kll(yi,jﬂ_ yi,j—l)_Klz (Xi,j+1 =X, j—1))7’"
(1.31)

Yisr,j Vi1 j _[K21(yi, j1 yi,j—l)_KZZ(Xi,j+1_Xi,j—1) “/‘-

Po3zpaxynkoBy BEIIMUYUHY LIBUJIKOCTI ¢inprpanii
004YHnCIIOBaTUMEMO 32 pisHUIEBUMHU popmynamu (1.12), aki He 3MIHATH
CBOTO BUTJISIY B CHITy PIBHAHHA pyXy L=K-grad ¢ Ta ymoB tumy Komri-
Pimana (1.21).

UucnoBy peanizamilo ONUCAHOTO aJIrOPUTMY  PO3B’SI3aHHA
00epHEHNX KpaloBHX 3a/ad Teopii QinpTpamii y BUMAAKy OJHOPIIHUX

aHi30TponHuX cepenosuil [58] 3uilicHeno B obnactax Gy, Gz, G, Ta



G; mpu o, =0, ¢*=1. 3 MeTOW 3aKiHYEHHs iTepaliiHOro Mporecy

OmouHoro po3paxyHky mapamerp € (aumB. (1.11)) BuOHMpaBcs piBHUM
1078, mo He mepeBHMIIye MOPSIOK O(|h|2) anmpoKCHUMAIll BUXITHUX

piBHsHb. [Ipy 1bOMyY 3a HyJILOBE HAOJIM>KEHHS KOOPAUHAT BY3J1iB KOKHOT

¢izmunoi obmacti G, Opamucs KOOPIAMHATH BY3IIB BiANOBIIHOL

OpPTOTOHAIBHOI TIAPOIUHAMIYHOI CITKH.
Tak, Ha pucyHKy 1.17 300pakeHO pO3paxyHKOBY TiIpoauHAMITHY
CITKY pYXY, sIKa T0Oy/s0BaHa B pe3yJbTaTi po3B’si3aHHs 3a4a4i B 00aacTi

1.2 0.2 . .
G, mpu K= 04 09 UwncnoBi po3paxyHKH MPOBOAWIIHCS MIPH Pi3HUX

3HAYCHHAX TMapaMeTpiB po3OuTTs (mmB. Tabmmmo 1.8), mpu 1mpoMy

OTpUMaHi pO3paxyHKOBi 3Hau€HHS BEIMYMHHU (UIBTpaliiiHOI BHTpaTH
. 2 . o .
pi3HATBCA Ha BenmuuHy nopsaky O |h| , IO MiATBEPIXKYE CTIMKICTH

po3pobuieHoro anroputMmy. Ha pucynky 1.18 npointoctpoBana 301KHICTb
iTepariiitHoro mpoIecy po3paxyHKy Ha OCHOBI MAKCUMATHHOTO 3HAYCHHS
BiXWJIEHHS HaOMMWKEHb KOOPAWHAT TPaHUYHUX BYy31miB M , 3Ha4eHHS
Butpatd Q Ta BimHOIEHHS miaroHaneit D BiAHOCHO KPOKY iTepartii.
BpaxyBanns BmiuBy KoedimieHTa ¢inbTpamii 3a BKa3aHHUM BHIIE
3aKOHOM BWKJIMKaI0 30imbIneHHs mrykanoi Butpatu Q Bim 1.000 mo
1.341. 3a dopmynamu (1.12) 3HalimeHO BETWYMHY IIBHAKOCTI B YCIX
By3/ax CiTku (auB. puc. 1.19). 3a3Haunmo, 110 HaiiMeHIIa po3paxyHKOBa

BeMYMHA MBHUAKOCTI pyxy 0.4032 mocsraeTrscs y By3mi (i, j)=(25,25), a
HaiOinpma — 6.3511 — y By3mi (i, J)z (0,1).

09 04

_01 1.1} . OTpumani

B ob6nacti G5 po3s’s3aHo 3a/auy 1pH K:(

pe3yapTaTH 3aHeceHo A0 Tabmuii 1.9, a TigpomMHAMIYHY CITKY



3Hnauenns napamempie po3paxyHKy cimxu 6 Gl

Tabnuys 1.8

2
1 :20x20 826 23 272 1.3427 1.1E-1 6.4E-3
2 24x24 . 877 173 | 280 1.3418 1.1E-1 4.5E-3
3 128x28 1107 { 933 | 381 1.3402 1.0E-1 3.3E-3
0,0003
A
0,0002
o
A% :“:‘
ARG 0,0001
s
RIS
5 ‘&
&”0’ £ 5 0,0000
U “"‘ “‘ T 201 401 601 201 1001
ek oy 137
s et
Bl i A e e}
T 1,3
A
Puc. 1.17. Tidpoounamiyna 135
cimka pyxy 6 obaacmi G1
npu posbummi 24 x 24 g 201 401 601 &0 1001
1,05
0

U

6nﬁ[

A4z 103

TR S

L =102

24418 Puc. 1.18. Cmabinizayis napamempis
BIOHOCHO KpOKY imepayii npu

PO3DAXYHKY 2I0POOUHAMIYHOL CImKU

pyxye G

1247

0o

10 15

0
Puc. 1.19. Beauuuna weuoxocmi gpinompayii 6 obnacmi G1

25 3



300pakeHo Ha pucyHky 1.20. Ha pucynky 1.21 mnpoimrocTpoBaHO
MaTeMaTHYHy 30DKHICTH ITEparifHOro Mpormecy IT MaKCHMaJIbHOTO
3HAYCHHS BIIXWICHHS HAOMKEHb KOOPAMHAT TPAaHWUYHUX BY3TiB M,
IIYKaHOTO 3Ha4deHHs ¢inapTpariiiHoi Butpath Q Ta BiTHOIICHHS
miaroHanein D  KpHWBONMIHIMHAX YOTHPUKYTHUKIB BiTHOCHO KPOKY
itepanii. Po3paxyHKoBY BelnMYHMHY IIBUAKOCTI (inbTparii 300paxkeHo Ha
pucysky 1.22, ne naiimenie ii 3HaueHHs 0.0069 mocsiraetbest y BY3ii
(i, j)=(12,25), a Haioiasire — 0.1498 — y By3m (i, j)= (0,0). Bpaxysanus
BIUTUBY KoedirieHTa (impTparii 3a BKa3aHUM BHIIE 3aKOHOM BHKJIHKAJIO
30inpLIeHHs mykanoi Butpatu Q Bix 0.5538 mo 0.5607.

B pesymbrati pose’sasyBamHs 3amaui B obmacti G, Tpu

:(82 Sﬂ Ta po3durti 24 x 24 OTpPUMAHO PO3PaXyHKOBY

rizpoguHamiuHy CiTKy pyxy (auB. puc. 1.23) 3a HeB’s3KH

kBasikoH(popmHocTi €,=14E-1 (guB. Tabn. 1.10). Ha pucynky 1.24

MPOLTIOCTPOBAHO 301KHICTh MaKCHMAaIbHOTO BiIXWUJICHHS HAOJIMKCHD

KOOpJIMHAT I'PaHUYHUX BY31iB M , 3HaueHHs BuTpatu Q Ta BiTHOIICHHS
miaronaneir D BimHOCHO KpoKy itepaimii. Po3paxyHkoBa BenmdnHA
MBUIKOCTI  ¢inbTpamii 300pakeHa Ha pucyHky 1.25 (0.0134

=795 SV} i V515 = 0.3927). BpaxyBaHHs BIUIMBY Koe(ilieHTa

¢dbimpTparii 3a BKa3aHUM BHINEC 3aKOHOM BHKJIHMKAJIO 30UTBIIICHHS
mrykanoi Butpatu Q Bim 0.7451 mo 0.7904.
Ha pucysky 1.26 300pakeHa rigpoauHaMidHa CiTKa pyXxy

no0ynoBaHa B pe3ylbTaTi po3B’si3aHHs 3axa4i B obmacti Gg mnpu

(12 01
0.5 0.9

j. Otpumani pe3ynapTaTd 3aHeceHo Ao Tabmuii 1.11. Ha

pucynky 127 300paxkeHo rTpadikd 30DKHOCTI MaKCHMAJIbHOTO



Tabnuys 1.9

3uauenna napamempis po3paxyHKy cimku 8 G3

N mxn | ky | Ko | kp Q &y O(|h|2j

1:20x20 1414 | 51 728 | 0.5603 1.8E-1 3.0E-3
2 1 24x24 1894 @ 70 957 | 0.5607 1.8E-1 2.1E-3
3 1 28x28 2466 4 1208 | 0.5611 1.9E-1 1.6E-3

0,0015

&2
0,0010

0,0005

L
]

0000
1201 401 601 €01 1001 1200 1401 1601

562
T T T Q

4 Eﬂ,ﬁﬁl\ﬁ—/
Puc. 1.20. Tiopoounamiyna 0560 \ﬁ
{201 401 601 201 1001 1201 1401 160

cimka pyxy 6 obaacmi G3

npu po3oummi 24 x 24 0590
1,003
D
oo T T 0990
0157
0,12 0,975

201 401 @01 801 1001 1201 1401 1&01

Puc. 1.21. Cmabinizayis napamempis
BIOHOCHO KpOKY imepayii npu
PO3PAXYHKY 2IOPOOUHAMIUHOT CIMKU
pyxy 6 Gg

Puc. 1.22. Beauyuna wsuoxocmi ghinempayii 6 ooracmi G3



Tabnuys 1.10
3nauenns napamempis pospaxynxy cimxu ¢ G,

N mxn | ky | Ko | kp Q &y O(|h|2j

1:20x20; 803 32 521 : 0.7913 1.2E-1 3.7E-3
2 1 24x24 884 34 598 | 0.7904 1.4E-1 2.6E-3
3 1 28x28 1140 @ 45 758 | 0.7905 1.7E-1 1.9E-3

0,0003

10,0000
1

01 4 601 201 1001
0,798
a
0,795
Puc. 1.23. Tiopoodunamiuna
cimka pyxy 6 obnacmi G4 0,792
npu po3oummi 24 x 24
0,789
201 401 01 201 1001
0,89
0
U e e
201 401 1

Puc. 1.24. Cmabinizayis napamempie
8IOHOCHO KPOKY imepayii npu
PO3DAXYHKY 2I0POOUHAMIYHOL CImKU

pyxye Gy

Puc. 1.25. Beauuuna weuoxocmi gpinompayii 6 oonacmi G,



BIIXWJICHHS HAONMKCHb KOOPAWHAT TPAaHWYHUX BY3JIiB M , 3HaAUCHHS

Butpatd Q Ta BimHOIEHHS miaroHaneit D BiAHOCHO KPOKY iTepartii.
Po3paxyHKOBY BeNMMUMHY IIBHAKOCTI (iIbTpaIii 300pakeHo Ha PUCYHKY
1.28, ne HaliMeHIe 3Ha4YeHHS IMBUAKOCTI pyxy 0.1925 € y Bysmi
(,j)=080), a maitbineme - 12474 — y mysni (i, j)=(25,25).
BpaxyBanus BBy KoedirieHTa GimpTpamii 3a BKa3aHUM BHIIE

3aKOHOM BHWIKJIMKAJIO 30UTbIIeHHS mrykaHol Butpat Q Bixg 1.1692 mo

1.3314.

TakuMm YuHOM, mepeBaraMu poO3poOJICHOTO Ta ampoOOBaHOTO
0araToYnCceTbHUMH KOHKPETHUMH INPUKIIAJaMH YHCIOBUX PO3PaxyHKIiB
ITOPUTMY PO3B’A3yBaHHA OOCPHEHHMX KpaloBHX 3a1ad Ha KOH(OPMHi
Ta KBa3iKOH(GOPMHI BiJOOpaXEHHS KPHUBOJIHIHHUX YOTUPHUKYTHHX
obnacTeii Ha TPSIMOKYTHUK (OomHOYAacHa mOOyAOBa TiAPOIWHAMIYHOT
CITKH, TIOBEpXHi IIBUAKOCTi, OOUUCICHHSI BUTpPAT, iH.) B MOPIBHIHHI 13
aHAJIOTIYHUMH YHCJIOBUMH METOJaMHu €: 1) mpocToTa B peanmizauii; 2)
€KOHOMIsI MAIIMHHOTO dYacy 1 HIPHCKOPEHHS MIBUAKOCTI 301KHOCTI
MPOIIECY BIIJIOMY; 3) aBTOMaTHYHA MTOOYI0BA T1APOIMHAMIYHOL CITKH; 4)
MOJKJIMBICTh WOTO 3aCTOCYBaHHs 1O PO3B’S3yBaHHS HOBHX HEJIHIHHMX
KpaloBHX 3a1ad.

3a3HaynMo, 110 HAa AAHWHU yac € JAesKi iHIII BapiaHTH YHCIOBOI
peamizanii inei koHGOPMHOro Ta KBa3iKOH()OPMHOTO BiJOOpaKEHHS
KOHKPETHHMX THIIIB KpalOBHMX 3ajad, OCKUIbKA JIHHAMIYHI PpI3HHIEBI
CITKM BUKOPHCTOBYIOTbCA 1 TPH PO3B’SI3aHHI BIAMOBITHUX KParOBHX
3aj7ad MaTeMaTH4yHOi (i3WKH, 1 MPH BHBYCHHI HAOJMKEHHX METOJIB
KOH(OPMHHUX Ta KBa3iKOH()OPMHUX BiIOOpaKEHb 13 3aCTOCYBAHHSAM iX
10 JOCHIPKEHHSI Pi3HUX HPOLECiB Ta SIBUILI KOHBEKLii, MacooOMiHy,
ndy3ii Ta iH. pO3YMHHUX PEYOBHH, 1110 3a0pyTHIOIOTH 001aCTh.

Tak, y poborax [99 - 101, 158] po3pobneHo miaxix A0
pO3B’sI3yBaHHS JOCHUTH IIMPOKOTO KIACy KpaloBHX 3aJady B

KPUBOJIHIHHUX YOTHPUKYTHHX OOJIACTSX, MHOTO3B’SI3HMX OOJIACTSIX Ta



3uauenna napamempis po3paxyHKy cimku 8 G5

Tabauys 1.11

2
N mxn | ky o Kg Kp Q €, O(|h| j
1:20x20 i 633 296 442 1.3298 6.8E-1 6.3E-3
2 1 24x24 i 718 393 577 1.3314 5.9E-1 4 4E-3
3 i 28x28 i 1006 : 490 731 1.3326 5.2E-1 3.3E-3
0,0015
M
10,0010
10,0005
10,0000
1 201 an 601 201
1335
4]
1,34
133
Puc. 1.26. Tiopoounamiuna i 01 a0l s01
cimka pyxy 6 obaacmi G5
npu po3oummi 24 x 24 1’321 - a al a0l
133
D
U LTt T e
Lag7r 1,22

Puc. 1.27. Cmabinizayis napamempie
8IOHOCHO KPOKY imepayii npu
PO3PAXYHKY 2IOPOOUHAMIUHOT CIMKU

pyxy 6 Gg

i 215 g
Puc. 1.28. Benuyuna wieuoxocmi ginempayii 6 obracmi G5

25 7



o0nacTsIX 3 BUIBHUMH MEXaMH [UIIXOM YHCIOBOI  MOOYIOBH
KOH(QOPMHUX 1 KBa3iKOH(POPMHUX BigoOpakeHb maHuUX oOmacrteit (i3
po3pizamMm) Ha TapaMeTpuyHi NPAMOKYTHHKH. IlobymoBano i
peanizoBano Ha EOM anropuTmu 9rciIoBOi aBTOMAaTH30BaHOI TeHeparrii
OPTOTOHATHHUX KPUBOIIHIMHIX KOOPAWHAT BIAMOBIAHIX KOHMDOPMHUX 1
KBa31KOH(OPMHHX Bi0OpakeHb YOTHUPUKYTHHX 00JIACTEH 3 AOTIOMOIOIO
pi3HULIEBHX CITOK 3 “IUIaBaloYuMu” 1O (pi3MdHOMY MpodiIo TpaHUIi
By3naMu. HaBeneHo mpukiagy po3paxyHKiB TaKMX CITOK B KOHKPETHHX
obnactsx (y BHUMAAKy KOH(POPMHOTO BiJOOpaKeHHs KPHUBOIIHIHHOTO

YOTHUPUKYTHUKA Ha TIPSAMOKYTHHK KpPOKH pO3OHTTI A¢@ Ta Ay

3alaBAINCS OMHAKOBMMH, a B TIpOIleci pO3B’sS3yBaHHS 3amadi
YTOYHIOBAIHMCH TTApaMETPH PO3OUTTS 00J1aCTI KOMIUIEKCHOTO TIOTEHITIaTy
[99, 158]), a TakoX OOIPYHTOBAaHO 3aCTOCYBaHHS 3alPOIOHOBAHOTO
YICIIOBOIO METOJIy aBTOMAaTH3allii MOOYJAOBU PIi3HUIIEBHX CITOK JUIS
pO3B’si3yBaHHA 3aAad (imbTpamii I'PyHTOBHX BOZA 1 €JIEKTPOCTATHKH.
KBazikoH(popmHi BigoOpaskeHHS, 3alpONOHOBaHI aBTOpamMH y poOoTi
[99], 3acTocoBaHi 1O 3agad KepyBaHHS CHCTEMOIO KPHBOJIIHIHHHX
KOOp/IMHAT.

VY poborax [40, 105 — 107, 179 — 182] moOymoBaHO METOA
KOH(OPMHOTO BiZOOpaXKeHHS, B 3aralbHOMY, HEOPTOTOHAJIBHOI CITKH B
MPSIMOKYTHUKY Ha HEOPTOTOHANBHY CITKY i3 30€epeXeHHAM KYTiB Yy
KPUBONIHIAHIN oOnacti. Ane, po3poOjeHuii MeTon, 3a TBEpHKECHHAM
aBTOPIB, € IOCUTh TPOMI3JKUM 1 KOPUCTYBAaTHCS HUM IPU PO3PaXyHKY
JMIMHAMIYHUX CITOK HE3PYYHO, BiH CKJIa/Ia€ 3HAYHI TPYTHOIII.

Yucnosi MeToau moOyIoBH OPTOTOHATIBHUX CITOK 3YCTPidalOThCS
1 B psnmi 3apyODKHHX aBTOpPIB NPH PO3B’sI3aHHI PI3HOTO POAY 3amady
MatemMatnyHOi ¢i3uku (guB., Hamp., [1, 3]). ¥ pobortax [18, 28]
MUHAMIYHI CiTKM OyAyIOThCS 3 BHKOPUCTAHHAM METOAY CKIHYCHHX

€JIEMEHTIB.



1.2. MaremaTn4yHe MOJEJIOBAHHS HeJiHIHHMX mpoueciB ¢inbTpamii
B HEOJHOPiIHMX cepeaoBUIIAX

Imei moeramHOi Tapamerpu3amii pPO3BHHYTO Ha BHUIAAKH
pO3B’s3yBaHHS TaKWX HEMHIHHUX 3amad, KOJMW SK 1 KoedirmieHt
¢inpTpanii, Tak 1 KOMIIOHEHTH TeH30pa (uIbTpamii 3anexaTh 1 Bif
KoopauHat ¢iznuHoi obxacti ¢ineTpanii, i Big mykanux QyHKUii Tedii
Ta TMOTCHINANy, a TaKOX BiJl TpalieHTy moTeHmiany. Po3pobieHo
BIANOBIZHI ~QITOPUTMH 1 TPOrpaMH YHKCIOBOTO  PO3B’S3yBaHHS
OKpECJIEHHX BHUIIE 3ajad. 3alpolOHOBAaHO MiAXiA, SKHHA J03BOJISIE
BpaxoByBatu (pimbTpamiiiHi gedopmarii B IpyHTax Ta po3po0JIEHO HOBI
e(eKTUBHI aNTOPUTMH PO3B’SI3yBaHHS HENIHIMHUX KpalloBHX 3ajad, sKi

IIpyU IbOMY BUHUKAIOTh.

1.2.1. Heniniiini 3agaui Teopii ¢inbTpamii y 4YoTHPMKYTHHMX
o0JacTX, OOMeKeHHX JIiHiiMHM Teuil Ta eKkBimoTeHIiaJLHHMH

JiHiAMH

1.2.1.1. TloeranmHa mnapameTpu3allisi XapaKTEePUCTHK Mpouecy Ta
cepenoBuia. Po3risgHeMo  HENiHIWHWUN  CTamioOHapHWUU  TIpoIlec
¢inpTparii, Ko KoedimieHT MPOBITHOCTI K BHU3HAYAETHCS 3aJICKHICTIO

K((p,\u) — OOMEKEHOI HEMEPEPBHOIO AU(epeniilioBanoro B obnacti G,

($yHKLI€I0, II0 XapaKTepu3y€e MPOBIIHICTD CepeloBHIIA Ta CXHIbHICTH
roro nmo nedopmamiii [74]. Tomi 3amavya 3 JOMOMOIO0 BiJIOBITHOTO

KBa3iKOH(POPMHOro BifoOpaxkeHHs obmacti G, Ha obmacts G,

, .
3BOJIUTBCS /10 PO3B’s13yBaHHs B G PIBHSHB IPYroro nopsky

ool xlo.w)ap ) oy oy )

) ) (1.32)

1 o %V |_
Sl i)



NpY 331aHUX HETiHIHHUX KpaioBux ymoBax (1.2) Ta ymoBax

OX oy X 1 oy
X _ o, X __ 9 1.33
oQ ((p v oy’ oy «loy)dp (1.33)

Ha rpanuii 0G, obmacti G . TakuM YHHOM, MH MAaeMo Iepexil BiJ

HEJIIHIHOCTI BUXiTHOT 33/1a4i JI0 JIOKaJIi30BaHO1 HEMiHIHHOCTI 0OepHEeHOT
3ajaui.
Jiis  umciaoBoi MOOYAOBUM  BiIOOpaKEHHS IapaMETPUYHOIO

npsAMOKyTHUKAa G~ Ha KPHUBOIIHIHHY YOTHPUKYTHY oOmacte G, ,
piBusinns (1.32) y piBHOMIpHiN CiTkOBil oOmacti G/ ampokcumyemo
pisauiesum oneparopoM (1.5). Tpuroukosi oneparopu AU j T Aou;
(1.4) 3aMiHIMO OHOPIAHUMH KOHCEPBATUBHUMHM Pi3HULIEBUMH CXEMaMHU

3 TOYHICTIO anpoKcuMaii O(hlz) Ta O(hzzj [190]

1 Uity j ~Yij Ui j —Yigj
AU.=—|a .. - . _—a . — = |,
17 hl i+1, hl i,j hl
(1.34)
1 Ui j+1 Ui j Ui, j —Ui j1
Azui_E b; 41 h, =Dy ; h, ’

e KOXeH i3 koediuientin a; ; Ta b srigHo i3 [190], Moxke Oytn

J i
00YHCIIeHNM 3a OJHI€IO 13 hopMyIT

1 AR EY 3 2

i’-:—’ |’-_ ’ |’_—;
) Kigs,] RASHLSER VK KR
b .o b _Ki‘j +K 1 ~ 2Ki,jKi,j—1
=K jos BT 5 8T
b : 2 BRI RATE!

(1.35)

Tomy, piBusiHus (1.32) (ananor piBHsHb Jlannaca) asst CpsyKeHHUX
TapMOHIYHUX (YHKITIH x((p,\y) Ta y((p,\y) 3aMiHEHO, 3TITHO 3 CXEMOIO

(1.5), (1.34), (1.35), TakuMu pi3HUTIECBUMH PiBHIHHIMH



G(ai+1,j+)txi+1,j+1‘(ai+(x,j+1+ai,j+1 ijata j+1xi)—1j+1)+

+(1_26 ai+1,jxi+1,j n a|+1,1 +a|,] j +a| JXI—lj
+G(ai+( 1%+, jl_(ai+(1 j1 T j—1}))<' 1T, j—lXi—l,j—l)"'
2
+y ( Bii1 ja1Xiet, j41 7 a2 +0 +ljj><l+lj 1,jxi+1,j—1)Jr
+(1 20 \b: (|J+1+b +b . x: j+

Ij+1XI j+l i,j%,j-1
+G(bi—1,j+lxi—l,j+1 (bil,j+l+bil,")xl ERRLER T 1) 0,

G(ai+1, jJr)tyHl, j+1 ‘(aiT, i+ T i jat ai,j+1yi)—1, ot (1.36)

120 Yoy Vi B+ Vi@ Vi
+G(ai+ ,'—1yi+1,j—1_(ai+ j-1 T, j—l)yi 1T, J'—lyi—lyi—l)Jr
+y2( b,

1, j+lyl+l 1 |+1 J+l+ i+1, ])yl+1] 1, jyi+1,j—l)+

+(1—2<’ b jaYija 0 (Ij+1+b i+thi i 1—15

+to bi—l,j+1yi—1,j+1_(bi—1,j+1+bi—1,jl)yi—l,j +by_g yi—l,j—l))zo'
i=1m, j=1n.

PiznutieBi ananorn kpaioBux ymMoB (1.7) Ta IpUTrpaHHYHAX YMOB
oproroHanbHOCTI (1.8) 3amummmo 06e3 3MmiH. A KBazikOH(pOPMHHI
IHBapiaHT Y KPHBOJIHIAHOrO YOTUPUKYyTHHKa G, BU3HAYMMO Ha
MiJACTaBl YMOBH “‘KBa3iKOH()OPMHOI MMOAI0HOCTI B MajaoMy” BiJIIOBIIHUX
YOTHUPUKYTHHKIB (IPAMOKYTHHKIB) ABOX O0IACTEM:

m,n
D
. iy
(m+1)(”+1).1 =0 Xi+0.5,j+05

AJroput™M HaONMIKEHHS PO3B’SA3KY 0OepHEHOI nudepeHuianbHOT

(1.37)

3amavi pisHMIEBOIO 3amadcto (1.36), (1.7), (1.8), (1.37) B 3arampbHOMY
BUIAAKYy moOymoBaHO aHanoriyHo no 1.1.1.1.2 moisixom moeramHol

rapamMeTpu3allii BeIMYUHA Y , TPAHUYHUX Ta BHYTPINIHIX BY3/IiB CITKH
G) 3 BUKOpHMCTaHHAM inel MeTomy OnouHoi itepanii [168]. Binnosinxo

B asiroput™M AK BHEceHO Taki 3MiHH:

» B ILS — 10YaTKoBe HAOJMKEHHS HEBIOMOI BEIHYUHH Y



3HaxouMo 3a hopmyioro (1.37);
» B IL6 — YyTOYHEHHS KOOPJAUHAT BHYTPIIIHIX BY3/iB IIPOBOJAUMO 3
JIOTIOMOT'OI0  OJTHOTO KPOKY ITEpaImiiHOro MeToxy 3edmens 3a

dhopMysIaMu OTPUMAHUMH IIITXOM po3B’si3aHHs (1.36) BigHOCHO
Xi, j Ta yi, j ;

» B 1.7 — HOBe HaONWKEHHS BEIMYMHH Y 3HAXOJHMO 32
thopmymoro (1.37).

Ha ocHoBi piBHAHHS pyxy U=k-grad¢ Ta ymoB tumy Kormri-
Pimana (1.33), 3HaxogMMO BEJWYMHY IIBHUAKOCTI 32 PI3HULEBHUMHU
dbopmynamu (1.12), sKki He 3MIHITH CBOTO BUIUIIAY B CHJIy BKa3aHUX
3aKOHIB.

UucioBy peamizaiifo OMUCAHOTO aJNTOPUTMY PO3B’SI3yBaHHS
obepHeHHNX KpaloBUX 3a7a4 Teopil GinapTparii y BUMagKy HEOTHOPITHUX
130TponHUX cepenoswi [74] 3aificHeHo 3a yMOB onmicannx y m.1.1.3.2 B

obnmacrax Gy, G;, G, ma Gg. Tak, Ha pucynky 1.29 306pakeHo

PO3paxyHKOBY TiIpOAMHAMIYHY CITKY pyXy, MOOyIOBaHy B pe3yibTaTi

po3B’si3aHHsA 3amadi B obmacti G; mpu K((p,w)=1+0.55in(n(p+\y)

(MiHiManmpHE 3Ha4YCHHS KoedimieHTa Qinprpartii cranoBuTh 0.579M/m00,
a Mmakcumasibae — 1.500M/m00) ), a po3paxyHKOBI MapaMeTpu MOAAHO Y
tabmumi 1.12. BpaxyBanHs BIUIMBY KoedilieHTa GiabTpamii 3a UM
3aKOHOM BHKJIMKaO 30iibleHHS HrykaHoi Butpatn Q Big 1.0001 no
1.2328. 301KHICTh MAKCUMAJILHOTO BiJIXWJICHHS HAOIMKEHb KOOPIUHAT
ITpaHUYHUX By3MiB M, 3HaueHHs Burpatyu Q Ta BiJHOIICHHS
miaroHaneir D BiTHOCHO KpOKY iTepallii MpOiTIOCTPOBAHO HA PHCYHKY
1.30. Po3paxyHkoBa BenqWuWHA MIBUAKOCTI (inmbTpariii 300pakeHa Ha
pucyHky 1.31, nmpu 11boMy HaliMEHIIIe 3HAYCHHS TMBUAKOCTI pyxy 0.3671

€y By31i (i, j)=(25,25), a HaioinbIe — 1.2594 — y By3mi (i, j)=(0,12).

B obnacti Gz poss’ssaHo 3aqady Tpu K((p,w)=(p+COS\V (



minKilj =0.85M/1100, maxi; =2M/100), e po3paxyHKOBI MapaMeTpu

nofano y tabnuui 1.13, a rigpoauHaMidHy CiTKy 300pakeHO Ha PUCYHKY
1.32.  30ikuicTp iTepamiiiHOro mpouecy y ULbOMY  BHIAAKY
OpoUTIOCTpOBaHO Ha puCyHKY 1.33, a po3paxyHKOBY BEJTUYHHY
LIBUJKOCTI 300pakeHOo Ha pucyHky 1.34. 3a3Haummo, 0 HaliMeHIa

BesinunHa mBHAKOCTI pyxy 0.0097 mocsraeTbest y By3ii (i, j)=(13,25), a
HaiiOinpma — 0.0954 — y By3mi (i,j)=(0,25); BpaxyBaHHS BIUIMBY
koedimienTa QinmpTpartii 3a MaHUM 3aKOHOM BHKJIHKAJIO 301TBIICHHS
mrykaHoi ginpTpaniiaoi Butpata Q Bix 0.5538 1o 0.7517.

3aauy po3s’szano B G, mpu K((p,w):eo's‘p“"‘l, 1€ MiHiMaabHe

3HadueHHA Koedimienra  ¢dimpTparii  cranoButh  0.368M/mo6, a
MakcumanbHe — 1.278M/mo6. Po3paxyHkoBa rigpoguHamivyHa CiTKa
300paxkeHa Ha pUCYHKY 1.35, a mapamerpu — monmaHo y tadmuui 1.14.
BpaxyBanns BmiuBy KoedimieHTa ¢inbTpalii 3a BKa3aHHUM BHIIE

3aKOHOM BHUKJIMKaJO 3MEHIIEHHs mIykaHoi Butpatu Q Bim 0.7451 no

0.4261. 301KHICTP MAKCUMAJILHOTO BiIXHIICHHS HAOIM)KEHb KOOPIUHAT

TpaHWYHUX BY3JIiB M, 3HadeHHs BuTpatd Q Ta BigHOMICHHS

miaroHanmeir D 3 KpokoM iTepamii  po3poOJEHOTO  aITrOpPUTMY
npoinocTpoBana Ha pucyHKy 1.36. Po3paxyHkoBa BelMYMHA HIBHIKOCTI
¢inpTpanii 300pakeHa Ha pucyHKy 1.37, mpu UpOMy HaiiMeHIa

BeauunHa ImBHAKOCTI pyxy 0.0081 mocsraerbes y By3ii (i, j)=(6,25), a
naitbinbma — 0.1969 — y Bysni (i, j)=(25.13).
[TapaMeTpy YKCIIOBOTO PO3PAXyHKY TiPOJAUHAMIYHOI CITKH PyXy

B Gy (muB. puc. 1.38) mpu K((p,w)zl.S—sin((p+2\|/) (minKiljz

0.5M/m006, Maxx; i= 1.696 M/no0) nogano y Tabmuui 1.15. Ha pucynky

1.39 mpoimocTpoBaHo 301KHICTE PSIAY BEIMYMH 3 KPOKOM iTeparlii, a Ha
pucyHky 1.40 300pakeHO BenmuuumHy MmBUAKOCTI GimbTparii (0.1244

=V14,25 <Vj j <V o =0.5178). 3a3HaYMMO, 1110



Tabnuys 1.12
3nauenns napamempie pospaxynxy cimixu ¢ Gy

2
N mxn | ky | Ko | kp Q Ex O(|h| j
1:20x20i 647 | 224 | 569 1.2325 1.1E-3 5.7E-3
2 124x24: 864 310 755 1.2328 9.1E-4 4.0E-3
3 1 28x28 1096 : 406 34 1.2330 7.9E-4 3.0E-3

0,0003
M

0,0002

0,0001

0,0000
1
1,234

20 401 601 301 1001

1 601 301 1001

Puc.  1.29. Tidpodunamiuna 133
cimka pyxy 6 obnacmi G1

npu po3oummi 24 x 24

.
0,0+
(U 10

1,006
0
= .__._________ ________ 1,003
% n
= \\\\\\\\

\\\\\ ‘--,,_‘-\ e —————

ST )

TR

N i 1,000

S N UEREEE -
= 01 !

Puc. 1.30. Cmabinizayis napamempis

BIOHOCHO KpPOKY imepayii npu

_____ e c PO3DAXYHKY 2I0POOUHAMIYHOL CImKU
2 Py e Gy

15 an 75 3

1
Puc. 1.31. Beauuuna weuoxocmi gpinompayii 6 obnacmi G1



Tabnuys 1.13
3nauenns napamempis pospaxynxy cimxu ¢ G4

N mxn | ky | Ko | kp Q &y O(|h|2j

1 20x20:1309 @ 548 : 691 | 0.7510 2.6E-2 3.5E-3
2 124x24 1759 | 701 5 0.7517 2.5E-2 2.5E-3
3 128x28 2285 22 1140 0.7523 2.5E-2 1.9E-3

01 401 @01 E01 1001 1201 1401 1601 1801

01 400 6l a0

Puc. 1.32. Tiopoodunamiuna 0,751
cimka pyxy 6 obaacmi G3

npu posoummi 24 x 24 0,750
103

1301 401 01 801 1001 1301 1401 1601 1801
Puc. 1.33. Cmabinizayis napamempis
BIOHOCHO KpOKY imepayii npu
PO3DAXYHKY 2I0POOUHAMIYHOL CImKU

pyxye Gy

oozt

pon 4
o s 10 15

i ooy
Puc. 1.34. Benuyuna weuorxocmi ¢inempayii 6 obnacmi G3



3nauenns napamempis pospaxynxy cimru ¢ G 4

Tabauys 1.14

N mxn | ky | Ko | kp Q €y O(|h|2j
1:20x20i 771 i 495 553 0.4271 6.7E-2 2.7E-3
2 124 x24 1050 12 743 0.4261 7.0E-2 1.9E-3
3 :28x28i 1368 | 844 | 954 0.4254 7.3E-2 1.4E-3
00012
M

0002

,0004

10,0000
1

I 41 60l st oot 120
D434
&
431
Puc. 1.35. Tiopoounamiuna
cimka pyxy & obaacmi G4 0422
npu po3oummi 24 x 24
0,425
1 201 401 1) N 1Y R 1
1 201 401 601 801 101 120

Puc. 1.36. Cmabinizayis napamempis
BIOHOCHO KpOKY imepayii npu
PO3DAXYHKY 2I0POOUHAMIYHOL CImKU

pyxye Gy

i 15 ;g5 S i
Puc. 1.37. Beruyuna wsuokocmi ginompayii ¢ oonacmi G 4



Tabauys 1.15
3nauenns napamempis pospaxynxy cimxu ¢ Gg

Mo mxn kg o kg kpQ o O(|h|2j

1 20x20 i 937 513 710 0.7492 1.2E-3 3.5E-3
2 1 24x24 1249 | 656 936 0.7497 9.4E-4 2.5E-3
3 i 28x28 | 1596 | 805 | 1184 0.7500 7.5E-4 1.9E-3

201 401 601 a0l 1001 1201
a0 401 01 201 100 12m

Puc. 1.38. Tiopoounamiuna 0

cimka pyxy 6 obaacmi G5

npu pozoummi 24 x 24 ?ng

Y -'_‘_,--""'"”'""“"'--- --------------
062 1,000
{ an f 201 100t 1201

0,959

0,998

Puc. 1.39. Cmabinizayis napamempis
8IOHOCHO KpPOKY imepayii npu
PO3DAXYHKY 2I0POOUHAMIYHOL CImKU
pyxy e Gg

Puc. 1.40. Beruyuna weuoxocmi ¢pinempayii 6 ooaracmi G5




BpaxyBaHHS BIUIMBY KoedimieHTa ¢inpTpamii 3a UM 3aKOHOM
BHKJIMIKAJIO 3MEHIIICHHS nTykaHoi Butpatu Q Bix 1.1692 mo 0.7497.

PosrnsaeMo Temep HeMiHIHHUEN cTalioHapHUH mporec GiapTpaiii,

KOJHM KOe(Illi€HT MPOBITHOCTI K BU3HAYAETHCS 3ATCIKHICTIO K(x,y) -
0OMEXEHOK HemepepBHO MudepentifioBanoro B obnacti G, dyHkiero,

IO XapakTepH3ye MNPOBIAHICTh CEPEeNOBHINA Ta CXWIBHICTH HOTO J0

nedopmaniii [74]. Toni 3amaya 3BOAMTHCA 10 PO3B’s3yBaHHA B G

B32€MHO 3JICKHUX PIBHAHD APYTOTO MOPSIIKY

Al e o
e o

MIpY 331aHUX HETiHIHHUX KpaioBux ymoBax (1.2) Ta ymoBax

K _ ()Y X1y
8(p_K(x,y oy’ Dy —(—)K xy)30 (1.39)

Ha rpanuii 0G obnacti G . TakuM yuHOM, JiHIAHA BUXIJHA 3a/@4a

(1.38)

MIePEXOUTh Y CYTTEBO HENiHIMHY 00epHEeHy 10 Hel 3a7ady.
Jns  gucnoBoi  mMOOYmOBH  BimoOpakeHHS  TapaMeTPUIHOTO

npsaMOKyTHUKa G HAa KpHBONiHIHY YOTHpUKYTHY oOnacte G, ,
piBnsuHs (1.38) y piBHOMIpHIil ciTKOBil oGmacti G! ampokcumyemo
pisauiesum oneparopom (1.5). Tpuroukosi oneparopu AU j Ta Aoy,

(1.4) 3aMiHMMO OHOPIAHUMH KOHCEPBATHBHUMHM Pi3HULIEBUMH CXEMaMHU
(1.34), (135), zie x; ; =xlx; v,  J=xlelop v Jylor v )

Tomy, piBusHHs (1.38) (amamor piBHsHHA Jlammaca) s
CIPSDKCHUX TapMOHIYHUX (DYHKITIH x((p,\y) Ta y((p,\u) 3aMIHUMO, 3T1THO

3 cxemoro (1.5), (1.34), (1.35) pizauneBumu piBHsHHIMHA (1.36).

PizaumieBi amamorm kpaiioBux ymoB (1.7), TpUTpaHUYHHX YMOB



oproronansaocti (1.8) Ta kBasikoHpopmHoro iueapianta 7y (1.37)
3aUIMAMO 0e3 3MiH.

ANTOpuUTM HaOMIKEHHS PO3B’S3Ky oOepHEHOI AuQepeHITiabHOI
3amadi pizHHIEBor0 3amadeto (1.36), (1.7), (1.8), (1.37) moOymoBaHo
AHAJIOTIYHO SK 1 y TMONEpPeJHbOMY BHIAJKY, IUIIXOM IOESTAIHOT
napameTpusanii BeTUYWHN Y, TPAHWYHUX Ta BHYTPIIIHIX BY3JiB CiTKH

G) 3 BuKOpMCTaHHAM inedl Meroay Onounoi iTepanii [168].
BigminHICTIO TYT € JUIe Te, MO MOCTiA0BHI HaOMMmKEHHS KoedilienTa

MIPOBIAHOCTI K(x,y) Ha JaHOMY Kpomi y (i,j)-By3JIaX citrku G
3HAXOUMO IHICJIsg HaOJIMKEHb BIINOBIIHUX 3HAYEHb i Yij

UucnoBe po3B’s3yBaHHA OOCpHEHHMX KpaloOBHX 3aaad Teopii
¢GutbTpanii y BUNAAKY HEOJHOPITHHUX 130TPONMHHUX cepenoBumy [74]
3/1iliCHEHO 32 yMOB onucanux y 1.1.1.3.2 B obnactax G;, G;, G, Ta Gg

Bemmunay mBuakocTi  GuIbTparmii  3HOBY 3HAXOAUTHMEMO 3a
pizauIeBUMU Gopmynamu (1.12), ski He 3MIHITH CBOTO BUTIIATY B CHITY
piBHAHHA pyxy L=k-grad ¢ Ta ymoB Ty Komri-Pimana (1.39).

Tak, B obmacti G; po3B’s3aHo 3a1a4y mpu K(X, y)= x—Iny, ne Ha

pucyHky 1.41 300pakeHO PO3MOIiN 3amaHoro koedimierta ¢iapTparii
B3J0BXK KpaiHIX Ta CEPEeIHbOI JiHIN TeUil Ta eKBIMOTEHITIaTFHUX JIIHIH, a
3HAUYEeHHS mapameTpiB  momaHo y Ttabmumi  1.16.  30DKHICTH
MaKCUMaJIbHOTO BiJIXHJICHHS HAOJKEHb KOOPJMHAT TPAHUYHUX BY3JIiB
M , mrykaHoro 3HadeHHsI BUTpatu Q Ta BimHOmIeHHS maiaroHanedt D 3a
PO3pOOJIEHUM ~ QJITOPUTMOM  IPOUTIOCTPOBAHO HA PHCYHKY 1.42.
BpaxyBanus BBy KoedirieHTa GimpTpamii 3a BKa3aHUM BHIIE

3aKOHOM BHWIKJIMKAJO 30UmbImeHHs mrykaHoi Butpatd Q Bixg 1.0001 mo
1.5942 Ta 3MiHy BEIWYMHU IIBUAKOCTI QUIBTpaIlii, TpH IHOMY,
HallMeHIlIe 3HAa4YeHHsI PO3PaxyHKOBOI BENIWYMHHU IIBUAKOCTI (pinbTpamii

0.1728 mocsiraeThes y By3ii (i, j)=(25,25), a Hanoumpme — 3.4602 — y



BY3JIi (i, j)=(0,0).

Tabnuys 1.16

3nauenns napamempie pospaxynxy cimixu ¢ Gy

Ne mxn kM kQ kD

Q , O(|h|2j

1 20x20 : 648 304 65

1.5947 1.4E-2 8.0E-3

2 1 24x24 ¢ 874 421 640

1.5942 1.2E-2 5.7E-3

3 i 28x28 | 1127 | 553 125

1.5938 1.1E-2 4.2E-3

10,0003

min; ; = 0.325m/106 M
10,0002

max ;. —4 009M/mo0

437 ¢ 10,0001

4,0 w=0

357 10,0000

3,0

2,57 = Q/z 1,5951

2,0 e
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Puc. 1.41. Po3nooin koegiyicnma
pinempayii K(X, y): Xx—=Iny e
obracmi G1 6300621 NiHIU meyii

ma ekeinomeHYianbHux il

1
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201 a01 801 1001

e

1001

Puc. 1.42. Cmabinizayis
napamempie 8iOHOCHO KPOK)

imepayii npu po3paxyHKy

2iopodunamiunoi cimxu pyxy ¢ Gy

3Ha4yeHHs TAapaMeTpiB po3B’s3aHHs 3a1adi B obmacti G; mpu



K(X,y)zln(x+y)—1 mogaHo y Tabmumi 1.17. Ha pucynky 1.43

3nauenns napamempie pospaxynxy cimiu ¢ G 3

Tabnuysn 1.17

2
Nei mxn kM kQ kD Q €, O(|h| j
1 20x20 { 1061 371 514 1.1970 2.1E-2 5.5E-3
2 | 24 x24 i 1459 452 675 1.1980 2.1E-2 3.9E-3
3 | 28x28 i 1918 526 850 1.1986 2.1E-2 2.9E-3
0,0015
. M
mint; ; =0.792m/106
2 0,0010
max; =2.9M/100
0,0005
0,0000
1 00 401 601 201 1001 1201 1401
1 01 401 601 801 1001 1201 1401
1,199
¢
i 1,197
0,5
U,D|||||||||||||||||||||||_||1:195
357y
3,0 1,193
_/_<_ﬁ—/——_ 1,021
2,54 p=1 2
2,0 p=05 1014
1,5 \\('P =0
10 1,007
0,5
D,Dlllllllllllllllllllllll_llI,DDD
0 n gk 1 001 401 601 801 1001 1200 1401

Puc. 1.44. Cmabinizayis

Puc. 1.43. Po3noodin koegiyicnma
napamempie 8iOHOCHO KPOK)

pinempayii K(X, y):ln X+ y)—l 6
obaacmi G3 8300804C NiHil meyii imepayii npu po3paxyHKy

ma ekeinomeHYianbHux JiiHil 2I0pOOUHAMIYHOL CIMKU PYX) 8 G3

300paxeHo po3moia koedimieHTa (iTbTpallii B3IOBXK ACSIKUX JiHIH



Tedii Ta eKBIMOTEHIIaJbHUX JiHIN, a Ha pUCYHKY 1.44 mpoilocTpoBaHO
30DKHICTh iTepaliiHOTO Tmpormecy. BpaxyBaHHS BIDIMBY KoedilieHTa
¢inbTpanii 3a BKa3aHMM BHIIE 3aKOHOM BHKJIMKAIO 30iNbLICHHS

mrykanoi Butpata Q Bix 0.5538 mo 1.1980, a po3paxyHKOBa BEIMYHMHA
HIBUJIKOCTI ¢inpTpanii 3a/I0BOJIBHSIE HEpiBHOCTI 0.0194

B obnacti G, po3B’si3aHO 3324y npu K(x,y):sin%X+C053—gy,

ne Ha pUCYHKY 1.45 300paxkeHo po3momiyl JgaHoro KoedimienTa
¢inpTpaLii B3IOBXK OKpeMHUX JIiHIHM Teuil Ta eKBINOTeHLIAIBHUX JHIA. Y
tabmuui 1.18 mogaHo mapameTpu po3paxyHKy CiTKH, Ha PHUCYHKY 1.46 —
rpadiku  30DKHOCTI  BIAMOBIAHMX  BENWYMH yMOB  3aKiHYEHHS
iTepamniiiHoro mpouecy. BrumB koedinienTta ¢inbTparnii 3a UM 3aKOHOM

nmpuBiB 10 30imbneHHs mykaHoi Butpata Q Bix 0.7451 mo 1.0548, Ta

3MIHHA BEJINYNHUA LIBUIKOCTI: min Vi j =V6,25 = 0.0155,

maxv; j=V2511= 0.4562.

BpaxyBanuss BmimBYy KoedimieHTa (impTpariii 3a 3aKOHOM
K(X,y)=X+0.55in y (Ha pucysky 1.47 300pakeHO HOTO pPO3MOLT
B3JIOBXK KpalHiX Ta CepeAHBOI JIiHIA Tedii Ta eKBIMOTCHI[IANBHUX JIiHIN)
TIpY PO3B’si3aHHI 33724l B 00nacTi Gy BUKIMKAIO 30UIBIIEHHS IIYKAHOT
Butpatd Q Bim 1.1692 mo 1.9732. Ha pucynky 1.48 mpoimrocTpoBaHo

301KHICTh PO3POOJICHOTO ANTOPUTMY JJIsi MAKCUMAJIBHOTO BiIXHUJICHHS
HAOJIMKEHb KOOPAMHAT IPAaHUYHHUX BY3IiB M , IIyKaHOrO 3HAYCHHS

Butpatt Q Ta BigHomeHHs giaroHanei# D KpuBOMdiHIMHOTO
4OTUpUKYTHHKA Gg, a 3HAYEHHA NapameTpiB mojaaHo y tabmumui 1.19.

3a3HaunMo, IO HaWMEHIIa pO3paxyHKOBa BENWYHWHA IIBUIKOCTI

¢inbTparii 0.2133 mocsraeThes y By3imi (i, j)=(16,25), a Ha#OlibIma —



1.4455 —y ysii (i, j)=(0.12).
Tabnuys 1.18
3nauenns napamempie pospaxynxy cimku ¢ G 4

N mxn  ky | kg | kp Q &, o(|h|2)

1 20x20 i 568 198 53
2 i 24x24 | 769 233
31 28x28 | 994 401

min Kji= =0.499Mm/106

maxk; ; = =1.998M/100

204

y=g

T o e s w1 [

Ta 3 10 13 0 js

Puc. 1.45. Po3nooin Koed)iuieuma Puc. 1.46. Cmabinizayis
ginompayii K =SiN-—— 21 X+COS 39 Y s napamempie 6iOHOCHO KPOKY
obnacmi G 4 8300804C NiHil meyii imepayii npu po3paxyHKy

ma ekeinomeHYianbHux JiiHil 2iopodunamiunoi cimxu pyxy ¢ G 4

Tabnuys 1.19



3uauenna napamempis po3paxyHKy cimku 8 G5

Nei mxn kM kQ kD

1:20x20 822 | 218 | 545

2 1 24x24 1101 @ 318 : 711

3 1 28x28 1415 @ 429 | 897

40
3,54
30
2,54
20
1,5+

maxk; i= 3.902m/m00

..................................................

Dot 1o

201 1001 1201

1,0
0,5
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| I
2,5 .
2,04 CP =05 1,000 t t t t t t t t t t i
154 601 801 1001 1200
(3
10 ;
’ =0 D998 -~ oo o e
0,5 ®
0 R
Puc. 1.47. Po3noodin koeghiyienma Puc. 1.48. Cmabinizayin
Ginempayii K(X, y): X+0.5siny ¢ napamempie 8i0HOCHO KPOKY
obracmi G5 6300801C NiHIU meyil imepayii npu po3paxyHKy

ma exginomeHyiaIbHUX AiHil 2I0POOUHAMIYHOL CIMKU PYX) 6 G5



1.2.1.2. Oco6amBocTi MOOYAOBH TiAPOAMHAMIYHHUX CiTOK Y BHIAAKY
aHi30TPONHHMX cepeAoBUIN. Po3rissHeMO HENIHIMHMHA CTaliOHAPHUN
mportiec ¢inbTparii, Kojaud Koe(dilli€eHT MPOBIAHOCTI K BH3HAYAETHCS

: _ KME(P'W; K19 E(P’\V;
3aJICKHICTIO K= , I K , r,s=12) -

dbyHKIii, 1O XapaKTepu3yIOTh MPOBIAHICTh CEPEIOBUINA, WOTO
aHI30TPOMII0 Ta CXWIBHICTH n0 Aedopmaniii [58, 74]. Toxi 3amaua 3
JOTIOMOTOI0  BiJIMOBIJHOTO KBa3iKOHPOPMHOTO BigoOpakeHHs 00iacTi

, .
G, Ha obmactb G, 3BOAUTHCS 10 pO3B’s3yBaHHs B G pIBHSHD

JIPYToro MopsiaKy
0| 1 Ox|, 0|KnKop~KpK1p OX | 0| Kip Ox | 0 [ KX |_
ED Klla(P oy K11 A | 0p Klla‘l’ op| Ky Op)

RAN K11K0p " Kp1K1p Oy | O [ ®p1 Oy | 0 | K12 OY |_
5@ Koo O all’ K22 oy ) o Kog OV 8“’ K22 o)

(1.40)
TIpH 3aJJaHUX HETIHIHHUX KpaiioBux ymoBax (1.2) Ta ymoBax
o ox _ O
Kll((P"l’)a__Klz (‘P"V v 00
a\; (;V N (1.41)
X
Ko\ oW )—— A%
21( a\v ( \V

Ha rpanuii oG obnacti G . 3ayBa>KI/IMO, o cuctema piBHAHB (1.41) €

CHCTEMOIO ENINTHYHOrO TUIly B 00nacti G, Npu BUKOHAHHI YMOB THILY
(1.22).

3 MeTor0 3a0e3MeyeHHsl TIAaIKOCTI JAAHOTO KBa31KOH(OPMHOTO
BiIOOpaKEeHHST Y KyTOBHX Toukax M ={A, B, C, D} Ha BIAIIOBIIHI
¢byHKIT fi(x,y), i=1,4, nakmamaemo ymoBu (1.23). Kocuuyc kyrta
BIZIXMJICHHS BEKTOpa MIBHIKOCTI U Bij TpajieHTy moTeHiiany grade B
JOBUIBHIA To4li Z=X+iy oOuncioeTbess 3a ¢opmyrnoro (1.24), a

BiJNOBiZIHI YMOBH KBa310pTOrOHANBHOCTI MatoTh BUrIsig (1.25).



TakuMm 4MHOM, MAaEMO HENiHIHHY MpsMy 3afady, 1€, Ha BiAMiHY
BiJl i30TPONHHUX CEPENOBHMIL, Yy CiTKOBif obnacti G} ¢irypyroTs maii
napaineiorpamMd.  BigMiHHICTIO  Bif  aHIi30TPONHUX  OJHOPIIHUX
CepeioBHI € Te, IO NOAIOHICTH “‘mapanenorpamiB B Manomy’
HOPYIIYETHCSL.

Jns  gucnoBoi  MOOYMOBH  BimoOpakeHHS  THapaMeTPUIHOTO

npsAMOKyTHUKAa G~ Ha KpHUBOJIHIMHY YOTHPUKYTHY oOmacts G, ,
piBusinns (1.40) y piBHOMIpHiN ciTkoBil oOmacti G/ ampokcumyemo
OTHOPITHMMHU KoHcepBaTMBHUMH cxemamu (1.27). B pesynbrati
OJEPKUMO Taki pi3HUIEB] piBHIHHS [190]

c‘(5i+1,j+)txi+1 j+1_(5i+(1 j+1+§i i+ i,j+1+éi,j+1xi)—1,j+1)+

+(1_20 I+lj I+lj I+lj |j 'j+aijxi -1,j +
+G(ai+(1jlxi+ljl (a|+(111+a| 1—1'))% —1+a|1 %1 j— 1)

2
Y ( b 1 J+1X|+1 j+1 |+1 J+1+b+1jjxl+1j H—lj I+1j 1)
+(1- 20)(b

Ij+1XI j+1 (Ij+1+bl j +b| jXIj )+
i-1,j+1%i-1, j+1 (b|—1,1 1+b|—1, l)x +b| 1, |)l,j—l))+

+7\Cig, (i+1,j+1 Xi+1,j—1j_c'—1 '(Xi—1j+1 Xi—1j—5)‘

_di,j+1( Xi j1 % l,j+1)+d| 1—1( ERERLENEY Ly (1.42)

G(ai+1,j+ yi+1j+1_(""i+ j+1+ai J&! i,j+1+ai,j+1y'—l,j+l)+

+(1—2o)t ( )

+olb:

|+1 Jy|+1j (

&g, TN TR i
+°(5i+ j-1Yist 1 @i ja T, j—ll)ylj 4+ j—lyl—lj—l)
+y2( (:3 1, j+1yl+l j+1 (|+1 j+l+ I+lj)yl+1j ljyl+1,j—1)
+(1 Zcfbl j+lyl j+1 (Ij+l+b )y Ij 14)
+cSb—l j+1)i-1, j+1 (b -1, j+1+bl 1,j/{i-1,] +bl—l,Jyl—l,'—l))+
+Y C+,jg/i+l,j+1 Yis, '—1)+Ci— jVic, jar = Yi jo )*
+Ji,j+_1(1yi+1,j£yi—l,j+1j d (l ))/4 0,
i=1Lm, j=1n,

dlj—lyl+ljl ylljl

JIe KOKEH 13 Koe(ilieHTiB, 3riaHo i3 [190], obunciroeTbes 3a hopMyiaMu



11,22 2112 12 21
1| ¢ Sk TR | Kl i
c=acl ——|, b, ;=hd , G .=acl——| d..=bd| —
1,] K:il_‘]] 1] Kjil_l]] 1] Kjil_’jl_j 1] K:il.fI]
11,22 2112 21 12
1| - Sk TR | . K5 i
. =ac , b .=hd , G .=acl—=| d..=bd —|
1,] KIZ‘% 1] KEZJ 1] KIZ‘ZJ 1] KIZ,%
k.. +k. . - 2k k. . .
N L] i-1, ] ( )_ -1,
ac(ki,j)_ki_o_aj, ac(kilj)——2 , ac ki’j ——ki K
K i( ) 1143
bd(k- .):k.. bd(k- .)=—”+ hid bd(k- .)=—2 Lk
IvJ IrJ_O-S, I'J 2 ' I’J kl J+k| j—l

3a3Ha4MMO, 110 TYT K{fj =Kpq ((pi W )

Pisnunesi ananoru kpaiioBux ymoB (1.7), IpUrpaHudHUX YMOB

kBazioproronansrocTi (1.29) ta kBasikonpopmuoro insapianta y (1.30)

3aJIMIIMMO O€e3 3MiH.

AJNroput™M HaONMIKEHHS PO3B’SA3KY 0OepHEHOI nudepeHuianbHOl

3amadi pizHUIEBOIO 3amadcto (1.42), (1.7), (1.29), (1.30) B 3araasHOMY
BUMAAKYy moOymoBaHO aHamoriyHo mo 1.1.1.1.2 moisixom moeramHoOl

napameTpusanii BeTUUYWHH Y, TPAHWYHUX Ta BHYTPIIIHIX BY3JiB CiTKU

G) 3 BUKOpHMCTaHHAM inel MeToy OnouHoi itepanii [168]. Binnosinxo

B anroput™M AK BHECEHO Taki 3MiHH:

>

>

>

B 1.5 — IIOYaTKOBE HAONMIMKCHHS HEBIIOMOI BEIWYUHH 7Y

3Haxo Mo 3a hopmyioro (1.30);

B 1.6 — YTOYHEHHS KOOPJIWHAT BHYTPIIIHIX BY3JIiB MPOBOIUMO 3
JIOTIOMOT'OI0  OJTHOTO KPOKY ITEpaImiiHOro MeTony 3ehmens 3a
(hopMysiaMu OTpUMaHUMH UIIXOM po3B’s3aHHA (1.42) BiTHOCHO

Xi,j Ta yi’j y
B 1.7 — HOBe HAOIMKEHHS BEIMYMHH Y 3HaxoguMo 3a

dhopmyitoro (1.30).
B 1.8 — KOOPAWHATH TPAHWUYHUX BY3JIIB MiANPABISIEMO IUITXOM



PO3B’A3yBaHHA CUCTEMH PiBHAHB chopmoBanoi i3 (1.7), (1.29).
» B .10 — HeB’sI3Ky KBa3iKOH(POPMHOCTI TiIPOANHAMIYHOI CITKH

_ [e2 o2
obuncmroemo 3a  Qopmynoro g, =, /ey +ey , € g, gy -

HEB’S3KM  ampokcuMmarlii  piBasHs Ty  Kormi-Pimana
BH3HAYAIOTKCS 32 hopmymamu (1.31).
3ayBaxuMo, 1m0 y popmynax (1.22) — (1.25), (1.30), (1.31), (1.40)

KOe]IieHTH K, € 3aICKHUMH BiJl IMyKannx GQyHKOiA Tewii Ta
MTOTEHITiaTy, TOOTO Ko =K ((p,\y) (r, s=1,2).

UucnoBy peamizailifo OMHCAHOTO AJITOPUTMY PO3B’sI3yBaHHS
obepHEHUX KpaloBUX 3amad Teopii GuIbTpamii y BUIAAKY HEOTHOPI THUX
aHI30TPOMHUX cepenoBul [58] 3aificHeHo 3a yMOB onucanux y m.1.1.3.2

B oOJacTsax Gl’ G3, G4 Ta GS' Benuunny mBuakocTi ¢imbrparii

BH3HAYaTHMEMO 3a pi3sHHLEBUMHU (opmyiaamu (1.12), ski He 3MIHATH
CBOTO BUTJISAY B CHIy pIBHSHHS pyxy Ta ymoB Ttumnmy Korri-Pimana
(1.41).

Taxk, Ha pucyHky 1.49 300pakeHO pPO3PaxyHKOBY T'iIPOAMHAMIUHY
CITKY pyXy, II00y/10BaHy B Pe3yJIbTaTi po3B’si3aHHs 3a1a4i B obmacti G;

o+1 0.64,/oy+1
npu K= , & TIapaMeTpH PO3pPaxyHKy IMOJIAHO B
0.4,/oy+1 y+1

tabmumi  1.20. Ha pucynky 1.50 mnpoimoctpoBaHa 301KHICTh
iTepaliifHOro Mporecy po3paxyHKy Ha OCHOBI MaKCMMAaJIbHOTO 3HAYCHHS
BiJIXWJICHHS HAOJNMKEHb KOOPAWHAT TPaHUYHHUX BY31IiB M , 3Ha4YeHHS
Burpaty Q Ta BiJHOINCHHS MiaroHaned D BITHOCHO KpOKy iTepartii.
BpaxyBanns BmiuBy KoedimieHTa ¢inbTpalii 3a BKa3aHHUM BHIIE
3aKOHOM BHKIJIMKAJIO 30inblieHHs ¢inpTpaliiinoi surpatn Q Big 1.0001
1m0 2.2207 Ta 3MiHy (30UTBIICHHS) 3HAYCHHS PO3PaXyHKOBOI BEIMYWHU
mBHAKOCTI  (QinbTpawmii, 5Ky 300pakeHo Ha pucyHky 1.51 (



3Hnauenns napamempis po3paxyHKy cimxu 6 Gl

Tabnuys 1.20

2

N mxn | ky o Kg Kp Q €, O(|h| j
1:20x20 { 594 132 118 2.2350 1.6E-1 1.4E-2
2 1 24x24 @ 811 169 122 2.2207 1.3E-1 9.5E-3
3 1 28x28 | 1044 | 212 128 2.2024 1.2E-1 6.9E-3
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1.49. Tiopoounamiuna

cimka pyxy 6 obracmi G1 4

npu po3oummi 24 x 24

6040

36478

2,4—' J

51m

13 0 75 5

0

601

201

1001

Puc. 1.50. Cmabinizayis napamempis
BIOHOCHO KPOKY imepayii npu
PO3PAXYHKY 2IOPOOUHAMIYUHOT CIMKU

pyxye G

una weuoxocmi ginempayii 6 oonacmi Gy



lNpoponuHamiuHy ciTKy, moOynoBaHy B pe3ylibTaTi PO3B’S3aHHS

e050 0.1y

3amayl B obmacti G, mpu K=
8 3 TP [o.ch g0.25v

J, 300pakeHO Ha PHUCYHKY

1.52. Ti 4mcmoBi po3paxyHKH NPOBOAMIMCA NPH Pi3HUX 3HAYECHHAX
rmapamMeTpiB po30uTTs (muB. Tabmmio 1.21), mpu 1mbOMYy OTpHUMaHi
PO3paxyHKOBI 3HAUEHHSI BEJIMYMHU QiIbTPaLifiHOT BUTPATH Pi3HATHCS Ha

2 co -
BETTMYMHY TOPSAKY O(|h| j, 10 TOBOPHTH PO CTIHKICTh pO3pOOIEHOTO

anroputMmy. 301KHICTD ITEpaliifHOTO MPOIIECY PO3POOICHOTO ANTOPUTMY
MPOLIIOCTPOBAaHO Ha pUCYHKY 1.53. BpaxyBaHHs BIUIMBY Koe(ilieHTa
¢inpTpalii 3a UMM 3aKOHOM BHUKIMKaJO 30UIbIIeHHA (inbTpamiiHol

Burpaty Q Bixm 0.5538 mo 0.6934 Ta 3MiHYy BEIWYMHU IIBHIKOCTI
¢inpTpanii, sAKy  300pakeHo Ha  pucyHky 1.54  (0.0091

[TapameTpu po3paxyHKy riapoguHamiuHOi CiTKH (auB. puc. 1.55) B

e025v 0.2y

0.5 05<PJ nmogano B Tabimmmi 1.22. Ha
-0.25¢ €%

obnmacri G, mpu KZ(

pucynky 1.56 300paxkeHO Tpadikd 30DKHOCTI MaKCHMAJIbHOTO
BIIXWJICHHS HAOMMKEHb KOOpAWMHAT TPAHUYHHX BY3JIiB M , IIyKaHOTO
3HadeHHA (inmbTpartiiinoi Butpatd Q Ta BiAHOIIEHHS miaroHayien D
BIIHOCHO KPOKYy iTeparrii. BpaxyBanHs BILIMBY KoedimieHTa (imprpartii
32 BKa3aHUM BHILIE 3aKOHOM BHKIMKANO 30inbLIeHHS (iabTpamiiHol
Burpatu Q Bixm 0.7451 mo 0.8950 Ta 3MiHY BEIWYHMHU IIBHIKOCTI
¢inpTpanii, sfKy 300pakeHO Ha puCyHKY 1.57. Y npoMmy BHNAIKy
HallMEHIIIE PO3PaXyHKOBE 3HAYCHHs BEIIMYWHHU IIBUAKOCTI (PiIbTpartii

0.0152 nmocsiraeTbes y By3mi (i, j)=(6,25), a HaioOinpme — 0.3883 — y
sy3i (i, j)=(25,9).

30KHICTP ~ TIapaMeTpiB  po3paxyHKy (mmB. Tabn. 1.23)



3uauenna napamempis po3paxyHKy cimku 8 G3

Tabnuys 1.21

2
Nei mxn K kQ Kp Q €y O(|h| j
1:20x20 : 620 271 81 0.6933 2.4E-1 3.4E-3
2 | 24x24 i 884 348 110 0.6943 2.2E-1 2.4E-3
3 1 28x28 { 1174 | 428 144 0.6951 2.0E-1 1.8E-3
0,0006
M
2 104
0,0002
B C
L0000
5 201 40 601 801 1001
5 . " i i 03
EES = Q
v, 607
0,695
Puc. 1.52. Tiopoounamiyna
cimka pyxy 6 obaacmi G3 0603
npu posbummi 24 x 24 0,9811 201 401 601 301 1001
D
MY e e -
Q10 0,980
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006
0,04 4
201 401 601 301 1001
0,02 Puc. 1.53. Cmabinizayis napamempis
8IOHOCHO KPOKY imepayii npu
0.007 PO3PAXYHKY 2IOPOOUHAMIUHOT CIMKU
0,02 pyxy 6 Gy

Puc. 1.54. Beauuuna weuoxocmi gpinompayii 6 obnacmi G3



Tabnuys 1.22

3nauenns napamempis pospaxynxy cimru ¢ G 4

2
N mxn | ky o Kg Kp Q €, O(|h| j
1:20x20 | 655 398 391 0.8966 3.1E-1 4.1E-3
2 i 24x24 | 894 192 519 0.8950 2.9E-1 2.9E-3
31 28x28 | 1163 | 676 656 0.8939 2.7E-1 2.1E-3
00,0006
M
4 &) 50,0004
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Puc. 1.55. Tiopoounamiuna
cimka pyxy 6 obaacmi G4 0,296
npu po3oummi 24 x 24
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Puc. 1.56. Cmabinizayis napamempis
BIOHOCHO KpOKY imepayii npu
PO3PAXYHKY 2IOPOOUHAMIUHOT CIMKU

pxye G,

Puc. 1.57. Benuuuna weuoxocmi pinbmpayii 6 oonacmi G 4



, N , o+l 0.6y +1
TiIPOIMHAMIYHOT CiTKH B 00macti Gg mpu k=
0.4,/ oy+1 v+l

(zuB. puc. 1.58) npoimtocTpoBaHo Ha pucyHKY 1.59. BpaxyBaHHS BILIHBY
koedimieaTa GimpTparlii 3a BKa3aHMM BHUINE 3aKOHOM BHKJIMKAJIO
36umpmenHs GimpTparniitnoi sutpatn Q Bim 1.1692 o 1.4576 Ta 3miHy
BEIMYMHU IIBUAKOCTI (GimbTparii, sSKy 300pakeHO Ha PHUCYHKY 1.60.
Haiimenma po3paxyHkoBa BeawumHA MmBHAKOCTI (imerparii 0.0961
JIOCATAETCS Y BY3IIi (i,j)=(24,0), a HanOinpma — 7.9882 — y Bysmi
(i,i)=(22).

PosrnsiHeMo Temnep HenmiHIHHUIN cTallioOHapHUHA mpolec GinbTparii,
KoM  Koe(iLieHT TpPOBIMHOCTI K  BHU3HAYAETBHCS  3AIEKHICTIO

KZ[KMEX,V; Klzgxyy;j’ ne k. (xy) (r,s=12) - dynkuii, mwo

Ko \X,Y) Kop\X, Y

XapaKTepHU3yIOTh TPOBIMHICTE CEPENOBHINA, HOTO aHI30TPOI0 Ta
CXWIBbHICTh 10 pAedopmartiid [58, 74]. Tomi 3amada 3BOAWUTHCS IO

pose’ssyBanns B G piBHAHb apyroro mopsaxky (1.40) mpu 3ananux

HEJIIHIAHKUX KpailoBux ymoBax (1.2) Ta ymoBax

Kll(XvY)%_Klz(x-y g\)l(/ :2_();, K21(XvY)%—K22(X,y)§—$=% (1.44)
Ha rpanuil 0G  obnacti G . 3ayBaxkuMo, 10 cucTemMa piBHAHb (1.44) €
CHCTEMOIO €NINTHYHOTO THIly B 006nacTi G, Npv BUKOHAHHI YMOB THILY
(1.22).

3 Meroro 3abe3medeHHsS TIAAKOCTI JaHOTO KBa3iKOH(GOPMHOTO
BIIOOpaKEeHHS y KyTOBHX Toukax M ={A, B, C, D}‘ Ha BIJIIOBIIHI
byHKIii fi(x,y), i=1,4, HakIazaeMmo ymoBu (1.23). Kocuuyc kyTta
BIZIXMJICHHS BEKTOpa MIBHIKOCTI U Bij IpajieHTy moTeHiiany grade B
JOBUIBHIA ToYli Z=X+iy oO4ncioeTbess 3a ¢opmyrnoro (1.24), a

BIJITTOBITHI YMOBH KBa310pTOTOHAIBHOCTI MatoTh BUTILAA (1.25).
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3uauenna napamempis po3paxyHKy cimku 8 G5

Tabnuys 1.23

Q | Ko

Q

€y

il

393

1.4560

1.3E-1

7.1E-3

216

1.4576

1.2E-1

5.0E-3

269

1.4593

1.0E-1

3.7E-3

0,0015

0,0010

0,0005

0,0000
1,483

é01 201 1001

1,475

1,483

1.58. Tiopoounamiuna
cimka pyxy 6 obaacmi G5

npu po3oummi 24 x 24 1=4551

20
a0

401
401

01
601

301
201

1001
1 1001
1,55

1,45

Puc. 1.59. Cmabinizayis napamempis
8IOHOCHO KPOKY imepayii npu
PO3DAXYHKY 2I0POOUHAMIYHOL CImKU

pyxy e Gg

3 10 15 0 23

i
Puc. 1.60. Benuyuna weuoxocmi ginempayii 6 obnacmi G5



TakuM 4MHOM, MU Ma€EMO CYTTEBO HEIiHINHY OOEpHEHY 3a1ady, Jie
MOAIOHICTP “TTapaneorpamMiB B MaJioMy’ TTOPYIITY€ETHCA.

Jns  gucnmoBoi  MmMOOYMOBH  BimoOpakeHHS  TapaMeTPUIHOTO
npsAMOKyTHUKAa G~ Ha KPHUBOIIHIHHY YOTHPUKYTHY o0nacte G,

piBusnns (1.40) y piBHOMipHil ciTkoBili obnacti G, sK i panime,

anpOKCHUMY€EMO  DPi3HHMIEBHMHU piBHSHHAMU (1.42), 1e KoxeH 13

koedimienTiBe obuncmroemo 3a dopmynamu (1.43) nmme 3 TOIO
BiIMiHHICTIO, 110 Kir,sj =K (Xi,j Vi )=Krs (X((pi "y ) y((pi W »
Pisnnnesi ananorn kpaioBux ymoB (1.7), mnpurpaHUYHUX YMOB
kBazioproroHansHocTi (1.29) Ta kBasikondopmHuuii inBapiant Y (1.30)
3aUIIAMO O€3 3MiH.

ANTOpUTM HaOMMKEHHS PO3B’SI3Ky oOepHEHOI AuQepeHITiabHOI
3amadi pizHUIEBOIO 3amadecto (1.42), (1.7), (1.29), (1.30) B 3araasHOMY
BHUITAIKy TOOYZOBAaHO AaHAJIOTIYHO SK 1 y TONEPEIHHOMY BHITANKY,
IUIAXOM TIOETalHOi IMapaMeTpu3amii BeIWYWHH 7Y, TPAaHUYHUX Ta
BHYTpIlIHIX By3/1iB CiTkM G 3 BUKOpHCTaHHAM iJel MeToxy Gno4HOT
itepamii [103]. BigminnicTio TyT € Te, mo y dopmynax (1.22) — (1.25),
(1.30), (1.31), (1.40) xoedimienTn K, € 3aTEKHAMH BiJl KOOPIMHAT
(i3uunHOi 00MaCTi, TOOTO K =K (X,y) (r, S=1,2). Tomy B anroputmi
HaOMIDKEHHS PpO3B’A3KYy 3aladi, IOCTiIOBHI HaONMKEHHS TEeH30pa

TIPOBIJIHOCTI K (X,y) Ha K-kporti y (I, j)-Bysnax citrkn G 3HaxomaThCs
JIATIE TMiCIA HAOJNKEHBb BIANOBIAHUX 3HAYEHL KOOPIMHAT i Yijo @

caMeKiJ —K ( )ylj)

UucmoBy peamizamifo OMUCAHOTO aJTOPUTMY PO3B’SI3yBaHHS
o0epHEeHHX KpahHoBUX 3agad Teopii QimpTpamii y mbpOMy BUIAIKY

HEOJHOPIJHUX aHI30TPOIHHUX cepefoBull [7] 3AIHCHEHO 3a YMOB



omucanux y m.1.1.3.2 B oOmacTsx Gl’ G3, G4 Ta GS' Benuuuny

MBUAKOCTI (inmbTpamii BH3HAYATHMEMO 3a PI3HULEBHMH (opMyiaMu
(1.12), saxi He 3MIHATH CBOTO BHUTIIALY B CHIy pPIBHIHHSA pPyXy
v=x-grad ¢ Ta ymoB Ty Komri-Pimana (1.44).

Tak, Ha pucyHky 1.61 300paskeHO PO3paxyHKOBY TiAPOAMHAMIUHY

CITKY pyXy, IOOY/I0BaHy B PE3yJIbTaTi pO3B’si3aHHs 3a/1a4i B obnacti G;

01X (.1x2 4 .
IIpu K= . HCJIOB1 O3paxXyHKH IIPOBOAUIINCS IIPpU
P 0.2x 0.1(x+10) POSPAXYHITL TPOBOA P

Pi3HUX 3HAYCHHSAX MapaMeTpiB po30uTTs (ouB. Tadmumio 1.24), mpu

OBOMY OTPHMAaHi PO3pPaxyHKOBI 3HAYEHHS BEJIWYMHU (idbTpamiiHOl

. 2 .
BUTPATU PI3HATHCA HAa BCIIUWYHUHY NOPAAKY O(|h| j, 10 MIATBCPIKYE

CTIMKICTh PO3POOJICHOTO ANTOPUTMY, & HOTO 301KHICTH MPOLIIOCTPOBaHA
Ha pucyHky 1.62. BpaxyBanHs BIUMBY KoediuieHTa (inpTpamii 3a
BKa3aHUM BHWIIE 3aKOHOM BHUKIMKAalIO0 30UTbIIeHHS (DimbTpariiHol

Butpatd Q Big 1.0001 mo 1.2862 Ta 3MiHY BEIWYHHH IIBUIKOCTI
dbimeTparmii, sgxky  300pakeHo Ha  pucyHky  1.63  (0.3242

Posp’s3yBanns  3amaui B obmacti G NPOBOAWIOCA  MPH

€99y 0,005y

_[0 005 OOlXJ Ta pI3HUX [apaMeTpax po3OMTTA 00nacTi
. X e

KOMIUIEKCHOTO TIoTeHmiamy (auB. Tabmwmio 1.25). PospaxyHKoBy
TiApOAMHAMIYHY CIiTKy 300pakeHO Ha pucyHKYy 1.64, a 30DKHICTB
MaKCUMaJIbHOTO BiJXWJIEHHS! HaOJMKEHb KOOPAWHAT IPaHUYHHUX BY3IIiB
M , 3HaueHHs ¢inbTpauiiiHoi BuTpatd Q Ta BiAHONICHHS AiaroHaiei
D BigHOCHO KpOKY iTepauii NpOITIOCTPOBAHO Ha pPHUCYHKY 1.65.
BpaxyBanns BmmBYy KoedimieHTa ¢igpTpamii 32 IUM  3aKOHOM

BHUKJIMKAJIO 30UIbIIeHHs Irykanoi BuTpatn Q Bim 0.5538 mo 0.6320 Tta



3Hnauenns napamempie po3paxyHKy cimxu 6 G1

Tabnuys 1.24

2
Nei mxn K kQ Kp Q €y O(|h| j
1:20x20 | 933 807 701 1.2846 4.1E-2 6.0E-3
2 1 24x24 i 1060 ; 932 743 1.2862 3.2E-2 4.3E-3
3 1 28x28 i 1182 | 1021 ; 830 1.2880 2.3E-2 3.2E-3
0,00015
M
0,00010
Q‘ 0,00003
LR
T
:t . o 0,00000
P o “ - L 201 a1 601 ool 1201
st s S iAo 13
R e S
e ¥
P .“.-‘_‘"-——
Puc. 1.61. Tidopoounamiyna 1,30
cimka pyxy 6 obnacmi G1
npu po3oummi 24 x 24 122
m 401 é01 201 1001 1201
s
L7
1,4
L1+
081 0 @1 e e oM 1200
054 Puc. 1.62. Cmabinizayis napamempie
BIOHOCHO KPOKY imepayii npu
0,27 PO3PAXYHKY 2IOPOOUHAMIYHOT CIMKU
0044 .-
015 pxy e Gy
a ; 3 10 15 a0 M 5 10 i
Puc. 1.63.

Benuuuna wieudxocmi ginempayii 6 oonacmi Gy



Tabnuys 1.25
3nauenns napamempis pospaxynxy cimxu ¢ G4

N mxn | ky | Ko | kp Q &y O(|h|2j

1 20x20:1294 @ 492 @ 701 | 0.6316 24E-1 3.2E-3
2 1 24x24 1683 | 600 : 885 | 0.6320 2.3E-1 2.2E-3
3 128x28 2138 711 | 1089 @ 0.6323 2.1E-1 1.7E-3

0,0009
M

z) 0,0006

0,0003
[y

o

0000
1 201 401 601 801 1001 1200 1401 1601 1801

1 200 401 401 801 1001 1201 1401 1601 1801

—— 1 1 1 4 1 0,633
I @

Lingat

T

T
R

T

0,629
Puc. 1.64. Tiopoounamiuna
cimka pyxy 6 obaacmi G3
0,627

npu po3oummi 24 x 24 0964

D

i T “----0,961

200 401 601 301 1000 1301 1401 1601 1301
Puc. 1.65. Cmabinizayis napamempis
8IOHOCHO KPOKY imepayii npu
PO3PAXYHKY 2IOPOOUHAMIUHOT CIMKU

pyxy 6 Gy

Puc. 1.66. Benuyuna weuoxocmi ginempayii 6 obnacmi G3



3MiHY BEJIWYMHH IIBHIKOCTI (iabTpalii, Ky 300pa)kK€eHO Ha PHCYHKY
1.66. Y npoMy BHITaJIKy HaWMEHIIIE PO3PAXyHKOBE 3HAUCHHS BEIIMINHU
mBuakocti  pyxy 0.0085 nocsraetees 'y  By3di (i,j)=(12,25), a
Haioineie — 0.1128 — y By3mi (i, j)=(0,25).

30KHICTP ~ TIapaMeTpiB  poO3paxyHKy (muB. Tabn. 1.26)

e0.0lX 0.01x
TiApOAMHAMIYHOI CITKM B 00iacTi G4 npu K= X (nuB.
0.005x e0:02x

puc. 1.67) mpoimrocTpoBaHO Ha PHUCYHKY 1.68. BpaxyBaHHS BIUIHBY
koedimieaTa GimpTparlii 3a BKa3aHMM BHUIE 3aKOHOM BHKJIMKAJIO
30inbLeHHs ginpTpaniiinoi Butpatn Q Bix 0.7451 mo 0.8096 Ta 3Mminy

BEJIMYMHU MIBHAKOCTI (inbTpanii, Ky 300pakeHO Ha pucyHKy 1.69. Y

ubomy Bunaaxy 0.0165 = Vg 25 < Vi j < Vo514 = 0.3926.

[TapameTpyn po3paxyHKy TiIpOAMHAMIYHOI CITKH pyXy B 00jacTi

e02x  0.1x

0.1x 0.1(x+10)J (muB. puc. 1.70) nomano y tabmwmmi 1.27.

Gg npu KZ(

301KHICTh pO3pOOICHOTO ANTOPUTMY TIPOLTIOCTPOBAHO HA PUCYHKY 1.71,
a 3MiHy BEJIMYMHM MIBUAKOCTI (inmbpTpamii 300paskeHO Ha pUCyHKY 1.72,
Je HalMeHIIEe pO3paxyHKOBE 3HAUYCHHS BEJIMYMHHU IIBUAKOCTI PyXy

0.2275 pocsraeTbes y BY3Jl (i, j)=(20,0), a HauOinpme — 0.9523 — y
BY3Ii (i, j)=(0,13). BpaxyBanHs BIIMBY LbOTO KoedimieHTa (iabTpamii

BUKJIMKAIIO 301bIIeHHs urykaHoi Butpatu Q Big 1.1692 mo 1.5692.

1.2.2. MonenwBanHsi npoueciB  ¢inpTpanmii B i3oTpomHHUX
cepeloBHINAX CXWJIBHHUX A0 Aedopmaniii min niero rpagieHTtiB
NMOTEeHIiaxy

PosrnsiHemMo HenmiHiKHI cTaumioHapHi mponecd (inbTpamii B

CEPeJIOBHIIII CXWJIILHOMY JI0 JedopMaiiii mig Ji€l0 TPaJie€HTIB



Tabnuys 1.26
3nauenns napamempis pospaxynxy cimxu ¢ G,

Nei mxn | Ky Ko Kp Q s O(|h|2j

11 20x20 : 715 440 503 0.8102 3.6E-1 3.8E-3
2 1 24x24 ¢ 976 588 673 0.8096 3.3E-1 2.6E-3
3 1 28x28 | 1267 | 751 861 0.8092 3.1E-1 2.0E-3

0,0006
M
[ 4
i
]
AT
t.r‘gf" ' |
eaeett - , 1 201 401 01 201 1001
Puc. 1.67. Tiopoounamiuna
. . 0,12
cimka pyxy ¢ obnacmi G,
npu po3oummi 24 x 24
088 1 a0t 01 201 1001

201 401 601 201 1001
Puc. 1.68. Cmabinizayis napamempis
BIOHOCHO KpOKY imepayii npu
PO3DAXYHKY 2I0POOUHAMIYHOL CImKU

pxye G,

0 10 i
R LR I
Puc. 1.69. Benuuuna weuoxocmi gpinempayii 6 oonacmi G 4



3uauenna napamempis po3paxyHKy cimku 8 G5

Tabnuysa 1.27

2
Nei mxn K Ko Kp Q €y O(|h| j
1:20x20 | 805 423 309 1.5676 1.0E-1 7.9E-3
2 | 24x24 i 1079 i 523 397 1.5692 9.4E-2 5.5E-3
3 1 28x28 { 1375 i 654 549 1.5703 8.4E-2 4.1E-3
0,0006
M
0,0004
0,0002
0,0000
401 a0l 201 100 12m
1,582
¢
1,577
Puc. 1.70. Tiopoounamiuna L7
cimka pyxy 6 obaacmi G5
npu posoummi 24 x 24 i B TR TR TR R TR
Ll mt 401 601 801 1001 1301

Puc. 1.71. Cmabinizayis napamempis
8IOHOCHO KPOKY imepayii npu
PO3PAXYHKY 2IOPOOUHAMIUHOT CIMKU

pyxy 6 Gg

v 10 15 20 25 5

1
Puc. 1.72. Beauuuna weuoxocmi gpinompayii 6 obnacmi G5



KBa3ilOTEHLialy, TOOTO, KOoe(illieHT MPOBIAHOCTI K € 3aJeKHUM BiX
Tpai€HTy IMOTEHITIATY.
Hexait koedimieHT TpOBITHOCTI K BHU3HAYAETHCS 3aJCKHICTIO

KzK(grad(p)zK((px,(py ), ne K((px,(py) — oOMexeHa HemepepBHO

mubepenuiiopana B obmacti G, QyHKuUisL, WO XapakTepusye
MPOBITHICTH CEPEJOBHUIIA Ta HOT0 CXWIBHICTE 10 nedopmartii [57]. Tomi

3a/ada 3 JIOMOMOTOI0 BiJIOBIAHOTO KBa3iKOH(GOPMHOTO BiIOOpaXKEHHS

obmacti G, Ha obmacte G, sAKOOiaH sKOro Jza—(pw—%w,

3BOJIUTBCS JI0 PO3B’s13yBaHHs B G PIBHSHB IPYroro nopsiky
a1y 1), of (1 1ax)ax]|_
8(p Joy' Joy oe | oyl \Joy Joy oy |

1 19y 10ox 6y+iK1g_iax oy -0
O(p J oy’ J8\|1 op | Oy Joy' Joy oy

NpY 331aHUX HETiHIHHUX KpaioBux ymoBax (1.2) ta ymoBax

1oy 1ox|oy_ox (1 1ox|ox__ oy
'{J oy’ J aw)aw‘a(p’ '{J oy J aw] (1.46)

(1.45)

oy 0o
Ha rpanuii 0G  obnacti G .

Jus  umcnoBoi MOOYAOBM  BiIOOpaKCHHS TapaMETPUIHOTO
npsAMOKyTHuKa G HAa KpHBONiHIHHY YOTHpUKYTHY o0nacte G, ,
piBusHHs (1.45) y piBHOMIpHil ciTKOBil obmacti G! ampoxcumyemo
pisauiesuM omeparopoM (1.5), me TpuToukoBi omeparopu AqU j T
AU, (1.4) 3aMIHUMO OJHODIIHMMHM KOHCEPBATMBHUMH DI3HUIECBUMH

cxemamu (1.34), (1.35), B sSxux i=1,m, j =1n,

[ 2800y jia Vi 1) 2A00% 1% j41)
Kjj=K J. . ’ Ji . ’
1] 1)

(1.47)



ne Ji ; =(Xi+1,j —Xia,j lyi,j+1_yi,j—l)_(xi,jﬂ_xi,j—1lyi+1,j Vi )
Tomy, piBusHHsS (1.45) (amamor piBHsHHA Jlammaca) s
CIPSDKCHUX TaPMOHIYHUX (DYHKITIH x((p,\y) Ta y((p,\u) 3aMIHUMO, 3TiTHO
3 cxemoro (1.5), (1.34), (1.35) pizauneBumu piBHsHHIMHA (1.36).
PizaumieBi amamorm kpaiioBux ymoB (1.7), TpUTpaHUYHHX YMOB
oproronamsHocTi (1.8) Ta kBasikompopmuoro imBapianta y (1.37)

3aJIMIIEHO 0e3 3MiH.
AnroputM  HaOmIDKEHHS  PO3B’S3Ky  Li€i  oOepHEHOl
mudepeHIianbpHol 3amadi pizHuieBoo 3amadero (1.36), (1.7), (1.8),
(1.37) moOymoBaHO aHAJIOTIYHO SK 1 y PpO3MJIAYBaHHUX paHilIe

BHITAIKaX, TUIAXOM IIOETAITHOI IapaMeTpu3allii BEeTWYHHH Y,

TPaHUYHUX Ta BHYTPIWIHIX By3miB citkn G 3 BUKOpHCTaHHAM ijeit

MeToxy OmouHoi itepanii [168]. 3okpema, B anroputm AK BHeceHO
3Mign ommcani B 1m.1.2.1.1, 3 TOIO JMIIE BIAMIHHICTIO, IO

KOEeOIIEHTH K; ; BU3HAYATUMYThCs 3a hopmyiioro (1.47).

i

UucnoBy peamizamilo METOAY pO3B’s3yBaHHA OOEpHEHUX
KpailloBux 3ajgau Teopii (ingpTpauii B 130TPONMHUX CEPEAOBHUILAX
CXWJIBHHX 10 AehOpMAaIIii M1 €0 TPaIie€HTIB MOTSHITIATY 3IHCHEHO 3a

yMoB onucanux y m.1.1.3.2 B obnactsix G, G;, G, ta Gg. Bennuuny

MIBUIKOCTI (iabTpamii BH3HAYATHMEMO 3a PI3HUIEBUMH (HOopMyaMu
(1.12), sixi HEe 3MIHATH CBOT'O BHTJISAY B CHJIy PIBHSHHS PpyXy Ta YMOB
turry Komri-Pimana (1.46).

PospaxyHok rigponuHamiyHOi CiTkM pyxy B obmacti G

+ ..
PxTPy , JI€ MIHIMaJIbHE 3HAYCHHAI

MPOBOAMBCS  TIpU K(grad(p):e
koedimienTa QinbTpamii CcTaHOBUTH 1M/M00, a MakcUMallbHE —
3.996M/m06. Ha pucynky 1.73 300paxeHO pO3MOMIA IMIBUIKOCTI
¢inpTpamii  B3AOBXK ~ KpalWHIX 1 cepemHboi  JiHIA  Tewii Ta

EKBIMTOTEHINIAILHAX JIiHIH 70 (INTPUXOB1) 1 micis (CyIuIbHi) medopmartii.



UucnoBi po3paxyHKH TMPOBOJIWIKMCS MPU Pi3HUX 3HAYCHHSIX MapameTpiB
po30uTTs (mmB. Tabmuiro 1.28), mpW MBOMY OTpHUMaHI PO3PaxXyHKOBI

3HAYCHHS BENMYWHU (DUIBTpAIlifiHOI BUTPATH PI3HATHCS HA BEITUIHHY
2 . co .
mopsinky O |h| , W0 TIATBEPIKYE CTIHKICTH  PO3POOJIECHOTO

ITOPUTMY, @ HOT0 301KHICTH IPOUTIOCTpOBaHa Ha pUCyHKY 1.74. Takum
YHHOM, BpaxyBaHHS BILIMBY KoedimieHTa (QibTpallii 3a BKa3aHUM BHIIIC

3aKOHOM IIPHBEJIO J10 30iIblIeHHs Irykanol Burpatd Q Bim 1.0001 mo

2.2306. 0,00015

M

000010

0,00005

2494y
2,14
0,00000
13 1 201 41 601 201
’ 2,243
201 401 601 201
0 41 601 201
an o Jzngen
Puc. 1.73. Po3nodin wieuokocmi Puc. 1.74. Cmabinizayis
dinempayii ¢ obnacmi Gy 6300601 napamempie 6iOHOCHO KPOKY
JUHIU meyii ma exginomenyialbHux imepayii npu po3paxyHKy

JUHIL 00 i nics depopmayii 2I0POOUHAMIYHOL CIMKU PYX) 6 G1



3Hnauenns napamempis po3paxyHKy cimxu 6 Gl

Tabnuys 1.28

2
N mxn | ky o Kg Kp Q €, O(|h| j
1:20x20 i 566 | 385 i 491 2.2302 4.2E-3 1.0E-3
2 1 24x24 i 758 | 496 | 649 2.2306 4.0E-3 9.6E-4
3 28x28 i 975 | 613 40 2.2309 3.9E-3 7.1E-4
Pesynbratn  po3s’s3yBaHHa  3amaui B obmacti Gy mpu

k(grade)=g, +p, +1 (mink; ; =0.997w/106, maxx; ; =1.082w/106)

MoJgaHo y TabuIl

1.29. Ha pucynky 1.75 300pakeHO pPO3MOIIT

MIBUAKOCTI (imbTparii B3MOBX JCAKUX JiHINA J0 (IITPUXOBi) 1 MiCHs
(cyuineni) ¢dinerpaniiinoi aedopmanii cepenosuina. Ha pucynky 1.76
MPOLIIOCTPOBAHO 301KHICTD MaKCHMAaJIbHOIO BIOXWUJICHHS HAOJIMKCHD
KOOpJIMHAT TPaHUYHUX BY3NiB M , IIykaHOTO 3HA4YCHHS BUTpatu Q Ta
BiJTHOIIEHHS JiaroHaysied D BiTHOCHO KpOKy iTeparii. 3a3Ha4nMo, 10
BpaxyBaHHS BIUIMBY KoedillieHTa (GinbTpariii 3a UM 3aKOHOM 3YMOBHJIO
30inbLIeHHs mykanoi Butpatu Q Bixm 0.5538 o 0.5719.

Posnoxin mBuakocTi ¢inbTpamii B3OOBXK AEAKUX JiHIM Tewil Ta

pi (o) (cyminbHi)
0.01p, (

CKBIMTOTCHINIAIGHAX  JIHIN (mTpuxoBi) 1 MmCHA

¢inbrpaniiinoi nedopmauii B obnacti G, 1npu K(grad (p)z @y + 2e
minKi]j =1.701m/100, max; =2.111M/700) mONaHO HA PUCYHKY
1.77. Ha pucynky 1.78 momano rpadiku 306ixHOcTi Benmmuna M,Q, D

BITHOCHO KPOKY iTepallii, a mapaMeTpu po3paxyHKy MOAaHO Yy TaOHii

Tabnuysa 1.29
3nauenns napamempie pospaxynxy cimxu ¢ Gg

2
Nei mxn kM kQ kD Q €, O(|h| j
1:20x20 827 14 65 0.5714 1.2E-3 3.0E-3
2 i 24x24 i 1117 18 87 0.5719 7.6E-4 2.1E-3
3 | 28x28 i 1427 20 110 0.5722 3.1E-4 1.6E-3




1.30. BpaxyBaHHa BIIIMBY KoedilieHTa QinpTpamii 3a BKa3aHUM
3aKOHOM TIPU3BEIIO 10 30inbmeHHst BuTpatd Q Bix 0.7451 mo 1.4334.
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MINV; | =Vy3 5 =0.0078
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1 W 400 e 801 100l 1301
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W 41 el st o0l 10
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0
1,001
1,000
S E R 7 R
Puc. 1.75. Po3noodin wieuoxocmi Puc. 1.76. Cmabinizayis
Ginempayii 6 obnacmi G3 6300801iC napamempie 6iOHOCHO KPOKY
JUHIU meyii ma exginomeHyianbHux imepayii npu po3paxyHKy
JUHIL 00 i nicas depopmayii 2I0POOUHAMIYHOL CIMKU PYX) 6 G3

Tabnuys 1.30
3nauenns napamempie pospaxynxy cimku ¢ G,

Nei mxn | Ky Ko Kp Q Ex O(|h|2j

1 20x20 i 563 309 360 1.4341 7.1E-2 6.9E-3
2 1 24x24 | 768 412 23 1.4334 7.5E-2 4.9E-3
3 1 28x28 | 996 521 30 1.4329 7.7E-2 3.6E-3
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0,43 201 401 601 201
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Puc. 1.77. Po3nooin wieuokocmi Puc. 1.78. Cmabinizayis
Ginompayii 6 ooracmi G 4 630060 napamempie 6i0HOCHO KPOKY
JIHIU meyii ma ekeinomeHyianbHux imepayii npu po3paxyHKy
JIHI 00 i nicas degpopmayii 2iopoounamiunoi cimxu pyxy 6 G 4

[TapameTpy po3paxyHKy TiIpOAMHAMIYHOI CITKH pyXy B 00jacTi

G; mpu K(grad(p)z(px(perl (minKilj=0.827M/Z[O6, max; =

1.173M/106) momano y tabmuii 1.31. Ha pucynky 1.79 300pakeHo
po3nonia mBUAKOCTI GinbTpawii 1o Ta micns aedopmarii, a Ha pUCYHKY
1.80 — 306ixkHicTh mapamerpiB M, Q Ta D BIZHOCHO KpOKY iTepartii.
3ayBakuMO, IO BpaxyBaHHsA BIUIMBY KoediuieHTta ¢inpTpanii 3a
BKa3aHUM BUILE 3aKOHOM BHKIIMKAJIO 3MEHIICHHS IIyKaHoi BUTpatu Q

Bix 1.1692 no 1.1587.



Tabnuys 1.31
3nauenns napamempis pospaxynxy cimxu ¢ Gg

Nei mxn K kQ

0,72

0,59+

0,45

0,32

] 3 10 13 20 23
0,72

0,59

0,45

0,325

T T T R

Puc. 1.79. Po3nodin wieuokocmi Puc. 1.80. Cmabinizayis
Ginompayii' 6 obnacmi G5 8300801C napamempie 6i0HOCHO KPOKY
JUHIU meyii ma exginomeHyianbHux imepayii npu po3paxyHKy

JUHIL 00 i nicsi depopmayii 2I0POOUHAMIYHOL CIMKU PYX) 6 G5

Hexaii Temep KoedimieHT TPOBITHOCTI K  BH3HAYAETHCS

3aJIKHICTIO KZqurad(p|)=K(|), ne K(I) — oOMeXeHa HeINepepBHO



nudpepenniioBana B obmacti G, QyHKUiA, IO XapakTepusye

MPOBITHICTH CEPEIOBHUINA Ta HOTO CXWIBHICTE 10 nedopmartii [57]. Tomi

, )
3a/1a9a 3BOJUTLCS 0 PO3B’s13yBaHHA B G « DIBHSHB BUIY

x® oyt |ax |, o |1 e ay? x|,
oy 6\|/ 20| oy| |I\Voy oy |oy ’

2 2 2 2
Ol L ox® oy Iy | o) JL|ox" I g
o J\oy oy |Op| Oy J\oy oy |oy

TIpH 3aJJaHUX HETIHIHHUX KpaioBux ymoBax (1.2) Ta ymoBax

2 2 2 2
W L[ xT Ty ox L OKT YT Y g )
J\oy oy |0y Oo J\oy oy |oy 0o

Ha rpaHuni 0G © obnacti G o TakuM 4MHOM, JiHIMHA BHXIiJHA 3a7a4a

1
J

MEPEXO0IUTh Y CYTTEBO HEINHIHHY 00epHEHY 1T0 Hel 3a1aqy.
Jlng  gucnoBoi  mMOOYMOBH  BimOOpakeHHS  TapaMeTPUIHOTO

npsAMOKyTHUKAa G~ Ha KPHUBOIIHIHHY YOTHPUKYTHY oOmacte G, ,

piBusinns (1.48) y piBHOMIpHiii CiTkOBIl obnacti G/ anpoKCHMMOBaHO

pizHuneBuM omeparopoM (1.5), 1e TPUTOUKOBI omepaTopu Aluj Ta

AU, (1.4) 3aMIHEHO OIHODIZIHUMH KOHCEPBATHBHUMH DPI3HUIEBUMH

cxemamu (1.34), (1.35), npu

Kij :K[?JIAT\/( i,j+l le 1)2 (yl j+l —Yi, 1—1)2 (1.50)

Ae Jij =(Xi+1,j _Xi—l,jlyi,m_yi,j—l)_(xi,jﬂ_Xi,j—llym,j —Yiaj )
i=Lm, j=Ln.

Tomy, piBusHHsS (1.48) (amamor piBHsHHA Jlammaca) s



CHPSDKEHUX TapPMOHIYHMX (DYyHKIIIH x((p,\y) Ta y((p,\y) 3aMiHEHO, 3TiTHO
3 cxemoro (1.5), (1.34), (1.35) pizauneBumu piBHsHHIMHA (1.36).
PisHnnesi ananorn kpaioBux ymoB (1.7), mOpuUTpaHUYHUX YMOB

oproroHanbHocti (1.8) Ta kBasikoHdopmuoro imBapianta Y (1.37)

3aJTUIICHO 0e3 3MiH.

AnTopuTM HaOMMKEHHS PO3B'SI3KYy OOCpHEHOI Au(epeHITiaIbHOI
3amadi pizHHIEBor0 3amaudeto (1.36), (1.7), (1.8), (1.37) mobOynoBaHO
AHAJIOTIYHO SIK 1 y TMONEpPeJHbOMY BHIAJKY, IUIIXOM IOETAIHOT

rapamMeTpu3allii BeTMIUHA Y , TPAHUYHUX Ta BHYTPINIHIX BY3/IiB CITKH
G) 3 BuUKOpMCTaHHAM ined Merody Onounoi itepauii [168].

BiAMIHHICTIO TyT € JuIne Te, Mo KOePilieHTH K; j BH3HAUAIOTRCA 32

dhopmyiioro (1.50).

YucnoBy peamizailito ajaroputMy po3B’s3yBaHHS OOCpPHEHHX
KpaloBHUX 3amad Teopii ¢inbTparii B 130TPOIHUX CEPEIOBHINAX, IO
neGOpPMYIOThCS TIiJ BINTMBOM TPami€HTIB HOoTeHMmiany [57] 3milicHeno 3a

yMmoB onucanux y m.1.1.3.2 B obnactsix G, G;, G, ta Gg. Bennuuny

MIBUAKOCTI (iabTpamii BH3HAYATHMEMO 3a PI3HUIEBUMH (HOpMyJIaMu
(1.12), sxi HEe 3MIHATH CBOTO BUIJISY B CHJIY PiBHSHHS PyXy Ta yMOB
tuny Komi-Pimana (1.49).

YucioBi po3paxyHKH TiAPOJAMHAMIYHOI CITKM pyXy B obmacti G;

2, 2
NGRS .
OPOBOAMINCS — TIPH KQgradQ‘):e P Ty (minx; j = 1.451m/1100,
max; =2.735M/100), 1110 MPHBEIIO OO 3MIHM BEJIMYMHU IIBUIKOCTI

dbimpTparii, sxy 300paxkeHo Ha puUCYHKY 1.81 B3mOBX KpaifHiX 1
CEepelNHbOi JHIA Tewili Ta eKBIMOTCHINIANBHNX JiHIA. OTpumani
pO3paxyHKOBI 3HAYCHHS BEIWYMHMA (DUTBTpaIifHol BUTpaTH (IIWB.
Tabmuio  1.32) wMaibke OIHAKOBI, IO TIATBEPIKYE CTIHKICTBH
PO3pOOJICHOTO ATOPUTMYy, a HOro 301KHICTH NPOULIIOCTPOBAHO Ha



pucynky 1.82. BpaxyBanus BmiuBy KoedimieHTa (imbTpanii

3a

BKa3aHWM BHINEC 3aKOHOM BHKIHUKAJIO 30UIBIICHHS (QiIbTpamiifHOl
Butpatu Q Bix 1.0001 mo 1.8435.

3uauenns napamempie po3paxyHky Cimku 6 G1

Tabnuys 1.32

2
Nei mxn kM kQ kD Q €, O(|h| )
1 20x20 i 299 235 161 1.8439 8.4E-5 9.9E-3
2 1 24x24 ¢ 400 310 193 1.8435 5.7E-5 7.0E-3
31 28x28 | 512 392 220 1.8432 4.0E-5 5.2E-3
0,00009
minv; : =v,: ,=0.6731
] 25,0 0,00006
0,00003
0.9+
0.8 0,00000
1 101 201 301 01 501
0.7 1,349
Q
0.6
1,347
0,5
041 1,245
0 3 10 13 M i
097 a0 1,843
1 101 201 301 01 301
0,2 p=0 1,001
il
0.7
0.6
$=05 N —
0.5 1 101 201 301 401 s01
0,4
p=1
Js 0,959

Puc. 1.81. Po3noodin sminu éenusuru
weuokocmi Qitempayii 630064c
KU meyii ma ekeinomeHYianbHux
JHI 00 i nicas deopmayii

Puc. 1.82. Cmabinizayis
napamempie 6iOHOCHO KPOKY
imepayii npu po3paxyHkKy
2I0pOoOUHaMIYHOT CIMKU PYXY 6 G1



Po3B’s3yBanHs 3amaui B

oOJacTi

Gs

MIPOBOAMIIOCA  TIPHU

KoediienTi KQgrad<p|)=1+o.2 o, 2 +@,2  (mink; ; =1.002m/106,

maxic; j=1.014M/,Z[O6), pe3yNIbTaTH SIKOTO TMOAaHo y Tabmuii 1.33.

3MiHy WBUAKOCTI (inbTpanii, sika Opyu HBOMY BHHHKAE, 300paKEHO Ha

pucynky 1.83. Ha pucysky

1.84 mnpoimocTpoBaHO

301KHICTD

MaKCUMAJIbHOI'O Bi):[XI/IJ'ICHH}I HaOJIMKEHb KOOpAWHAT I'paHUIHUX ByBHiB

M , 3nauenns Butpatd Q Ta BigHOMmIEHHS AiaroHaned D BimHOCHO

0,0003

M
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Puc. 1.83. Po3nodin sminu éenusunu
weuokocmi Qinempayii 6300601c
JIHIU meyii ma ek8inomeHyiaibHUx

JUHIL 00 i nicsi depopmayii

Puc. 1.84. Cmabinizayin
napamempie 6i0HOCHO KPOKY
imepayii npu po3paxyHKy
2I0POOUHAMIYHOL CIMKU PYX) 6 G3

301

30

30



3uauenna napamempis po3paxyHKy cimku 8 G3

Tabnuys 1.33

2
N mxn | ky o Ko Kp Q €, O(|h| j
1:20x20 : 241 6 6 0.5572 2.4E-3 3.0E-3
2 1 24x24 i 245 6 2 0.5576 1.8E-3 2.1E-3
3 1 28x28 i 285 9 7 0.5580 1.4E-3 1.6E-3

KpOKy iTepamii. 3a3HauuMmo, IO BpaxyBaHHA BIUIMBY KoedilieHTa
¢inpTpaLii 32 BKa3aHUM BHUIIIE 3aKOHOM 3YMOBHJIO 30UIBIIEHHS IIyKaHOT
Butpatu Q Bix 0.5538 mo 0.5576.

3MiHy BeJIMYMHM INBUAKOCTI (inbTpamii, sAKa BHHHUKAE B

2 2 2 .
obmacti G, mpm qul’ad(p|)=e VP *Py (mink; i= 1.031m/11006,
maxi; = 1.819M/106), 300paxkeHo Ha pUCyHKY 1.85 B3JOBXK OKpeMHX

JiHIA Tewil Ta EKBIMOTEHINIaJbHUX JiHIH. 30DKHICTH pPO3pPOOICHOTO
AITOPUTMY y IILOMY BHIAAKYy TPOLTIOCTPOBAHO Ha PHUCYHKY 1.86 mpm
1.34).

BpaxyBaHHS BIUIMBY KoediuieHta ¢inbTpalii 3a BKa3aHUM BUIIE

pi3HUX 3HAYCHHAX MapamMeTpiB po30uTTs  (Tab. OTxe,

3aKOHOM MPU3BEJIO J0 30UIblIeHHS mykaHoi Butpatd Q Bim 0.7451 mo
0.9044.

[TapameTpu po3paxyHKy TiIpOJWHAMIYHOI CITKH PyXy B 00JacTi
Gy npu qurad(p|)=(pxz+(py2 +2 (minKilj =2.041M/7106, maxx; ;=
MIBUIKOCTI

Tabauysn 1.34

2.427m/n06) momano y Tabmmmi  1.35.  3MiHy

3nauenns napamempie pospaxynxy cimku ¢ G,

2
Nei mxn kM kQ kD Q €, O(|h| j
1:20x20 i 532 46 405 0.9053 5.1E-2 4.1E-3
2 1 24x24 722 71 12 0.9044 5.6E-2 2.9E-3
3 | 28x28 938 103 17 0.9038 5.9E-2 2.2E-3
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Puc. 1.86. Cmabinizayin
napamempie 6i0HOCHO KPOKY
imepayii npu po3paxyHKy

2iopoounamiunoi cimxu pyxy ¢ G 4

Tabnuysn 1.35

3HauenHs napamempie po3paxyHKy Cimku 6 G5

2
Nei mxn Ky kQ kp Q g, O(|h| j
1 20x20 448 162 1 2.5143 2.7E-4 1.7E-2
2 1 24x24 580 181 1 2.5149 1.9E-4 1.2E-2
3 | 28x28 721 193 1 2.5152 1.5E-4 8.7E-3

dbimpTparii, mo HpH IHOMY BHHHUKAE, 300pakeHO Ha PHUCYHKY 1.87

B370BXK Heskux JiHid. Ha pucynky 1.88 mpoidrocTpoBaHo 301KHICTH

mapametpie M, Q Tta D BigHOCHO KpOKy iTepariii. 3ayBaKuMo, IO



BpaxyBaHHS BIUIMBY KoedimieHTa ¢inpTpamii 3a UM 3aKOHOM
BHKJIMKAJIO0 30UTbITIeHHS TTykanoi Butpata Q Bim 1.1692 mo 2.5149.
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0834, Aty
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Puc. 1.87. Po3nooin 3minu éenuyunu Puc. 1.88. Cmabinizayin
weuokocmi Qinempayii 6300624c napamempie 6i0HOCHO KPOKY
JUHIU meyii ma exginomeHyianbHux imepayii npu po3paxyHKy
JHI 00 i nicas deopmayii 2I0pOOUHAMIYHOL CIMKU PYXY 8 G5

1.2.3. MoaeaoBanus ¢iabTpauniiinux nedopmamniii anizoTpomHoro
cepeIoBHINA

PosrnsiHeMo HeniHIHHWKA cTamioHapHHN mpouec QiIbTpaLii, KOJu

KoeQilieHT MIPOBITHOCTI K BU3HAYAETHCS 3aJIeKHICTIO



K= K(grad @)=(EE$§D , ne K((px), K((py ) — o0o0MexeHI HelepepBHO

nudpepenniioBani B obnacti G, (QyHKuil, M0 XapaKTepU3YHOTh
MPOBIAHICTH CEPEJOBHINA, HOro aHi30TPOMil0 Ta CXWIBHICTH [0
nedopmariiii  [132]. Tomi 3amaua 3 JOHNOMOTOK  BiAIOBIIHOTO

KBa3iKOH)OPMHOTo  BinoOpakenHs obnacti G, Ha obmacte G,

, .
3BOJIUTBCS /10 PO3B’s13yBaHHs B G PIBHSHB IPYroro nopsky

of o tax)ax), o f (1ay)ex )
8(p£K ( J 6\4/)8@}_6“/[]([\] 6wJ8\pJ_O’

(1.51)
Ofaf _Lox oy of [Loy 0y |
G(p(K ( Ja\yja(p}r@\v(]{\] ﬁwjﬁ\y =0
TIpH 3aJJaHUX HETMIHIHHUX KpaioBux ymoBax (1.2) Ta ymoBax
Loy|oy _ox [ lox)ox_ oy
'{J anaw‘agp’ '{ J ija\v_ 3¢ (1.52)

Ha rpanuil 0G obmacti G . 3ayBaxumo, 1o cucrema piBHsHb (1.51) €
CUCTEMOIO EIINTHYHOro THIy B obnacti G, NpH BUKOHAHHI YMOBH
cloy Jeloy J>0 [1471.

3 MeToro 3a0e3MeyeHHsl TIAaIKOCTI JAaHOTO KBa31KOH(POPMHOTO
BiIOOpaKEeHHS Y KyTOBHX Toukax M ={A, B, C, D} Ha BIJIIOBIIHI
¢byHKIT fi(x,y), i=1,_4, HaKJIaJaEMO YMOBH (1.23), e
BEKTOpa MIBHAKOCTI U BiX rpamieHty moreHiiany grade B JOBiIbHIM
Toull Z=X+iy oOumciaoeThess 3a ¢opmyiow (1.24), a BiAMOBIAHI

YMOBH KBa310pTOrOHAILHOCTI MarOTh BUTIIAL (1.25).
TakuM YuMHOM, MM MaeMO HEIiHIWHY TNpsMy 3ajady, Je, Ha

BiZIMiHY BiJl 130TPONHMX cepe/ioBMIL, y ciTKOBii obnacti G} ¢irypyroth



MaJli TapaJieJIorpaMu 3 MOPYLICHOIO X MOAIOHICTIO B MAIOMY.

Jlnsg  gucnmoBoi  MOOYMOBH  BimOOpakeHHS  TapaMeTPUIHOTO
npsAMOKyTHUMKAa G~ Ha KPHUBOIIHIHHY YOTHPUKYTHY oOmacte G, ,
piBusnns (1.51) y piBHOMIpHiN ciTkoBil oOmacti G ampokcumyemo

pizHuneBuM omepatopoM (1.5) 3 OAHOpPIAHUMH KOHCEPBAaTHMBHUMH

pizHunieBumMu cxemami (1.34), (1.35) nus Aluj Ta A,U;, e

200(X; j_1 =i, j+1)

K=K oy zuts KoeillieHTiB & ;,
1.53
[ 280(Y; ju1 i 1) . (1.53)
Si 7K i zutt Koeirienti by ;

1y
aeJj Z(Xi+l,j _Xi—l.j*yi,j+1_yi,j—l)_kxi,jﬂ_Xi,j—llyiwul,j Yij ).
i=1m, j=1n.

Tomy, piBasaas (1.51) (amamor piBHsHHS Jlammaca) —mis
CTPSDKEHUX TapMOHIYHUX (YHKIIH X((p,\y) Ta y((p,\u) 3aMiHEHO, 3TiIHO
3 cxemoro (1.5), (1.34), (1.35) pisauueBumu piBHAHHAMU (1.36).

PiznutieBi anamoru kpaiioBux ymMoB (1.7), yMOB KBa3iOpTOTOHAJIBHOCTI

(1.29) Ta xBazikonhopmamii inBapiant y (1.30) 3anmmenHo 6e3 3MiH.

AnroputM  HaOMWKEHHS  pO3B’s3KYy M€l  obepHeHOl
mudepeHItianbHol 3amadi pizHUIEBOr0 3aadeto (1.36), (1.7), (1.29),
(1.30) moOymoBaHO aHANOTIYHO SIK 1 Yy pO3IJISILYyBaHUX paHilIe
BUMNAJKaX, MLUIAXOM [IOETalHOI NapameTpu3alii BeIMYUHU 7,

TPaHMYHMX Ta BHYTPIIHIX By3niB CiTku G 3 BUKOPHCTaHHAM inei

MeToxy OmouHoi itepauii [168]. 3okpema, B anroputm AK BHeceHo
3MiHM omnmcadi B m.1.2.1.2, 3 TOHO JMIIe BIAMIHHICTIO, IO
KoMIoHeHTH TeHzopa y (1.23) - (1.25), (1.29) - (1.31)

Kqq =K((px), Koo =K((py} Kyo =K, =0 Ta Bu3HauaroThes 3a (1.53).



UucnoBy pealtizaiiifo  ajlTOPUTMy PO3B’SI3yBaHHS OOCPHEHUX
KpaoBHX 3amad Teopil QuibTparii y BUNAAKYy aHI30TPOITHHUX
CepeloBUIAX CXWIBHUX n0 naedopmariii mix fJi€elo  TpamieHTiB
noteHttiany [132] 3miiicHeHo 3a yMoB omucanux y 1.1.1.3.2 B oOmactsax

G;, G;, G, ta Gy. Bennunny mBUAKOCTI GinbTpanii BU3HAYATHMEMO

3a pizauneBuMu popmynamu (1.12), sxi He 3MIHITH CBOTO BUTIISIY B

CHITY PiBHSHHS pyXy v=K-grad ¢ Ta ymoB tuny Komri-Pimana (1.52).
Tak, Ha pucyHKy 1.89 300pakeHO pO3paxyHKOBY TiIpoduHAMITHY

CITKY pyXy, I0OY/I0BaHy B pe3yJIbTaTi po3B’si3aHHs 3a/1a4i B odnacti G;

pu K(T)=1—0.1‘E. UmncnoBi po3paxyHKH OPOBOAMIIKMCA TPH Pi3HUX

3HAUYEHHSIX MapaMeTpiB po30utTs (auB. Tabmumio 1.36), mpu mbpOMY
OTpUMaHi pO3paxyHKOBI 3Hau€HHS BEIMYMHHU (UIBTpaliiiHOI BUTpaTH
MPaKTUYHO OJHAKOBI, IO IMATBEPIDKYE CTIHKICTE PO3POOICHOTO
aNTOpUTMy, a Horo 30DKHICTH NPOUTIOCTpOBaHA Ha pHUCYHKY 1.90.
PozpaxynkoBa BenrmuuHa MBHUAKOCTI (imbTpariii 300paXkeHa Ha PUCYHKY

YUHOM, BpaxXyBaHHS BIUTUBY KoedirieHTa (iTbTparlii 3a BKa3aHUM BHIIE

3aKOHOM TIPUBENO A0 3MEHIeHHs mykanoi Butpatn Q Bixg 1.0001 mo

0.9494.

Po3B’s3yBanns 3a1aui B 06nacti G mpoBoaMIOCs Npu K(’E)=1+‘C

Ta PI3HUX MapaMeTpax po30HUTTs 00JacTi KOMILIEKCHOTO TMOTEHL{aly
(muB. Tabm. 1.37). Po3paxyHKOBY TiZpoaWHaAMIYHy CITKY 300pa)KeHO Ha
pucynky 1.92, a 301XKHICTP MaKCUMaJbHOTO BIIXWICHHS HAOIMKCHD
KOOPAHWHAT TPaHUYHUX BY3IIiB M , 3HaueHHs BUTpatd Q Ta BiAHOMICHHS
niaroHaneit D BimHOCHO KpOKy iTeparii — Ha pucysnky 1.93. Ha pucyHky
1.94 300pakeHO BEMUUMHY IMIBUAKOCTI (inbTpamii, HOpU IHOMY

minoi’j=1)12’25=0.0079, maxui,j=025,25=0.1505. 3a3HauuMo, 1110

BpaxyBaHHS BILTUBY koedirieaTa dhimpTpartii 3a



Tabnuys 1.36

3Hnauenns napamempis po3paxyHKy cimxu 6 G1

2
Nei mxn K kQ Kp Q €y O(|h| j
1:20x20 : 509 105 428 0.9494 1.0E-4 4.3E-3
2 1 24x24 i 704 128 593 0.9494 4.6E-4 3.0E-3
3 1 28x28 i 925 149 783 0.9492 9.2E-4 2.3E-3
0,00009
M
0,00006
0,00003
0,00000
01 2001 301 401 01 601 701 801
0,950
o
0,949
1 1m0 300 401 01 e0l 701 801
Puc. 1.89. Tiopoounamiuna
cimka pyxy 8 obaacmi G1
npu po3oummi 24 x 24 0,948
1101 200 300 401 301 601 01 80
1,024
0
v T 1,018
R S !
0Ey ﬁ*’{?@%ﬁ{%ﬁi&‘&l‘k\\\\ -1 012
RN R S i
L -
061
ol Puc. 1.90. Cmabinizayis napamempis
’ e == 8IOHOCHO KpOKY imepayii npu
03 e T T i PO3PAXYHKY 2IOPOOUHAMIYHOT CIMKU
p»xy e G

i
Puc. 1.91. Benuuuna weuoxocmi ginempayii 6 oonacmi Gy

20



Tabnuys 1.37

3uauenna napamempis po3paxyHKy cimku 8 G3

-3

3.0E
2.1E

3
1.6E-3

1
1

1.1E-1

1.1E
1.1E

0.5684
0.5681
0.5673

368
108
129

163
246
349

883
1222
1603

20 x 20
24 x 24
28 x 28

1
2
3

401 01 01 1001 1200 1401

0,0003

0,0002

0,0001

0,562

1.92. Tiopoounamiuna
cimka pyxy 6 obaacmi G3

Puc.

401
1401

1

1201
1201

1001
1001

201
201

1

0
i1
pyxy e Gy

401
401
8IOHOCHO KPOKY imepayii npu

PO3PAXYHKY 2i0OpOOUHamMiuHOl cimKu

0
am

Puc. 1.93. Cmabinizayis napamempis

0,567
0,999
0
0,994

25

20

15

10
Puc. 1.94. Benuyuna weuoxocmi gpinempayii 6 ooracmi G3

10

npu po3oummi 24 x 24




BKa3aHUM BHUIIC 3aKOHOM 3YMOBUJIIO 301bIICHHS IHYKaHO'I' BUTpATU Q

Bix 0.5538 mo 0.5681.
30iKHICTE mapaMeTpiB  po3paxyHKy (muB. Tabm.  1.38)

rifipouHaMiyHoOi ciTku B obnacti G, npu K(r):eo'lT (muB. puc. 1.95)

MPOLTIOCTPOBAHO Ha PUCYHKY 1.96, a BenmuuuHy MWBHUAKOCTI inbTpamii —

Ha pucyHKy 1.97, ne minoi’j=06’25=0.0122, Maxv; ; =Vgg1q =

0.3216. OTxe, BpaxyBaHHs BIUIMBY KoedilieHTa QiabTpallil 3a BKa3aHUM
BUIIE 3aKOHOM NPHU3BENO J0 3MEHIICHHS LIyKaHoi BUTpath Q Bix
0.7451 no 0.7393.

[TapameTpu po3paxyHKy TiIpOAMHAMIYHOI CITKH pyXy B 00jacTi

Gy 1pu K(‘E)=10+Sin2‘f (muB. puc. 1.98) nmomano y Ttabmumi 1.39.

301KHICTH PO3POOJICHOTO AITOPUTMY IPOUTIOCTPOBAHO Ha PHCYHKY
1.199 a Benmuuny mBHAKOCTI (iabTpanii 300pakeHo Ha pucyHky 1.100,

e min\)iyj 2015,0:1'9909' maxuv; ; =Vg 1 =7.6353. 3ayBaxumo, 1o

BpaxyBaHHS BIUIMBY KoedimieHta (iapTpallii 3a BKa3aHHUM BHIIE
3aKOHOM BHKJIMKAIO 30iJblIeHHA IrykaHoi Butpatn Q Big 1.1692 no
12.3352.

PosrnsiHemMo HenmiHIHHMKA cTamioHapHUN mpouec (inbTpamii, KOJHu

KoeQIIieHT MIPOB1THOCTI K BU3HAYAETHCS 3QJICXKHICTIO

K11 x'(py K12 x’(py

K21 (px’(Py Koo (PX,(py » A¢ Krs((va(Py) (I’, 5=1,2) -

K= K(g rad (p):

o0OMeXeHI HemnepepBHO auQepeHIliiioBani B 00JacTi G, dhyHKIiI, 10
XapaKTepHU3yIOTh TIPOBIMHICTE CEPENOBUINA, HOTO aHI30TPOII0 Ta
CXUIBHICTH 10 nedopmartiii. Tomi 3agaua 3BOAUTHCS 10 PO3B’I3YBaHHS B
G, piBHAHb gapyroro mnopsaky (1.40) mpu 3agaHuxX HENHIHHUX

KpaiioBux ymoBax (1.2) Ta ymoBax
Tabnuys 1.38



3nauenns napamempis pospaxynxy cimru ¢ G 4

Nei mxn | Ky Ko Kp Q s O(|h|2j

1:20x20 i 439 58 204 0.7394 7.0E-2 3.5E-3
2 1 24x24 i 592 69 250 0.7393 7.4E-2 2.5E-3
3 i 28x28 | 767 82 290 0.7392 7.6E-2 1.8E-3

401 401 a0l
a0t 401 a1

cimka pyxy 6 obracmi G4

1
’ 1
)
0,7353 f—i
Puc. 1.95. Tidpoounamiuna ﬁ

npu po3oummi 24 x 24

0933
D
U -------------------- \_,_\_\_‘_\—
o 0929
________ gl
N ' 0,925
________ /
g tﬂ‘lf;ér 0,921 201 401 601

oozt

0,00

Rl

Puc. 1.96. Cmabinizayis napamempis
8IOHOCHO KPOKY imepayii npu
T PO3PAXYHKY 2IOPOOUHAMIUHOT CIMKU

25 pxye G 4

0o
A L

Puc. 1.97. Beauuuna wieuoxocmi gpinompayii 6 oonacmi G,
Tabnuysa 1.39



3uauenna napamempis po3paxyHKy cimku 8 G5

2
N mxn | ky o Kg Kp Q €, O(|h| j
1:20x20 | 464 203 32 12.3262 7.7E-1 3.5E-1
2 i 24x24 i 595 15 42 12.3351 6.5E-1 2.4E-1
3 1 28x28 i 733 271 51 12.3409 5.7E-1 1.8E-1
0,0003
M
0,0002
0,0001
0,0000
01 01 601
1235
¢
1234 &_
1233
Puc. 1.98. Tiopoounamiuna [\
cimka pyxy 6 obaacmi G5 1292
npu pozoummi 24 x 24 1,9921 0 a0t a0t
D
201 401 801

Puc. 1.99. Cmabinizayis napamempis
8IOHOCHO KPOKY imepayii npu
PO3PAXYHKY 2IOPOOUHAMIUHOT CIMKU

pyxy e Gg

J

i 2 s g
Puc. 1.100. Beruuuna weuoxocmi gpinempayii 6 odracmi G5

25 3
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Joy' Joy
Ha rpanuii 0G obnacti G . 3ayBakumo, 1o cuctema piBHsHb (1.54) €

(1.54)

CUCTEMOIO EJINTHYHOTO TUITYy B 00acTi G, Npu BUKOHAHHI YMOB THILY
(1.22) [147].

3 MeTor 3a0e3MeyeHHsl TIaIKOCTi AaHOTO KBa31KOH(GOPMHOrO
BIIOOpaKeHHS Y KyTOBHX Toukax M ={A, B, C, D} Ha BiJIIOBIAHI
¢byHKuii fi(x,y), i=1,_4, Haknmagaemo ymoBH (1.23). Kocuuyc kyTta
BIZIXMJICHHS] BEKTOpa MIBHIKOCTI U BiJ TpajieHTy moTeHiiany grade B
JNOBUIBHIA Toulli Z=X+iy oOuncaoeTbess 3a ¢opmyiaow (1.24), a

BIJITTOBITHI YMOBH KBa310pTOTOHAIBHOCTI MatoTh BUTILAA (1.25).

Takum 9MHOM, MM Ma€EMO CYTT€EBO HENiHINHY 00epHEHyY 3a1ady, e
NOAIOHICTH “napayienorpaMis B MajJoMy’ HOPYIIY€EThCSL.

Hnst  yucnoBoi TOOYAOBM  BiZOOpaKEHHsS IapaMeTPUYHOTO

npsAMOoKyTHUKa G~ Ha KPHUBOMIHIMHY 4YOTMPUKYTHY o0macte G,

. . C oy . Ay
piBnsuns (1.40) y piBHOMIpHIH ciTKOBiH obnacti G! anpoxcMmoBaHO

pizHuneBumMu  piBHAHHsAMH (1.42), ne KokeH 13 KoedimieHTIB

obuncoemo 3a hopmynamu (1.43). 3a3HaYUMO, 110 Y IIBOMY BHITAIKY

- {ZA@(yi’jﬂ—yi,j_l) 20Q(X; 1 =% 1)

KIS = , , (1.55)
" Jij Jij

i :(Xi+1,j —Xia,j lyi,j+1—yi,j—1HXi,j+1—xi,j—1lyi+1,j Vi j )
i=1m, j=1n.
Pisnnnesi ananoru kpaiioBux ymoB (1.7), IpUrpaHudHUX YMOB

kBazioproronansHocTi (1.29) Tta kBazikoHQOpMHMI iHBapiaHT Y



KPUBOJIiHIAHOTO YoTHpuKyTHUKA G, (1.30) 3anuuieno 6e3 3MiH.

AnroputM  HaOmMIKeHHS  PO3B’S3Ky  Li€i  oOepHEHOl
nudepeHtianpHoi 3aaaui pisHUIEeBoto 3anaueto (1.42), (1.7), (1.29),
(1.30) moOymoBaHO aHAJIOTIYHO SK 1 y pO3MJIAYBaHUX paHilIe
BUIMAJKaX, MLUIIXOM [OETAlTHOI TapaMeTpu3alil BEIHMYHHU Y,

TPaHMYHKMX Ta BHYTPIlIHIX By3NiB ciTku G 3 BUKOPHCTaHHAM inei

MeToxy OmouHoi itepanii [168]. 3okpema, B anroputM AK BHeceHO
3MiHM omnucani B 1m.1.2.1.2, 3 TOK IHIIEe BIAMIHHICTIO, IO
KoMmmoHeHT:H TeHzopa y (1.22) — (1.25), (1.29) - (1.31), (1.9)

Kps =Ky ((px,(py) (r, S=1,2). BinmoBigHo B anroputmi HaOIWKEHHS
pPO3B’S3Ky 3ajadi, MOCITIJOBHI HAONMKEHHS KOMIIOHEHT TEH30pa
MTPOBITHOCTI Krs((px,(py) Ha K-kpori y (I,j)-By3naX CITKH GZ)
3HAXOMATHCS JIMINE IIiciisi HaODKEHh BIQIIOBIMHUX 3HAYECHDB

KOOPIMHAT X; ;, Vj j 38 (1.55).

ij

UucioBy peamizalilifo aJroputMy po3B’SI3yBaHHSI OOCpPHEHHUX
KpaloBHUX 3amad Teopii Qimprparii y IIpoMy BHUNAAKY aHI30TPOITHHX
CEPEIOBHII CXWJIBHUX JI0 JiehopMalliii miJ Ji€r0 TPATIEHTIB MOTCHIATY

3/iiCHEHO 3a yMOB onvcanux y 11.1.1.3.2 B obnactsx G;, G3, G, ta Gg

. Bennumny mBuakocTi ¢ineTpanii BU3HAUYATHMEMO 32 PI3HHLIEBUMH
¢dopmymnamu (1.12), ski He 3MIHATH CBOTO BHUIJISLY B CHIIy PiBHSHHS
pyxy Ta ymoB tuny Kori-Pimana.

Tak, w©a  pucynky 1.101  300pakeHO  pO3paxyHKOBY

TIApOAMHAMIYHY CITKYy PyXy, MOOyIOBaHY B pPe3yJIbTaTi pPO3B’s3aHHS

1+e%x 0.1p,

3amayl B obnacti G, mpu k=
8 1P 0.5¢, l+(py

. UucnoBi po3paxyHKH

NPOBOIWJIMCS NPU Pi3HUX 3HAYEHHAX TapameTpiB po3dutrs G = (aus.

Tabn. 1.40), npu UBOMY OTPHUMaHI PO3PaxyHKOBI 3HAUEHHsI BETUYMHH



. NV . 2
(GinpTpaIiitHOl BUTPATH PI3HATHCS HAa BEIHYUHY TOPSIKY O(|h| j, 10

Tabnuysa 1.40
3nauenns napamempie pospaxynxy cimxu ¢ Gy

Nei mxn kM kQ kD Q Ex O(|h|2j

1 20x20 i 604 595 496 2.2853 1.7E-1 9.4E-3
2 1 24x24 ¢ 816 801 55 2.2862 1.4E-1 8.0E-3
3 i 28x28 { 1050 i 1031 75 2.2870 1.3E-1 7.4E-3

0,00015
M

0,00010

0,00005

0,00000
237

¢

2,34

01 401 f01 201 1001

Puc. 1.101. Tiopoounamiuna

cimka pyxy 8 obnacmi Gl 21

npu po3oummi 24 x 24
1,28
Lot 01 401 01 201 1001

ke
1,00

0,99

098
1 0 401 601 201 1001



Puc. 1.102. Cmabinizayis napamempie
BIOHOCHO KpOKY imepayii npu
PO3DAXYHKY 2I0POOUHAMIYHOL CImKU
pxye G

0o

o 15
0. ;
Pic. 1. 103" Betiuunaowesudemi gidompayii 6 obracmi G,

MiATBEPIUKYE CTIHKICTH PO3POOJIEHOTO AITOPUTMY, a HOro 30DKHICTH
npoimoctpoBana Ha pucyHky 1.102. Bennuwmna mBuakocti diaprpamii

300paxkeHa Ha pucynky 1.103, jge  minv; j = Y2525 =0.4843,

maxv; =V g =5.2190. TakuM 4YMHOM, BpaxyBaHHA BIUIUBY

koedimieaTa ¢inpTpamii 3a BKa3aHWM BWINE 3aKOHOM TIPHUBEIO 1O

361mpmenHs nrykadoi Butpata Q Big 1.0001 mo 2.2862.

Posg’s3yBanns  3ajmaui B obmacti  G; NPOBOAWIOCA  NPH

2
1+, O.lcpx(py

= , | Ta PI3HHX 3HAYCHHSX MapaMeTpPiB PO3OUTTS
0.5p, +¢y 1+(py

K

G,, (muB. Tabm. 1.41). Po3paxyHKOBY riIpOAMHAMIYHY CITKY 300paKeHO

Ha pucyHky 1.104, a 301KHICTP MAaKCUMAaJIBHOTO BiIXHJICHHS HaOIMKCHD
KOOpAWHAT IpaHUYHUX By31iB M , 3HaueHHA (imbTpaniiiHoi Burpatu Q
Ta BigHOMICHHS miaroHamed D BIZHOCHO KpOKy iTeparllii — Ha PUCYHKY
1.105. Benmmuuny mBUAKOCTI inbTparii 300paxkeHo Ha pucyHKy 1.106 (

minui’j =019 25 =0.0078, MaXxv; ; =Vgs 25 =0.0796). 3a3Haummo, IO

BpaxyBaHHS BIUIMBY KoeQiuieHta ¢inbTpalii 3a BKa3aHUM BUIIE

3aKOHOM 3YMOBWJIO 30inbIeHHS mrykaHoi BuTpatu Q Bixg 0.5538 mo



0.5552.

30KHICTP ~ TIapaMeTpiB  poO3paxyHKy (mmB. Tabn. 1.42)

. . . . e® 0.1
rigponuHaMivHOI ciTku B oOmacti G 4 TIpH K= VX | (mmB.
O.l(py 1+,

puc. 1.107) mpoimoctpoBano Ha pucyHky 1.108. Ha pucynky 1.109

300pakeHO BEJIMYMHY MIBUAKOCTI (inbTpamii, ge Minv; j=V6,25=

]

koedimieaTa impTparii 3a BKa3aHWM BHUINE 3aKOHOM IIPHU3BEIO JIO

BpaxyBaHHS  BIUIMBY

3MeHIIeHHs mrykanoi sutpatu Q Bim 0.7451 mo 0.7169.
Tabauys 1.41

3nauenns napamempie pospaxynxy cimku ¢ G 3

2
N mxn | ky | Ko | kp Q Ex O(|h| j
1 20x20: 896 7 39 0.5548 1.4E-1 3.0E-3
2 i 24x24 1220 ¢ 10 53 0.5552 1.4E-1 2.1E-3
3128x28 1575 13 69 0.5555 1.4E-1 1.6E-3
(2

B

Sesc====mm EEEEs

A

Puc. 1.104. Tiopoounamiuna

cimka pyxy 6 obaacmi G3

npu po3oummi 24 x 24
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0,5541
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1,004
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e Puc. 1.105. Cmabinizayia napamempis

8IOHOCHO KPOKY imepayii npu
PO3PAXYHKY 2IOPOOUHAMIUHOT CIMKU

pyxye Gy
Tabnuys 1.42

Puc. 1.106. Beﬂ%ﬁ%ﬁﬁﬁﬁﬂéﬁﬂ@%ﬁﬂ&&f}ﬁgﬂgﬁm@g‘ﬁ 4

2
Nei mxn kM kQ kD Q €, O(|h| j
1:i20x20 554 235 356 0.7176 4.4E-1 3.4E-3
2 1 24x24 752 13 469 0.7169 4.1E-1 2.4E-3
3 | 28x28 971 16 5 0.7163 3.8E-1 1.8E-3
10,0003
M
0,000z
4 g} B
0,000t
5a
BRI :
el

e
o P
i 'ﬁ?: b

Puc.

1.107. T'iopoounamiuna

cimka pyxy 6 oonacmi G 4 hpu

posoummi 24 x 24

0719
0717

0715
1
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1 201 401 601 501

anl 401 Al 01
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Puc. 1.108. Cmabinizayis napamempie
8IOHOCHO KPOKY imepayii npu
PO3PAXYHKY 2IOPOOUHAMIUHOT CIMKU

25 Pyxy 6 G4

0
i 5 10 15 20 25 5

Puc. 1.109. Beruuuna weudxocmi ¢ lﬂbm(f?a ii 6 oonacmi.G
apaMeTpu pO3paxyHKY T1APOJUHAMIYHOI citid pyxy B obmnacti

Gg npu k= 0 0.1, (muB. puc. 1.110) nogano y tabmu 1.43.

301KHICTH PO3POOJICHOTO AITOPUTMY IPOUTIOCTPOBAHO Ha PHCYHKY
1.111, a BennuuHy MWBUAKOCTI QinbTpawii 300paxkeHo Ha pucyHKy 1.112

BpaxyBaHHS BIUIMBY KoedimieHta (iapTpallii 3a BKa3aHUM BHIIE

=V(15="0.7218). 3aysaxumo, 10

3aKOHOM BHKJIMKAIO 30iJblIeHHA IIykaHoi Butpatu Q Big 1.1692 no

1.1736.
PosrnsiHeMo Temep HenmiHIKHMIN cTallioHapHHUHA mpouec GinbTparii,

KO  KOe(IIieHT TPOBIAHOCTI K  BHU3HAYAETHCA  3aJCHKHICTIO
K4l 1oLl

— | ™11 12 _ ;

_KQgrad(pD—( E'% KzzE';J’ ne Krs(|) (r, 8—1,2) — oOmexeHi

K21
HemepepBHO  audepeHuifioani B obmacti G,  dyHKwii, 1o
XapakTepU3yIOTh MPOBIAHICTH CEpPEelOBHINA, WOTO aHi30TPOMil0 Ta
CXUIBHICTH 10 nedopMariiii. Tomi 3amaya 3BOAUTHCS 10 PO3B’I3yBaHHS B

G, piBasEb gapyroro nopsaaky (1.40) npu 3agaHux HENIHIHHEX

KpaifoBux ymoBax (1.2) Ta ymoBax



oL x? v lay a1 fax? oy ®lax _ox
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Ha rpaHI/Iui aGw 06J‘IacTi G(D . 3ajiﬁﬁﬁ§v"“n A rtaeTenra nipuaur (1 8A) o
. M
CUCTEMOIO CIIIITUYHOI'O TUITY B O

0,0002
(1.22).

0,0001
3uauennsa napamemp

0,0000

Nei mxn k,v| kQ k1,1?9 1 01 i} 601 801 1001

201 401 601 201 1001
1 401 601 201 1001

Puc. 1.110. Tiopoounamiuna
cimka pyxy 6 obaacmi G5 npu

pozoummi 24 x 24
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Puc. 1.111. Cmabinizayis napamempis
8IOHOCHO KPOKY imepayii npu
PO3PAXYHKY 2IOPOOUHAMIUHOT CIMKU

pyxy 6 Gg

5

i 10 15 20 35 3 1 J
Puc. I.él

2. BeﬂuquHadueudkocmi Ginompayii ¢ ooracmi Gg .
METOIO 3a0C3IICUCHHA™ I'IaAKOCT1I JaHOI'0 I{Ba31KOH(1)OpMHOFO

BioOOpakeHHSI y KyTOBHX TOoukax M ={A, B, C, D} Ha BIAMOBIAHI
byHKIii fi(x,y), i=1,4, HakIazaeMmo ymoBu (1.23). Kocuuyc KyTta
BIZIXMJICHHS] BEKTOpA MIBHIKOCTI U BiJ TpajieHTy moTeHiiany grade B
JNOBUIBHIA Toulll Z=X+iy oOuncaoeTbess 3a ¢opmyiaow (1.24), a

BiJNOBiZIHI YMOBH KBa310pTOTOHANBHOCTI MatoTh BUIIsAA (1.25).

Takum YMHOM, MM Ma€EMO CYTTEBO HEJIHIMHY 00CpHEHY 3a1auy, Je
NOAIOHICTH “napayienorpaMis B MajJoMy’ HOPYIIY€EThCSL.

Hnst  yucnoBoi TOOYAOBM  BiZOOpaKEHHS IapaMeTpUYHOTO

npsAMOKyTHUKAa G~ Ha KPUBOINIHIMHY YOTHPUKYTHY oOnacte G,

piBusinns (1.40) y piBHOMIpHiN ciTkoBil oOmacti G ampokcumyemo

pizHuneBumMu  piBHAHHsAMH (1.42), ne KokeH 13 KoedimieHTiB
obuncmoBatumMeMo 3a ¢opmynamu (1.43). 3a3Haunmo, O y LBOMY

BUIIAAKY

2A@
KU =Kes| 3 \/(Xi,j+1_xi,j—1)2+(yi,j+1_yi,j—1)2 ’ (1.57)
ij

i :(Xi+1,j —Xi1j *yi. j+1 7 Yi, j—l)_kxi. i+ 7%, j—lkyiﬂ,j Vi )



Pisannesi ananoru kpaiioBux ymoB (1.7), IpurpaHudHUX YMOB

kBazioproronansHocTi (1.29) Ta kBazikonpopmuoro inBapianta y (1.30)

3aJUIIeHO 0€3 3MiH.
AnroputM  HaOMWKEHHS  pO3B’s3KYy  Imiei  obepHeHOl
mudepeHItianbHol 3amadi pizHUIEBOI0 3amadeto (1.42), (1.7), (1.29),
(1.30) moOymoBaHO aHANOTIYHO SIK 1 Yy pO3IJISLYyBaHUX paHilie

BUIIagKax, MIIAXOM MOETamHO1 napaMeTpI/IBaui'i BCJIMYUHU Y,

TPaHUYHUX Ta BHYTPIMIHIX By3miB ciTkn GJ 3 BUKOpHCTaHHAM ijei

MeToxy OmouHoi itepanii [168]. 3okpema, B anroputM AK BHeceHO
3Mind ommcaHi B 1m.1.2.1.2, 3 TOI0 JHIIE BIAMIHHICTIO, IO
KoMMoOHeHTH TeHsopa y (1.22) — (1.25), (1.29) — (1.31), (1.40)

KrSZKrS(|) (r, s:1,2). BiamoBigHo B anropuTmi HaOIMKEHHS
pPO3B’S3Ky 3ajadi, MOCTIJOBHI HAONMKEHHS KOMIIOHEHT TEH30pa
MPOBITHOCTI Krs(|) Ha K-kpori y (l,j)-By3naX CITKH Gg)
3HAXOMATHCS JIMIE TICisT HAOMMKEHb BIANOBIAHUX 3HAYEHb

KOOpJIMHAT X; ;, V; j 3a (1.57).

UucioBy peamizailifo aJIroputMy po3B’SI3yBaHHSI OOCpPHEHHUX
KpailoBuUX 3agad Teopii QinpTpamii y LbOMY BHUIAAKy aHi30TPOIHHUX
CEPEIOBHII CXWJIBHUX N0 JehopMalliii mix A€ TPaTIEHTIB MOTCHINATY

3/iIHCHEHO 3a yMOB onucanux y 11.1.1.3.2 B obnactsax G;, G3, G, ta Gg

. Bennumny mBuakocTi ¢ineTpanii BU3HAUYATHMEMO 32 PI3HULIEBUMH
¢dopmymnamu (1.12), ski He 3MIHATH CBOTO BUIJISLY B CHIIy DPiBHSHHS
pyxy Ta ymoB tumy Komri-PiMaHa.

Tak, w©Ha  pucynky 1.113  300pakeHO  pO3paxyHKOBY

TIApOAMHAMIYHY CITKY PyXy, MOOyIOBaHY B Pe3yJIbTaTi pPO3B’sS3aHHS

e02l 011

3amaul B oOmacti G, mpu K=
! 1 TP (—O.ZI !

J . UucnoBi po3paxyHKH

MIPOBOJIMJINCS TIPH PI3HUX 3HAYCHHSAX IMapaMeTpiB po3OUTTA 00JacTi



KBa3iKOMIIEKCHOro moteHuiany G (auB. Tabn. 1.44), mpu npomy

OTpHMaHi pO3paxyHKOBI 3HauU€HHS BEIMYMHU (UIBTpaliiiHOI BHTpaTH
MPaKTUYHO OJHAKOBI, IO IMATBEPIPKYE CTIHKICTE PO3POOIICHOTO
aNTOpUTMYy, 30DKHICTh SKOTO TIPOUTIOCTpOBaHAa Ha pHCYHKY 1.114.
Benmnunna mBuakocti ¢igsTpamii 300pakeHa Ha pUCYHKY 1.115, me

BpaxyBaHHS BIUIMBY KoedimieHTa GiabTpamii 3a BKa3aHUM BHIIE

3aKOHOM TIPUBENO A0 3MEHIeHHs mykanoi Butpatu Q Bixm 1.0001 mo

0.9358.

Tabnuys 1.44
3nauenns napamempie pospaxynxy cimxu ¢ Gy

N mxn kg ko ko | Q e, O(|h|2j

1:20x20; 335 93 7 0.9359 6.3E-2 4.3E-3
2 1 24x24 472 | 136 6 0.9358 5.8E-2 3.0E-3
3 :28x28: 659 | 187 { 520 | 0.9358 5.4E-2 2.2E-3

007

=

M
0,00010
0,00005
0,00000
a0t A0l a1
0,966
o
0955
0,244
0933
1 201 401 a1
1,000
. . o
Puc. 1.113. Tiopoounamiyna
cimka pyxy 8 obnacmi Gl 0,988

npu po3oummi 24 x 24

0,976

0,964
1 201 401 Al



8IOHOCHO KPOKY imepayii npu
T ST TR .. PO3PaxyHKy 2iopoOuHamiyHoi cimxu

0,045
i ? 10 15 20 35 3 10 i

25 pyxye G

Puc. 1.115. Beauuyuna weuoxocmi ginompayii 6 obaacmi G1

Po3p’s3yBanns  3ama4i B obmacti G; OpOBOAMIOCS  TIpH

_[1+o.1| 0.21

- 0.1l 1+02|J Ta PI13HUX 3HAYCHHAX TMApaMCTp1B pO36I/ITT$I

obnacti G (auB. Tabn. 1.45). Po3paxyHKOBY TiIPOAMHAMIYHY CITKY

pyxy 300paxeHo Ha pucyHky 1.116, a 30DKHICTP MaKCHMaJIbHOTO
BIIXWJICHHS HAOIMKCHb KOOPAWHAT TPAaHWYHUX BY3JIiB M , 3HAYCHHS
¢inpTpaniiiHoi BuTtpatn Q Ta BigHOIIEHHA AiaroHaneil D BigHOCHO
KpOKY itepanii — Ha pucyHky 1.117. Benuuuny mBuakocti diabrpamii
mpu  JaHoMy  KoedirmieHTi 300pakeHo Ha pucynky 1.118 (

min Vi j =Y12,25 =0.0077, Maxv; =V 95 = 0.0733). 3asmaummo, IO

BpaxyBaHHS BIUIMBY KoedimieHta (igpTpallii 3a BKa3aHHUM BHIIE
3aKOHOM 3yMOBWIJIO 30inblieHHs mrykaHoi Butpatd Q Big 0.5538 no
0.5559.

30DKHICTH ~ MapaMeTpiB  po3paxyHKy  (ouB. Tabm.  1.46)

rifpoguHaMiynoi - GinkTpaiiiHoi citku pyxy B obmacti G, npu

|
K:(Oell 22” (muB. puc. 1.119) mpoinroctpoBano Ha pucyHky 1.120
. +

MPY Pi3HUX 3HAYCHHAX MMapaMeTpiB po30UTTA 001aCcTi KBa3iKOMIIEKCHOTO



norenuiany G . Bemuuuna mBuakocti dinkTpanii 300paxkeHa Ha

pucynky 1.121, mpudoMy po3paxyHKOBI €KCTpeMaslbHi 3HauYeHHS

CTaHOBIIATH min Vi j =Vg,25= 0.0129, Maxv; ; =Vg5 g = 0.3840.

BpaxyBanus BBy KoedirieHTa GimpTpamii 3a BKa3aHUM BHIIE
3aKOHOM NPHU3BENIO 10 30iNbIIeHHs mrykaHoi Butpatu Q Bixg 0.7451 no
0.8228.

[TapameTpu po3paxyHKy TiIpOIWHAMIYHOI CITKH PyXy B 00OJacTi

g0l _0.11

G =
5 PH K (0.1I e02!

J (nuB. puc. 1.122) nogano y tabmmui 1.47.

Tabnuysa 1.45

3nauenns napamempie pospaxynxy cimiku ¢ G 3

2
Nei mxn | Ky Ko Kp Q €, O(|h| j
1 20x20 | 752 2 226 0.5555 1.3E-1 3.0E-3
2 1 24 x24 i 1015 2 267 0.5559 1.4E-1 2.1E-3
3 i 28x28 | 1300 2 299 0.5563 1.4E-1 1.6E-3
0,00015
M
0,00010
0,00005
0,00000
1 T T R vs N 11 R 1
1 201 41 el st ool 120
0,5563
¢
Do,5560
Puc. 1.116. Tiopoounamiuna 04353
cimka pyxy 6 obaacmi G3
npu posoummi 24 x 24 ?gﬁg”
I



Puc. 1.117. Cmabinizayis napamempie
8IOHOCHO KPOKY imepayii npu
PO3PAXYHKY 2IOPOOUHAMIUHOT CIMKU

pyxy 6 Gy

Puc. 1.118. Benuuuna weuoxocmi gpinompayii 6 ooracmi G3



Tabnuys 1.46
3nauenns napamempis pospaxynxy cimxu ¢ G,

Nt mxn | Ky Ko Kp Q Ex O(|h|2j

1 20x20 i 520 48 338 0.8229 3.8E-1 3.8E-3
2 1 24x24 i 705 72 489 0.8228 3.7E-1 2.7E-3
3 1 28x28 | 910 103 620 0.8225 3.5E-1 2.0E-3

- ....
I ....

201 401 a0l 201
a0 40 a0l 201

Puc. 1.119. Tiopoounamiuvna — “*5
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Puc. 1.121. Benuuuna weuoxocmi ¢pinompayii 6 obracmi G,



301KHICTh PO3POOJICHOTO AaNTOPUTMY MPOUTIOCTPOBAHO HA PHUCYHKY
1.123  ngng MakcMMajabHOTO —BIAXWJIICHHS HAONMKEHb KOOPIWHAT

TpaHWYHUX BY3IiB M , mrykanoro 3HadeHHS (Qinbrpartiiinoi Butpatu Q

Ta BigHomieHHs D miaromamell KpHWBOJIHIHHOTO YOTHPHUKYTHHUKA.
Bemnmunny mBuakocti ¢inpTpamii 300paxkeHo Ha pucyHKY 1.124,
MPUYOMY  PO3PaxyHKOBI  ©KCTpeMallbHI ~ 3HAYCHHS  CTAHOBJISTH

min Vi j =Y16,25 =0.1940, maxv; ; =vg19= 0.7516. 3ayBaxkumo, 1110

BpaxyBaHHS BIUIMBY KoedimieHTa GiabTpamii 3a BKa3aHUM BHIIE

3aKOHOM BHUIKJIMKAJIO 30UTBIICHHS ITyKaHO! (imbTpamiiHoi BuUTpatH Q

Bixg 1.1692 no 1.2148.

1.3. MaremaTnyHe MOJeJIOBAHHS HeJiHIHHMX npoueciB ¢inbTpamii
3 YpPaxyBaHHSIM B3a€MOBIUIMBY XapaKTepUCTHK cepeJoBMINA i
npouecy

VY momepeaHix IMyHKTaX PO3JITY 3a PO3POOIEHOI0 METOOJIOTIE0
oJepKaHI PO3B’SI3KM MOJENBHUX HENiHIMHUX KpaioBHX 3aJad Ha
KOHQOpPMHI 1 KBa3ikOHGOPMHI BifOOpakeHHS B KPUBOJIHIHHUX
YOTHUPUKYTHUX  00JacTsX,  OOMEXEHHMX  JiHisIMH  Tewii  Ta
eKBIKBa3IMOTCHIIAIbHUMH JIiHIIMH (MaTeMaTHYHUX MOJENel MpoLeciB
PYXy DpiOuH, Ta3iB, 3apAKEHHMX YaCTHMHOK TOLIO B OJHOPIOHHX i
HEOTHOPITHUX aHI30TPOIHUX CEepefOBHUIINAx), 30KpeMa, 1 I BHUITAJIKiB,
KOJJ KOMIIOHEHTH TEH30pa MPOBiAHOCTI ((imbTpariii) 3amexaTts SK Bijg
KOOpAMHAT O1Kyd0l TOUKHM 00JACTi, TaK 1 BiJ MIyKaHWX (YHKIH Tedii i
moTeHmiary. Sk yke 3a3Hadaioch, JOCHUTh  BaXIUBAMH 1
MaJIOBUBUCHHMH € 33/1a4l MOJENIOBAHHS BIUIMBY Tpaji€HTIB (30Kpema,
BEJIMKHX, $IKi MEPEeBUINYIOTh KPUTHYHI iX 3HA4YEeHHS) Ha BHXIiAHI
XapaKTepUCTUKU cepeloBuina (B Tepily dYepry, Ha KoedilieHT
MPOBIAHOCTI), 1[0 BUHUKAIOTh MPU MOJETIOBaHHI HENMiHIHHUX IMPOIECiB

¢binpTparii 3 ypaxyBaHHIM CyQO31HHUX SIBUIIL.
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Tabauys 1.47

3uauenna napamempis po3paxyHKy cimku 8 G5

2
1:20x20 i 635 293 419 1.2143 3.0E-1 5.6E-3
2 24x24 i 832 370 52 1.2148 2.5E-1 4.0E-3
3 1 28x28 i 1049 | 448 70 1.2150 2.2E-1 2.9E-3
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8IOHOCHO KPOKY imepayii npu
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pyxy e Gg

Puc. 1.124. Benuuuna weuoxocmi gpinempayii 6 odracmi G5



TyT HaMH CTaBHTBhCS 3aJada IEPEHECCHHS 3arpOIOHOBAHOTO
paHile Ha IpUKIagax ocecuMeTpudnoi diaprpamii [49, 202] miaxomy mo
MOJICJTIOBAHHS OKPECJIEHHX BHINE IPOIECIB Ha BHUITAJKUH CEPEIOBHMIIL

OLTBII CKITATHOT TEOMETPIi.

1.3.1. MoaeaoBaHHA 3BOPOTHOT0 BINIMBY I'PAI€EHTIB MOTEHIiady Ha
npouec pinbrpamii

Y cepenoBuiax i3 IIMPOKHM Jialla30HOM 3HA4YEHb JIFOYUX
Tpafi€HTiB MOTEHLiay HEeNMiHIHHICT Tpolecy GiNbTpalii 3yMOBIIOETHCS
nedopmMarissMi BCEPEIHUHI TTIOPUCTOTO CEPEIOBHUINA, SKI BUHUKAIOTH IPH
MIEPEBUIIICHH] IOYMMH Tpami€HTaMH iX KPUTHIHOTO 3HAYCHHS IS
naHoro TpyHTy. Tak, y JinsSHKax cepemoBHINa, A€ MIFOTh BEJHKI
rpajieHTH moTeHIiany (OUTbII 32 KPUTHYHI 3HAYEHHS), BiIOYBAarOTHCA
cydoziitai nedopmarii IpyHTY, IO MPHUBOAATH A0 3MiHM KoedilieHTa
¢inpTpalii, a 0TXKe, BILIMBAIOTH Ha 3HAYEeHHS (QiIbTpamiiHOl BUTPATH.

3 MeToro BpaxyBaHHS BIUIMBY T'paJi€HTIB MOTEHIialy Ha MPOLec
¢inpTpanii, y i30TpONHHX CepeJoBUINAX i3 IIMPOKUM MAialla30HOM ix
3Ha4YeHb, Koe(ilieHT PiTpTpallii K BU3HAYATUMEMO 3aJIEKHICTIO [57]

Ky +u(l —Ikp), mpr 1> 1y,

Ko mpu <1y, (1.58)

K= KQ grad(p|)=

Toni, 3amaya 3BoAUTBCS 10 pO3B’s3yBaHHA B G pI3HHULEBHX
piBHSHB Jpyroro nopsaxky (1.48) 4um (1.45) y tux ninsukax obnacti G, ,

Jie 3HaYCHHS AII0YUX TPali€HTIB MOTEHLIady € OUTBIIMMU 32 IX KPUTUYHI
3HAYEHHS Ui JAHOTO THUIy IPYHTY Ta Pi3HHMUEBHX piBHsIHb Jlammaca

(1.6) y inmmx ninsHKax obnacti G, Npy 3a1aHUX HETIHIHHUX KPaHOBUX

ymoBax (1.2) Ta BimnoBigHux ymoBax Tumy Komi-Pimana na rpaHmmi

6Gw oobmacti G o

Jlnsg  gucnoBoi  mMOOYMOBH  BimOOpakeHHS  TapaMeTPUIHOTO



npsAMOKyTHUKAa G~ Ha KPHUBOMIHIMHY 4YOTMPUKYTHY oOmacte G,

BUKOPUCTAEMO alTOPUTM OIMCAHUHN y MyHKTI 1.2.2 3 TOIO BiAMIHHICTIO,

10 KOCIIEHTH K; ;

j BU3HAYATUMYTHCA TaK:

iJ Ko mpu | -<Ikp,

L]~

ae 'i,jziiA_(jp (Xi,j+1_xi,j—1)2+(yi,j+1_yi,j—1)2'

UucnoBy peanizamilo airopuTMy pO3B’SI3yBaHHS OOEpHEHUX
KpailloBuX 3azad Teopii ¢inbTpamii B i30TPONHHUX CepeOBUINAX i3
IIMPOKMM [ialla30HOM 3HAa4Ye€Hb MIIOYMX TpaJie€HTiB moTeHmiany [57]

3/1iliCHEHO 3a yMOB omucanux y 1.1.1.3.2 ta npu x, =1 B obnactax G,

G; ta Gg. 3a3HauMMo, 10 B AKOCTI HOBOrO HAOJMKEHHS IIYKaHOTO

kBasikoHpopMHuOro  Bimobpaxenns G —>G, B3aTO0 HaGMWKEHMH

PO3B’SI30K 3a7adi Ha KBa3iKOH()OpPMHE BiJOOpaXKCHHS, OTPUMAHHI Ha
nomnepeaHiii po3paxyHKOBii craii npouecy K. Bemwmuuny mBuakocti
¢inbTpanii y 1poMy BHUIAAKy TAaKOXX BHU3HAYATHMEMO 3a Pi3HUIICBUMH
¢dopmymnamu (1.12).

B obmacti G; i3 jiana3oHOM 3HAYEHb MIFOYUX TPai€HTIB

MOTEHIIaTy 10.3570; 1.0537J pO3B’sI3aHO 110 3aj1ady MpH HapaMeTpax

p=0.5 Ta Ikp =0.8. OTrpumani pe3ynpTaTy, SIKi LUIIOCTPYIOTh 301KHICTH

PO3pOOIICHOTO aNrOPUTMY y LILOMY BHUMAJKY, MogaHo y Tabmumi 1.48, a
30HH 30ypeHHA 300pakeHO Ha pUCYHKY 1.125. BpaxyBaHHsS BIUTUBY
koedimieHTa QinpTpanii NpuM BKa3zaHUX NapaMeTpax MpPUBENO J0
36impmenHs mykaHoi surpatd Q Bixg 1.0001 mo 1.0090. Ha pucyHKy
1.126 MyHKTUPHUMH, IITPUXOBUMH Ta CYLUIBHUMH JIiHISIMH 300paskeHO

sanexuocti | =1, (p,y) 12 k=% (p,¥) (Ha cepennidi uminii TeUil

w(x,y)=Q/2=0.5045) BigmosigHo npu mouarkoBux (k=0 ta k=1)



cTajisx Ta Ha craii crabinisanii mpouecy (1, =15, © =x7).

Tabnuys 1.48

Pesynomamu pospaxynkie 6 obaracmi G1

k kM kQ kD Q
0 795 309 668 1.0001
1 403 128 8 1.0125
2 325 39 6 1.0077
3 243 18 3 1.0095
4 153 3 1 1.0089
5 41 1 1 1.0091
6 6 1 1 1.0090
7 1 1 1 1.0090
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Puc. 1.125. 36ypena ma ne3bypena 3onu y Qizuunii obracmi G1 ma
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Puc. 1.126. Po3nooin epadieumy nomenyiany ma koegiyiecuma ginompayii
6300604C NIHIT \V(X, y): Q/2 y isuuniii obracmi G,



Bennuuny mBuakocti ganoro mosis mnpu nodarkosid (k=0)
iTepanii 300paxxeHo Ha pucyHKY 1.6, a Ha craxii cradimizauii npouecy (
k=7) - ma pucynky
1.127. 3a3HaumMo, IO
HanO1IbIIe 3HAYEHHS
BEJIMYMHU IIBUJIKOCTI Ha
moyaTkoBiit crazii 1.0027
y By31i (0,13) 3miHIOETBCS
1o 1.0113 y By3mi (0,0) Ha
cramil crabimizamii
npouecy, a HalMeHIIEe 11

3HAUYEHHS HA ITOYATKOBIH

craglii Ta Ha  cramil

ctabimizarii mporecy € y

(25,25) Puc. 1.127. Beruuuna weuokocmi &

BY37I1 Ta

3MiHIO€THCA Bix 0.3667 10 obracmi 51 npu [ ma

0.3700.

HasBhicTe Benmukux (OLMBLIMX 3a KPUTHYHI) 3HAYCHb T'PaJi€HTIB
MOTEHIially Ha MAISHKaX BXOAY Ta BHUXOAy CinbTpauiiiHoi Teuii B
obnacti G 3abe3neuyeTbes BAOOPOM IPAHHYHHMX KPMBHX (J1iariasoHoM
3HAa4YeHb MII0YMX TPAII€HTIB MOTEHITIATY [0.0075; 0.0772J). 301KHICTB
NapaMeTpiB PO3PaxyHKy TifApOAMHAMIUHOI citkn B G5 mpu u=3 Ta
Ikp =0.04 mnopano y Ttabmmui 1.49, a 30HM 30ypeHHS 300pakeHO Ha
pucynky 1.128. BpaxyBanus BBy KoedirieHTa ¢iapTpamii mpH

BKa3aHMUX IMapaMeTpax 3yMOBHJIO 30IJBINICHHS MIyKaHOI (iTbTparmiiHOl
Butpatu Q Bix 0.5538 mo 0.5575.

Ha pucynky 1.129 myHKTUpHUMH, IITPUXOBHUMHU Ta CYLiTBHUMH

miHisMu  300paxkeno sanexuocti =1, (,y) T1a x=x (o,y) (Ha

cepemHii  wmiHil  Tewii w(x,y)=Q/2=0.2788) BIIMIOBITHO  TIpH



nouarkoBux (K=0 ta K=1) cramisx Ta Ha cTazii crabimizamii mporecy (

I, =15, K, =xg). Bennunny MmWBUIKOCTI LBOrO MOJS MPH MOYATKOBIN

Pesynemamu pospaxyuxis 6 obaacmi G3

Tabnuys 1.49

k Ky Ko kp Q
0 1387 78 146 0.5538
1 568 97 6 0.5578
2 249 1 1 0.5575
3 87 1 1 0.5575
4 7 1 1 0.5575
5 1 1 1 0.5575
¥
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Puc. 1.128. 36ypena ma ne3bypena 30nu y @izuuniv ooracmi G3 ma
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Puc. 1.129. Po3nooin epadieumy nomenyiany ma xoepiyicuma ginompayii
6300601C NiHii \|I(X, Y)=Q/2 y episuuniii obnacmi G



(k=0) irepauii 3006pakeno Ha pucyHKy 1.9, a Ha cranii cra®imizarii

npouecy (k=5) — ma pucynky 1.130. 3assaummo, mo Haibinbia

BEITMYMHA IIBUJIKOCTI € Y
By3nax (25,25) ta (0,25) i
3miHtoeTses Big 0.0697 Ha
MMOYATKOBIH  cTamii 1o
0.0750 Ha crafii
crabimizamii mpomecy, a
HaliMeHIa BEJIMYMHA
MIBUIKOCTI Ha ITOYATKOBIi
cragii Ta Ha  cramil
crabumizarii MPOLIECY
JIMIIAETBCS  OJHAKOBOIO
0.0077 y By3nax (12,25) ta
(13,25).
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Puc. 1.130. Beauuuna wisuoxocmi 6

obnacmi Gy npu n=3 ma Ikp =0.04

Hiana3on 3HaueHb NiFOYMX TPAIEHTIB MOTEHIany B obmacti Gg

CTaHOBUTH [0.1777; 0.6775J. 30HU 30YpEeHHS CIPUYMHEHI BETHKAMH

rpajieHTaMd TOTeHmiany npu p=1 Ta Ikp=0.47 300paKeHO Ha

pucyHnky 1.131.
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Puc. 1.131. 36ypena ma ne3bypena sonu y Qizuunii obnacmi G5 ma
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PospaxyHkoBi 3HaueHHs (igbTpaumifHOI BHUTpPaTH Ha KOXKHIH
po3paxyHKOBi# crtamii momano y Tabmuii 1.50. BpaxyBaHHS BIUTHBY
koedimieaTa QimpTpamii TpHM BKa3aHUX IMapaMeTpax BHKJIHKAJIO
30inmpmreHHs 1rykaHoi Butpatd Q Bim 1.1692 go 1.1809. Ha pucynky
1.132 myHKTHPHUMH, IITPUXOBHMH Ta CYIIILHUMHU JIHIAMH 300pa’keHO

sanexnocti | =1 (,y) Ta x=x,(p,y) (Ha cepennid miHii Teii
\V(x, y)=Q/2=0.5905) BigmoBigHo npu moyarkoBux (k=0 ta k=1)

Tabnuys 1.50
Peszynomamu pospaxynxie ¢ ooracmi G5

k Ky Ko Kp Q
0 1014 183 462 1.1692
1 805 217 2 1.1868
2 696 50 1 1.1783
3 591 39 1 1.1822
4 482 17 1 1.1804
5 369 9 1 1.1812
6 244 3 1 1.1808
7 75 1 1 1.1810
8 13 1 1 1.1809
9 2 1 1 1.1809
10 1 1 1 1.1809

0,71 1,247
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Puc. 1.132. Po3nodin epadicumy nomenyiany ma Koe@iyicuma ginompayii
6300601 NIl \|/(X, y)=Q/2 Y Qisuuniii obnacmi Gg
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CTalisx Ta Ha cTafil crabimizamii mpomecy ( | o~ |10 , Ko, =Kqg ).

Bennuuny mBuakocti gaHoro mons npu modarkosid (k=0)
iTepanii 300pakeHO Ha puUCYHKY 1.15, a Ha cTanii crabinizauii npouecy (
k=10) — Ha pucynky 1.133. 3a3Haunmo, 110 HANOLIBIIE PO3PAXYHKOBE
3HAYCHHS BEJINYMHU
MIBUIKOCTI (dimpTpartii
JOCSTaeThCs Yy  BYy3/ax
(0,12) T1a (0,13) i
3MiHIOeThes Big 0.6919 Ha
MOYaTKOBIH  cramii 70
0.7140 Ha crafii
crabimizamii mpomecy, a
HalMEeHIE — Yy By3Jax
(15,0) Ta (1525 i
3MiHIOeThes Bif 0.1935 Ha

MMOYaTKOBIA  cramili 110

Puc. 1.133. Beauuyuna weuoxocmi 6

0.1951 Ha cTazif oonacmi Gg npu n=1 ma Ikp =0.47

crabimizarii nporecy.

1.3.2. MopeaoBanHs  HeJdiHIfHMX  ¢ilabTpaniiiHo-cyo3iiiHuX
npoiuecis, 1110 BAHUKAIOTH B CHCTEMAX FTOPH30HTAJIBHOTO APEHAKY

[Ipu mepeBumIeHHI [MIIOYNMH  Tpami€HTAMH  JIOMYCTHMOTO
(KpUTHYHOTO) 1X 3HAYEHHS JUIS JAQHOTO IPYHTY, B HABKOJOAPEHHOMY
cepenoBHII BinOyBaeThcs BTpaTa PuIBTPAIiifHOI MIITHOCTI TPYHTIB, IO
3yMOBJIIOE 3MiHy KoedimieHTa ¢inpTpanii. He3Bakaroun Ha Te, 10
PO3MIpH 30HH, /€ TPaJi€HTH MOTEHIiady MEepPEeBHUIYIOTh KPUTHYHI iX
3HAYCHHSI, MOPIBHSHO 13 MKIPSHHUMH BiJICTAHSIMH, JOCUTh MaJli, 3MiHH,
0 BigOYyBalOThCA Yy TPYHTI JIaHOI 30HU BIUIMBAIOTH Ha KOE(DIillieHT

¢inpTpanii. Xapakrep i po3BUTOK IMX 3MiH IPYHTY JOCHUTH CKJIQJHUAHN i



3aJIeKUTh HE TIJIBKH BiJl TPAJi€HTIB HAMOpPY, a i BiJl MEXaHIYHOTO CKJIaTy
IPYHTY, KOHCTPYKIIii o6macti Tomo [13, 34, 200].

Bigomi Ha 11t 9ac TeOpeTHYHI pO3paxyHKH Ipoliecy ¢iabTparii B
TIOPUCTOMY CEPEIOBHINI HE BPAaXOBYIOTh B3a€EMOBIUIMBY TPAi€HTIB
moTeHriary Ta  koedimieHra  Qimprpamii Ha  imbTpariiiai
XapakTepucTuKu cepenosuma. Lle sBuie, 3yMOBIeHE BHHUKHEHHAM
¢inpTpaniinux aedopmamniid, CyNpOBOKYETHCSI CYTTEBUMH 3MiHAMHU
OUTOMOI  BHUTpaTH. ToMmy, OcoONMBHII  iHTepec  MpeACTaBise
MOJICJIIOBaHHsSI JaHOTO pOJY SIBHII 3 YPaxyBaHHAM B3a€MOBILIMBY
BEIMKHX TPAJi€HTIB TOTEHLiany Ta (QUIbTpalilHUX XapaKTePUCTHK
cepenmoBuma (Hampukian, cydosis npu GimbTpamii  MOpoKeHa
rpamieHTaM{d OUTHIIMMK 3a KPHUTHYHI 1X 3HAYCHHs). MeToamKa TaKkoro
POy HENiHIWHKX 3a71a4d po3podiieHa B poboTax [45, 72, 73] y Bumagkax
ocecuMeTpuyHOi (PimpTpamii. Y 1pOMY MYHKTI MH PO3NOBCIOIWIH 1/1€10
BpaxyBaHHS B3a€MOBIUIMBY Tpali€HTIB MOTeHHiany 1 (iIbTpamiiHuxX
XapakTepUCTUK Ta MiAXiJA HETiHIMHUX OOEpHEHb IpH PO3PaXyHKY
napameTpiB  QinpTpaniiiHo-cy(do3iiiHoro mporecy, OI0 BHHHKAaE B
cUCTeMaxX TOPU3OHTANIBLHOTO ApeHaxy (auB. puc. 1.134), me reomerpis
obmacti  ¢impTpamii € HabaraTo CKIAAHINIO  BiJ  BHIAAKY

ocecuMeTpudHOi pinbTparii [52].
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Puc. 1.134. Cxema openaoicy
Tak, y BUIIQAKax BEJUKUX TPaji€HTIB MoTeHmiany (OiIbIIMX 3a
KPUTHYHI X 3HAYEHHs), HAMPUKIAA, HAaBKOJO APCHMU BigOyBaroThbCS
cyhosiitni nedopmanii IpyHTY, IO MPHUBOAATH A0 3MiHM KoediLieHTa
¢inpTpaLii, i CyTTEBO BIUIMBAIOTh HA BOJONPHUHMAIBHY CIIPOMOXKHICTh



OpeH. Y BUMAAKy OPUTOKY OO JAPEHHU, 13 30HM [€ Aif0Yi TpajieHTH
MIePEBUIIYIOTh KPUTHUYHI 3HAYCHHS, BiMOYBAETHCS BUMHUB CY(O31MHHX
YaCTHHOK B TIOPOXKHHUHY JIPEHH, &, OTXKE, MPUTIK 0 IPEHN 3pPOCTATHME.
Ha ocHOBI po3po0ileHNX alropuTMIB 3IHCHUMO PpO3pPaxyHOK
rmapaMeTpiB mporecy (uIbTparlii 0 HECKIHUCHHOTO TOPH30HTAIHLHOTO
JIpeHaxy (HECKIHYCHHOI CUCTEMH TOPH30HTAILHO PO3MIIIEHUX JIpeH). B
cuiy cumerpii kKaptuHu pyxy (auB. puc. 1.134) posrmsHemMo oauH
¢parmenT (izuunoi obmacti impTpanii oOMekeHol JiHisMU Teuil Ta
CKBIMOTCHINIAIbHUMH JIIHISIMU TIPY TaKUX HOTO TEOMETPUIHHUX PO3Mipax:
r=1am - pazgiyc 3oBHimHBOro kKoHTypa CD  moBepmrenoi 3a
XapakTepoM pPO3KPUTTsA Iulacta apend, b=1lgm Ta $=13amM -
BiAMOBIqHO TIMOKMHA 3aKiIafaHHs ApeHaxy Ta a0 Bomoymopy, 21 =40 1M
— BiZICTaHb MiX JpeHaMU. Y IIbOMY BUMAJKY Jiana30H 3HAYCHb JIFOUUX

Tpafi€HTiB MOTEHIia]y CTAHOBUTD [0.0101; 0.3370J.
BpaxyBanns BBy koedinienta ¢impTpamii 3a 3akoHoMm (1.58)

npu mapaMeTpax p=3 Ta Ikp=0.1, K 1 O4YiKyBaJIOCS, MPH3BEJO [0

30inmpimeHHst mrykaHoi Butpatu Q Bim 0.7451 mo 0.7958 (ma 7%).

Po3paxyHKOBi pe3ynbTaTH, SIKi UIIOCTPYIOTH 301KHICTH PO3POOIEHOTO
IropuT™My, nogano y tabmmui 1.51, a 30HM 30ypeHHS, CIpUYHHEH]
BEITMKUMU I'paJiEHTaMU MMOTEHINIANIB, 300paxeHo Ha pucyHky 1.135. Ha

pucyHky 1.136 HMyHKTHpHHMH, IITPUXOBHMH Ta CYLUIBHUMHU JIiHISIMH

Tabauys 1.51
Pesynomamu pospaxynkis

k Ky kQ kp Q

0 815 418 548 0.7451
1 709 219 440 0.8057
2 507 1 8 0.7725
3 308 1 4 0.7968
4 69 1 1 0.7958
5 4 1 1 0.7958
6 1 1 1 0.7958




300pakeno sanexnocti | =1, (¢,y) 1@ k=% (¢,y) (Ha cepennii minii
Teuii \y(x, y)=Q/ 2=0.3979) sigmoBigao mpu mouatkoBux (K=0 Ta

k=1) crazisx Ta Ha cTazii cTabinizanii npomecy (1, ~lg, k  =¥Kg).
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Puc. 1.135. 36ypena ma nesbypena sonu y Qizuunii obnacmi G 4 ma
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Puc. 1.136. Po3nooin epadieumy nomenyiany ma xoepiyicuma ginompayii
630060IC NiHii \V(X, Y)=Q/2 y episuuniii obnacmi G,

Ha pucynky 1.137 300paxeHno minsaku 30inbireHnas (Av>0) ta
3menmieHHst (Av<0) 3HaYeHHs MBUAKOCTI (QinbTpallii MpH BpaxyBaHHI
OMHKCAHOTO BUILE B3aEMOBIUIUBY I'PaJi€eHTY HMOTEHLIATy Ta KoedimieHTa
¢inprpanii. Ilpm mpoMy 3ayBakumMo, HIO HaiOinblIe po3paxyHKOBE
3HAYeHHS BeJIMUYMHH LIBUIKOCTI (inbTpauii Ha moyaTkoBiid crazii 0.3310
y By3ui (25,10) 3poctae go 0.3408 y By3mi (25,9) Ha cranii crabimizarmii



Mpolecy, a HaliMeHIe ii pOo3paxyHKOBE 3HAUCHHS — Ha TOYaTKOBIH
cramii Ta Ha cTamdii crabim3arii mporiecy auIaeTbes oaaakoBor 0.0123
y By3ui (6,25). Haiibinpime BenmnumHa MBUAKOCTI QinbTpamii 3pocna y
By3m (25,0) (touka D) na Benmumny 0.0224, a HaiiGinmbine cnana — y

By31i (20,25) (Touka Ha Bomoymopi) Ha 0.0012 (mus. puc. 1.137).
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Takum 9HOM, Ha OCHOBI pO3p0OJICHOTO AITOPUTMY BIIEPIIIE:

e 3OiliCHEHO pO3paxyHOK TapaMmeTpiB Tpomecy (imbrparii 1o
HECKIHYEHHOTO TOPHU30HTAILHOTO APCHaXy (HECKIHYCHHOI CHCTEMH
TOPHU30HTAIBHO PO3MILIEHUX JPEH);

o BCTAHOBJICHO BEJMYUHY 3MiHM (QiIbTpaliifiHOi BUTpaTH, 30HHU
BeMMKHX (OLIBLINX 32 TX KPUTHUYHI 3HAYCHHS) TPAIi€EHTIB MOTEHIIaTy
Ta 30HM 30ypeHHS mBHAKOCTI (inbTpamii npu  BpaxyBaHHI
B3a€MOBIUIMBY T'PaZi€HTY MOTEHLialy Ta KoediienTa QinbTpamii;

e 3milicCHEHO TIOpIBHSHHS  (PiNBTpalliiHUX  BHUTPAT, TPaATIEHTIB
MOTeHITiaTy, KoedilieHTiB (iTbTparii, mBHIAKOCTI (iIbTparii 10 Ta
mmicist aedopMaliii cepeoBHINA;

e 3HAWICHO TOYKH HAWOLIBIIOl Ta HAMMEHIIOI IIBHAKOCTI (imbTparii
oo Ta micns Aedopmarii cepeloBMINA, a TaKOX 3HAMACHO TOYKH
MaKCUMaJIbHOTO 301IBIICHHS Ta 3MEHIIICHHS IIBUKOCTI (DUTBTpAILil;

e OTpPUMaHO pO3paxyHKoBi 3anexkHocTi (@, y) Ta «(@,y) 1pu



¢inpTpaniiHo-cyo3iiaux ~ gedopmalisx,  SKi  BpaxoBYIOTh
BHHECCHHS CY(QO3IHHNX YaCTHHOK IIiJ JI€I0 BEJIWKHX T'Padi€HTIB

MTOTEHITIATY.

1.3.3. MoaeawBanHss cy(o3iliHux 30H 3a yYMOB B3a€MOBILIUBY
rpagi€eHTiB  KBasimoTeHmiagdy Ta  koedimieHTa  mpoBigHOCTI
cepeIoBHINA

MogenioBaHHsS ~ 30H  MiHIMaJbHOTO  HACHYEHHS,  BiJPUBY
(BUMUBaHHA), 3aTPUMKH Cy(PO31MHUX YACTMHOK Ta He30ypeHOi JiNSTHKU

cepenouiia G, (BianoBinHo G ) B 3a1€KHOCTI BiJ| 3HAYEHb IPajieHTa

Hanopy I((p,q/) MIPOBEJEMO 3a 3aKOHAMH

Ko ISI3,
= — — ! .
k=dwornll=1 J1-1,) 1, <1<, o 11, <0;
K*, 1>,
Ko ISIl,
k=11 +ig(1 = 1) 1 <1<y,
k%, 121,
!
>
SIKILIO I(p_O,
ne | — 3HaueHHs TpajieHTy NOTEHLialy, MpU SKOMY Mae€ Micue

H

MiHIMQJIbHE HACWUYCHHS Cy(O3iifHMX YacTUHOK B IPYHTI Ha BXOJl

|, — xputuuHi Horo

dinprpauiiinoro noroky (8 obnacte G,), 1., I,

3HAYEHHSI, IPH SIKOMY MalOTh Miclie BiIIOBIAHO BIAPHB Ta MaKCUMaJIbHE
ocijaHHs (MakcMMalbHa 3aTpUMKa) cy(O3iHHHUX YaCTHHOK Y MOpax
IPYHTY, a Koe(illieHT , 0 XapaKTepu3ye CTYIiHb iX BIUIMBY Ha
MIPOBIAHICTh CEPEIOBHUINA, 3HAXOTUTHCA B PE3yIbTaTi pPO3B’sI3aHHS

piBasaasn  x(l, , W=k*, k* — MakcuMalabHe 3HA4YeHHsS KoedilieHTa



¢inpTpalii, sike BiMOBiJa€ MOBHOMY BUMHUBAHHIO CY(QO31HHIX YaCTHHOK
(3 oCTaHHIX CITIBBIJHOIIEHh MOXXEMO TaKOX BHW3HAYUTH 1 MiHIMajIbHE

3HaueHHs KoedimieHTa GiIbTpaIil K=Ks, 0 JOCITAE€ThCS Ha NEsKIiH
JUTSTHIT 30HU OCiaHHS YaCTHHOK, JI€ Ma€ MICIle MaKCHMAJIbHO MOJKJIFBE
3aMOBHEHHs 1Op Cy(hosiinumu yactunkamu); |, , 1, — KpuruuHi

3HAUEHHS TPaJicHTy HOTeHMiay ( Il'(P >0, Ié(p >0), npu AKUX Mae micue

BUMHB Cy(O3IiHUX YACTUHOK 3 TPYHTY, KOC]IUIEHT W, 3HAXOAUTHCS B

pe3yabTaTi  PO3B’SA3aHHS ~ PIBHSHHSA K(|2,M0)=KO, e k% -

MakCUMajJbHE 3HAueHHs KoedimieHTa (QinpTpawii, siKe BigNoOBigae
MOBHOMY BUMHBaHHIO Cy(0O31i{HUX YaCTWHOK Ha BUXOJi (QiabTpamiiHOro
MOTOKY.

TecryBanHst po3po0GIEHOr0 AIrOPUTMY BUKOHAHO Juist 06macTi Gy
, OCKIJIbKM Takud BHOIp TpaHMYHHX KpHUBUX 3a0e3leuye HasBHICTh
BENMUKNX (OUTHIIMX 3a KPUTWYHI) 3HAYCHb TPAJIE€HTIB IOTEHITIATY Ha
TJISTHKAX BXOy Ta BUXOAY GimbTpamiitHoi Tedii [132].

Taxk, Ha pucynky 1.138 300pakeHi po3paxyHKOBI JUHAMIYHA CITKa

Ta 30HM 30ypEHHS 3TIJHO ONMCAHOI BHIIE MoJem Npu p=p,=1,
*=1.005, k%=1.04, ,=03,1,=035,1,6=04, 1,=037, 1,=041

BpaxyBanHs BignoBigHuUX (akTopiB 30ypeHHS MPHUBOAUTH M0

30iMbLICHHST 3HAueHHs ImykaHoi Burpatd Q Big 5.53839 (Oe3
BpaxyBaHHs cy(o3ii) mo 5.581554 (3 BpaxyBaHHSM 3MiHU MPOBIAHOCTI
TJITHOK CEPeIOBUIIA 3a paxyHOK cy(ho3iiHNX AedopMalriii).

Ha puc. 1.139 nyHKTUPHUMH, TOYKOBUMH Ta CYIITBHUMH JIIHIIMU
300paxkeni rpadiku sanexnocredt | =1, (x,y) 1@ k=1, (X,y) (Ha minii
Teuii \V(X, y):Q/Z: 2.791) BignosinHo npu nmoyatkoBux (k=0 Ta k=1)
iTepanisx Ta Ha cTaiii crabimsauii itepamikinoro mpouecy (I = I,

K,=%K7), a Ha puc. 1.140 300pakeHi BiANOBIIHI CKANSAPHI MO



HIBUIAKOCTI QibTpaniitHoi Tedii.
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mpayii 630062ic Ninii \|I(X, y)= Q/2 (k=0) ma cmabinizayii (k=7)
v izuunii obracmi G3 imepayitiino2o npoyecy

IIpoBemeni B pamkax 1€l MoAeni YHCIOBI PO3paxyHKH
MIATBEPUKYIOTh (DAKT 301IbIICHHS BEJIMYMHMA (QiIbTPALiifHOT BUTPATH 3a
PaxyHOK 3BOPOTHOTO BIUIMBY BEIMKHX TPAJI€HTIB KBa3ilMOTCHINANY Ha
MIPOBIAHICTE cepenoBuina (GpopMyBaHHS 30H BHMHBAHHS, OCITaHHS
YACTHHOK Ta MiHIMAJIEHOTO HACWYEHHS HUMH TOp IpyHTY). [lpu 1isomy,
0COOIMBO BII3HAYUMO €(EKTHBHICTH BHKOPHUCTAHHS i/1ei MOYEpProBOTO
“3aMOpPOKEHHSI”  XapaKTePHCTUK CEpelloBHIIA Ta Tedii A OmUCY

PO3BHTKY JJAHOTO TPOIIECY B Yaci Ta ioro crabimizarii.

1.4. MIpoGyieMn CUCTEMHOI0 AOCTi/ZKeHHsI 30ypeHHs MpoleciB THUIY

“¢pinbTpania-koHBeKLisn”

Sk yke 3a3HAYANOCh, 3adadi MOOYAOBH JUHAMIYHOI CITKH
MIOTCHITIHHUX TOJNIB (PI3HOTO pOAYy KPWIOBHX MPOQITiB), OIS
MIBUJIKOCTI 3 TapalielbHUM PO3PaXyHKOM BHUTpAT IUISXOM YBEICHHS

¢byHknii Tewil w =y (X, y), KOMIUIEKCHO CIpPSDKEHOI /0 IIYKaHOTo

MOTEHLiay  IIBUAKOCTI (ngo(x, y), B 0o0macTsIX, HampuKiaz,

OOMEXEeHUX [BOMa JIHIAMH Tedll 1 JBOMa €EKBIIIOTEHIAJIbHUMU

JIHISIMH, 3BOJISITHCS hi (o) KOH(OPMHOTO BiTOOpaXKeHHS
w=0(z)=p(Xy)+iy(X,y) odisuunoi obnacti Ha NPIMOKYTHMK —

obnacts KOMILJIEKCHOTO MOTCHITIATY. OcobnuBuii 1HTEpEeC
NPE/CTABISIOTh MOAENBHI 3a/1adi, IO ONHCYIOTh BHMNAJAKH, KOJIM HA
JesIKii AisHL O/Hi€T 13 TpaHMYHUX JTiHINA Tedii Qi3uYHOT YOTHPUKYTHOT
o0JacTi moMiIieHo JpKepelo 30ypeHHs BuxiaHoi tedii [55, 60, 62]. Tlpu
IBOMY O0JIACTI KOMIUIEKCHOTO IMOTEHIially, IIO BiINOBiAalOTh Pi3HUM
3HAUYEHHSIM TMOTEHIiany 30ypeHHs, MOXKYTb BIJIPi3HATHUCS HE TUIBKU

HEBITOMUMH TlapaMeTpamu, ane i ¢popmoro. O1xke, pa3oM 3 O0YI0BOIO



ITOPUTMIB HaOIMKEHOTO PO3B’A3KY BiIMOBITHOI HENiHIHOT 00epHEHOT
3a7adi B KOXKHOMY 3 KOHKPETHHX BHITaIKiB (OPMYBaHHS Tedii ¥y
¢dizuuHIi 001acTi BUHMKAE mpodiema ii BUOOpy, aJke HEBIIOMO, SKY 3
ycinakux kKoHgirypaniii oonacti G, norpibHo BUGHpaTH.

AHanoriuHa mpoOiieMa Mae Miclle Tpu JOCHIKCHHI 30YpCHb
ilealbHUX Ta KBasiiJeallbHUX TMONIB Yy JIBO3B’S3HUX OO0JNACTSX,
OOMEKEHMX  E€KBINOTEHI[AJILHMMHU  JIHIAMH, IUIIXOM  BBEJACHHS

BHYTPIIITHIX 3aMKHEHHX €KBITOTEHINIaIBHUX KOHTYpIB [59, 67].

1.4.1. MopenioBanHs 30ypeHb ilealbHHUX MOJIB B KPUBOJiHiliHHX
YOTUPUKYTHHUX  00JacTsIX O0Me:KeHUX JiiHiAMM  Teuii Ta

eKBIilmOTeHIiaTLHUMH JHiIMH

PosrnsiHeMO OAHO3B'SI3HY KpPUBOJIHIMHY YOTHPHKYTHY OO0JIACTi

G,=ABCD (amus. m. 1.1.1, puc. 1.1). Hexait renep M ta N — noBinbHi
toukn kpuBoi BC . TToxmamemo (/>|MN =¢@° [55, 60, 62]. B 3anexnocri

Bil 3HA4YEHHS TOTEHIIaTy ¢  MaTUMYTh MICIE Pi3HI BUNAIKH
(dopmyBaHHs CTpyKTypHu Tedii B obnacti G, (muB. puc. 1.141 — 1.144),
Kl  XapaKkTepu3ylOTbCs MOJOKEHHSAM  JIHIM  po3ainy  AUISHOK
(iapTpaliiHuX MOTOKIB, 1O npu oMy yTBoproroThes (KK, KKK™ i
T.1.). Ha OCHOBI eBpHCTMUHMX MipKyBaHb 13 HACTYIHHM JIOT1YHUM

06rpy1—ITyBaHH$IM HaMH BCTAHOBJICHO, IO IIpU piBHI/IX CKIHUEHHUX

3HAYCHHSIX ¢° MOXUIMBI 23 TakWx BHINAJIKd (GOpMyBaHHS Tedii, a
OTXKe, 1 BIAMOBIMHUX iM 00JacTeil KOMITICKCHOTO TOTEHITIAy. 30KpeMa,
SKIIO ¢° TpobiraTuMe BCEMOXKJIMBI 3HAY€HHS Big —o0 N0 +00, TO

BIIMIOBITHA MEXOBa TOYKAa PO3AUTY (QIIBTpamiHHAX TOTOKIB K,
TTOJIOKEHHS SIKOT MOYKHAa XapaKTEepPH3yBaTH HATYypPAJIbHUM IMapaMeTpOM

S= S(go°), OpOODLKUTH BCIO TPAaHULIO 33AaHoi obnacti G, 3a CTPLIKOIO



TOOUHHMKA TouynHaoun 3 neskoi toukn K e AD, mo BiamoBigae
Bumaakam, ko ¢’ =+oF¥0(0<s<L, s —Bigcranp Big Toukun K_ 10
toukn K, L — nosxuna JG, ) (nuB. puc. 1.144).

Omke, TpU HAABHOCTI JpKepena momnepeuHux 30ypers MN
BHUXITHOTO TIOTOKY HE MaEMO MOXJIMBOCTI O€3MOCEepeNHbO TMEPEeUTH IO
obepHeHOI 3amadi (He BilOMO, sIKy 13 obsacreil G, cnij BuOMpartn).
30kpeMa, pI3HUM HECKIHUEHHHUM 3HAYEHHSM MOTEHIlany ¢
BiJIMOBiat0Th Pi3Hi Touku K eﬁKwIZ , te K — Touka, mo BigmoBigae
HaiOLIbLIi 13 “Bim’eMHMX HeckiHUeHOCTeW’ (TOOTO, KOJIM TpH BCIiX
K € KA Binnosimni 3HaueHns ¢’ e ckinuenumu), a K — Touka, mo

BIAMOBiae HaWMEHIIH 13 “JOomaTHUX  HECKIHYeHOCTeH’  (IuB.
puc. 1.144).

3 MeToro BubOpy oaHoro i3 23 BapiaHTiB (quB. puc. 1.141 — 1.143)
Ta PO3B’sA3KYy BIJNOBIIHOI 00EpHEHOI 3a1aui 3a 3aJaHUMH CKIHUCHHUMHU

3HAYCHHAMH @,, @ , @ =¢  000yIyeEMO BIINOBIIHUI aAITOPUTM
BUOOPY HACTYITHUM YHHOM.
1) TTepeBipsieMO BUKOHAHHS YMOB @' =@, Ta @ = ¢ . SIKII0 o1HA

13 HUX BHKOHYETHCS, TO, BIIMOBITHO, p0o3B’sa3yeMo 3amaqdy (1.141.8) am
(1.143.2).

2) llepeBipseMO HaJeXHICTH . 1O OIHOTO i3 MPOMIXKKIB
(—0.9.), ((0*,(/)*), (go*,+oo). Hexait, wanpukiman, ¢ <, (upu
O, <@, <@’ Ui @ >@" aIropuT™M MPOAOBXKYEThCs aHanoriyno). Tomi
po3B’s3yeMo momnoMikHy (“kimrodoBy’’) 3amady (1.141.4) (ans Bumaakis
Q. <@ <@ Ta @ >@° B IKOCTI “KIOY0BUX’ OYyIyTh BIiIIOBIIHO
3amaui (1.142.4) ta (1.143.5)), ne 3HaueHHS ¢° 3HAXOAWMTHCS B TPOIIECI
pO3B’sI3aHHSA NaHOI 3a/ayi MpU OAATKOBiH (“KOMITEHCAIiiHii’) YMOBI

1,//| A :1//|B (TTO3HAYNMO Lie 3HAUCHHS ¢ Yepes3 ¢, ).



3) IlepeBipsieMO HaNEXHICTH ¢, JAO OJHOTO i3 MPOMIXKKIB

(—oo,(pfA), (gol".A,(p*) (y BUmagky ¢ =¢;, 3aada € pO3B’A3aHOI0).
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Puc. 1.143. @opmyeanns meuii npu @" < @° < +00



Jgxkmo @ <¢;,, TOo posp’asyemo 3amady (1.141.2), ne K=A
(“xommeHcaniiHa yMoBa”) 1 3HaXOAMMO BIJINOBIJHE 3HAUYEHHA @ =@,
(mpu @ > ¢, B AKOCTI “KIIIOYOBOI” po3B’s3yeMo 3anauy (1.141.6)).

4) Slkmwo 3amane 3HaueHHA @) <@, (@, >@,,), TO PO3B’A3YEMO
3amadqy (1.141.1) npu meBimomux 3Hauenusx Q', Q", ¢ ((1.141.3)
mpu HeBimomux 3HaueHHsx Q', Q", Q").

Hwxye HaBemeMO NpUKIagM PO3B’s3aHHS PI3HUX KOHKPETHUX
“KITFOYOBHX Ta “TIPOMDKHUX 3a/1a4.

1. IToOymyemMo anropuT™M po3B’sS3yBaHHS TOCTABIECHOI 3a7advi IMpU

BEJIMKUX 3HAYCHHSX TOTEHIany ¢°, a came, komu K eCD, ¢" <o’ Ta
I//|D < t//| o (muB. 3amaay (1.143.4)). Ilpn upomy 061aCTh KOMILICKCHOTO

MOTEHIIally Ma€e BepTHKaIbHHUN po3pi3. KpalioBa 3agaya Ha KOH(POpPMHE

: b . !/ n "
BifoOpaxeHHsa obnacti G, Ha obnacte G, mpu HeBigomux Q', Q", Q
, @° 3aIMIICTHCS Y BUTIISII:

ox 0 ox 0
y - y ) (§0, l//) € Ga)’
ﬂgo oy’ 51// ap

o) ¥(0w) =0, 0y <Q
)

ne Q" — cymapHMil HOTIK, IO BXOAUTH B oOsacth G, 4epe3 AUIHKY

AB, Q" - morik, 1m0 BUXOIUTH i3 Hei yepe3 mistaky KD (Q"-Q' —



HOTIK, IO BXOAUTh B obmacte G, uepes mimsaky KC, a Q"-Q' —

HOTIK, 10 BUXOAUTH i3 G, uepes ainsaaky MN ).

Puc. 1.144. Ilpuxnaou gopmyeanns meuii npu @° = £oo

4
PizHunesuii aHanor uiei 3agavi y citkoBiil obmacti G/ = UGS) ,
=1

ze GS):{(¢UW1): % :(Dp"'hw(i_al)' i:ﬁ; Vi :le-'-hW(j_bl)

P -

, j:bl,b ;h, —“;k_a, h, =55, )/(l)Zh—"} a mapametpu @, @, a,,

Yy v
a,, ¥,, ¥, b, b,, B3anexnocri Bin 3nauenns |, BuszHauarOTHCA

3rigHo 3 Tabmuiero 1.52, 3anuiemo, HaPUKIIA, Y BUTIISI:
Tabnuysn 1.52

| D, Dy ai az Yo Wi by b2
1| o @ 0 Mo 0 Q" 0 N
AR m | Q| Q" | | mid
3 o o Mo m+l i Q" Q" N1 n+l
41 o i Mo m+l Q" Q" Mo i M
2L ) (4 0.) =0,
yl(l)lj —2(1+7/ )y(l) +y" +7/(I)2(yi,j—1+ yi,j+1):0’ (1.59)

i=a,+La, -1, j=b+Lb, -1, =14




) (1) _ (1) @ .
fl(x )_ , fg( gy moj) 0, j=0,
(2 _ (3) (3) —
fl(x ’yOJ)_ ’ fZ(Xm+1j’ m+1, j )_0’ J n,n+1
(4) 4) \_ (4) (4) _
f3(Xm0 j? m0 J)_O’ fZ(Xm+1j' m+1j)_0’ J nO’nll (160)
@ O (2) 2) _ -
f4(X| ,y ) fz(xu n+l? |n+1) 0, I_O'mo’
4) 4 (3) ) \_ -
fz(xu n ! |n0) ! fz(x|n+1' |n+1)_07 I mO’m+1
O] O] _ (|) U] O] ., —————
Xiner ~ Xidina = (yi,n+l_ i,n) |:a1+1,a2 -1,
o _ M0 (|) Q) _
yl—l nt " Yina =Y ( i,n+1 Xi,n ) I= 2’3’
O] M _ (|) R —
Xm+1j_x ( m+lj m+1j 1) J=b1+1,b2—1, (1 61)
M _ g0y 0] - '
ym m+1j ( m+l,j Xm+1j 1) I= 4’3’
X(l) ) (1) _ (1)
My, J mo—lj mo,j m0 j-1 .
1=Ln -1
y (1) — (X(l) _ (1) )
mo—lj m0 j my., j m -1
(2) (3) 2 _ y0® H-
Xmoj_xmoj’ ymo,j —ymo,,-, J_n1+1!n1
(2) [ (2) (2) _ .03 [y®3 (3)
y (Xmo,j_xmo—l,j)—V (Xm0+1,j_xmo,j) e
@(y@ _y@ \_ J=hun+s
V4 ymo,j - ymo—l,j ym0+l j ym0 j
(h) _ y(12) (h) _ -
Xin = Xin s Yin = y,nl, i=a +1la,-1,
(1) [ (k) ) [ (1) (I,)
7 () = X)) =70 (x%), - x(2) =23, 1,=14,
12) [, (h) () (L) [ y,(12) (1) | = -
ja (y h yi,:]l—l) ' ( |r211+1_yi,;1) I=a,a,
(1.62)
1
" _
y x  (1.63)
(a,—a)(b, — 1)
0) )2 O V(O M\
3 Lbp-1 \/(Xi+1,j - Xi,j ) +(yi+1j yl i +\/ |+1 j+ XI ]+1) +(yi+1,j+1 - yi,j+1)

()
- XH—lJ

+\/ |+1 j+l

2 2
0} 0}
) + ( Yistjir ~ Yivnj )



M _ M _ 0] —

X =xt@w). Y =y, (aw;)eG), 1L
3arajgpHHN PO3B’SA30K CKIHUEHHO-Pi3HHUIICBUX piBHAHL (1.59) y
BHYTPIIIHIX 1 PaHUYHUX IO BEPTHKAJi By3JlaX CITKOBOI'O IPSMOKYTHHKA
G/ depe3 3HaYEHHA B TPAHUYHMX BY3J1aX IO TOPU30HTal 3TrilHO 3

dopmynamu cymapaux 300paxenb [. ITomoxxoro [150, 151, 173],

3alUCYEMO Y BHUIJISI:

b, -1
I i adl ind
S p,-,k[ywuv;sw
k=b +1
2 e
(|)z )
(pb1+lkxtbl + pbz—lkxtbz)J

e (1.64)
yi = (,ukC(') +v, D +

Wi

(|)2

Py Yin + P, sk Yon, )],

t=a, +1

il i:aliaZ! j:b1+1’b2 _1’ pjvkz\)ﬁSin (iibéz(fkt;bl)”,
7 =1+ y02 -y 02 cos (B2 =1 4, = +mt =1,
Vk :nk — 77k2 _1.

Cucrema HENMHIMHMX anreOpaidHMX PIBHAHB IS 3HAXOKCHHS

nesinomnx  mapamerpis A", BY, ¢, DU, x{, x{ , v, vy
(I :1,_4) tdopmyeThes Ha ocHOBi piBHsaHE (1.60), (1.61) i3 mo6aBKoOIO

yMoB ckietoBaHHS (1.62) Ta BHUKOpUCTaHHSAM (QOpMYyN CyMapHHUX
300paxens (1.64) i ymon (1.63). Ilpu ii po3B’s3aHHI YMOBOKO 3aKiHUCHHS
B
yoo

npolecy Moxke OyTH HEPiBHICTh: Z <g.

2. Sxmo x obnacts G, 3amaHa, TOOTO BEIMUHHH @, <@ <@’ |



0<Q'<Q"<Q" Bimomi, Ta IOMyCKAETHCA ii MOKPHUTTS PiBHOMIPHOIO
citkoro, a G, — Bimbma, a came BC={z:f,(X,y)=p}, M(Xy.Yyu).
N (XN , yN) — IUIaBaro4i TOUKH Ha BulbHIM kpuBiit BMNC, ne f, (X, y)
3ajaHa Tiagka QyHKUiA, P, X, , Xy — HEBiIOMI HapaMeTpH, TOAl
obepHeHa KpaiioBa 3a/1aua Ha KOH(GOpPMHE BijoOpaxeHHs oOnacti G, Ha
G, , 10 Ma€ BUIIIAL:

ox _dy ox _ oy

—=— —=——-, (p¥)eC,,
dp oy oy  p (o)

f,(x(2.Q").y(2.Q"))=p, @.<p<¢’,
L(x(o'w)y(ew))=p Q2w 2Q,
f,(x(2.Q).y(2.Q))=p, ¢ 2p>¢",
fB(x(¢" ). y(e w))=0, Q' <y<qQ,
L (x(¢"w).y(e w))=0, Q"2y >0,
f.(x(9.0).y(9.0))=0, ¢ 2p=¢;

3BOJMTHCS 710 po3B A3yBaHHsA B G, piBHsAHb Jlamnaca AX=0, Ay=0 npu
3aJlaHuX KpaioBUX ymoBax Ta ymoBax Komni-Pimana Ha rpannni G,
obnacti G, .

PisHumeBnii anamor i€l KpaioBoi 3adaui y BiJIMOBIAHIN

piBHOMIpHIH CITKOBIH obuacTi
G, =G UG, ={(p.¥,): @ =.+hi i=0m, w,=h,j j=0n+1U

U{(goi,y/j): g =¢ +h (i-m), i=m,m+L, y,=Q"+h (j-n,), j=n0,n+1}

h-¥% -0 _9-%__¢-9¢ -
7 m+1 m, m+1-m,

ac



h _ QI” ZQ_":g QV” Q” Q"V_QV _ Q"_Qf
Y"n+l n n, n+l-n n+l-n, n-n,
3aIUIIeMO Y BUTIISII:
Xii1,j _2(1+7’2)Xi,j X +72(Xi,j—1 + Xi,j+1)=O,
Vi~ 2(1+7’ )yi,j +Yia +7/2(yi,j—1 + yi,j+1) =0,
yeul weG), of  i=Lm,—1 j=Ln,
yeui weG), ol i=m,+1m, j=n,+1n,
fl(xéj'y(/)j)zo’ J=0,n+1, fz(xi,n+11y;n+1)=,0’

fz XI n+1? yl n+1)

(
f (i Wi ) =
(

p, i=m,m+1, f,(x" lj,ymﬂj)

!
fs Xmoj’ymoj) 1=0n;, f, Xuo:y|o)
(1.66)
X; n+l Xi/—l =7 yi,n+1 - yi,n
' ’ ( ' ' ) i=L,m, -1,
' ' _ ' '
Yitna = Yina = 7(Xi,n+l - Xi,n)
! ’ ’ [
Xing i ~ X1, 27(ymo,j - ymo,j—l)
j=1n -1,
' ’ _ ’ '
ymo—l,j - ymo,j _y(xmo,j - Xmo,j—l)
" 14 " 4
Xinaa = X = 7(yi,n+1 - i,n) .
i=m,+1m,
-" _ -" — X.” —X.”
yl—l,n+1 yl,n+1 7/( i,n+1 |,n)
n 14 14 14
Xm+1,j - Xm i~ y(ym+1j - ym+1,j—1) .
J=n,+1n,
n n
ym j ym+1j = 7/( m+1, j Xm+1,j—1)
! ”n ’ n H
Xing,j = Ximg.jr Yig.i = Ym.j»  J=Ng+1n,
X' =X =X . =X
mp, j mo—1,j — “‘mo+l,j Mo, j? .
A ;. j=ng,n+1,
ymo,j - ymo—l,j = ym0+1,j - ymo,j’

(1.65)

(1.67)

(1.68)



. Xi,,j = X((/’ij)v yi,,j = y((/’ij)v (goi’Wj)EGc,o'
’ Xi'szx((pi'Wj)l yi,,'jzy((pi'Wj)v (ﬂoi"//j)EGg-

Po3B’s130k CKiHYEHHO-PI3HUIEBHUX piBHAHB (1.65) y BHyTpimmHiX i
IPaHWYHHUX [0 BEPTHKAJl By3JlaX CITKOBOIrO HpsMOKyTHMKa G depes
3HAYEHHS B TPAHWYHUX BYy3JIaX [0 TOPHU3OHTAN 3HAXOJUMO 3TiJTHO
3araapHUX (GopMyI cyMapHuX 300paxkens I'. ITomosxkoro [150, 151, 173],

a caMme
[; . i i Zmo_1 Vl‘jit‘ ’ [
X :z Pi| A tviBi+7 = (pl,kxt,o + pn,kXt,n+l) )
k=1 =1 My —
1 “ Hk (1.69)
Y= Pk Lﬂ&ck +%D, +7° (PuYio + PusYia, )J.
k=1 t=1 Hy _Vk
. . — 2 . jkﬂ' 2 2 kﬂ'
i=0,m,, =ln,ge p,, =,]—sin——, n, =1+y" -y cos——.
or | 2P T M r7 n+1
XI”] Z Pji« (M:Ak +vB, +
k=ny+1
, m \l t|
e U, — (pn0+1kxt Ny + pnkxt n+1)
t=my+1
‘ (1.70)

y|"1 = Z Pjx (/ulick +Vli< D, +

k=ng+1

\' {

+;/z

t=my+1 ,uk

( pn0+1,k yt’fno + P y;fml)}:
2

(=) (k=my)7

i=m,,m+1 j=n,+Ln,xe p;, = sin ,
° ° A n+1-n, n+1-n,

k—n,)
77k:1+72_7/2003(n+1 = =1, v =1, - \/




’ ’ " n
i,n+1? yi,n+1’ Xi,nO’ yi,n0 '
"

" 1 2
X'niar Yin, ~ BU3HAYAIOTBCA B PE3YJbTAaTi  PO3B’S3aHHS  CHCTEMHU

Hesinomi A, B,, C,, D, X, Yo, X

HeniniifiHux anreGpaiunnx pisusHe (1.66) — (1.68), 1me X, Yo

" " " ” ' ' " " " " " "
Xm,j' ym,j ’ Xm+1,j' ym+1,j' Xi,n’ yi,n' Xi,n' yi,n' Xm0+1,j' ym0+1,j’ Xmo,j’ ymo,j'

X

A

foiv Ymo i Xm-1js Ym1j TIPEZCTaBieni 3a dopmynamu (1.69), (1.70)

(cuctema (1.71)). Po3B’s130K 1i€l cUCTEMH 3HAXOAUMO ITEpaIliitHO TaKuM

YHHOM: 3agaeMo HyJ'H:OBi HaOIMKEHHS HCBi,Z[OMI/IX BCJIINYMH

Py Xy =Xnans Xm =Xpuea-  PosB’asyemo  cucremy  (1.71),

Hampukiaza, 3a merogoMm Herotona [155] Ta mepeBipseMoO BUKOHAHHS

YMOB:
My m+1
10 :% m01+1 z f2 (Xi',n+17 yi',n+l) + m Z f2 (Xi'rml’ yi!fn+1) +
i=0 i=m,
m+1 n+l
oz 2 B (X Vi ) i 2 o (K Vo) |
i=mg J=ng
XM — 7/Xm,n+l + Xm+1,n X = Xerl,n0 +7/Xm,n0
1+y ’ 1+y

YMOBOIO 3aKiHYEHHS IPOLIECY MOXKe OyTH HEpiBHICTB:

Pk —p“‘)‘+‘xM(k”) _ XM<k)‘+‘XN<k+1) _ XN(k)‘ <e.

3. V Bunajky, KoauM 001acTh KOMIUIEKCHOTO NoTeHniany G, Mae
TOPU3OHTAJIBHUN pPO3pi3 (auB., Hamp., 3amauy (1.142.7)) 3arampHuit
PO3B’ 30K CHCTEMH CKiHYEHHO-Pi3HMIIEBMX piBHSHb Ty (1.59)
OTpUMY€EMO 3a (OpMYyJIaMH CyMapHHX 300paK€Hb Yy BHYTPIIIHIX 1
TPAaHUYHHUX [0 TOPU3OHTANI BY3JlaX CITKOBOI'O TPSMOKYTHHKA Yepe3

3HAYCHHS B 'PaHUYHUX BY3JiaX 11O BepTI/IKaJ'Ii y BI/II‘HHI[i:



a-1
Xi(’l z Pi « [,U Aé') +VkJB(I) +
k=a;+1
\J 1
ty k(pal+1k)((l) + paz —1k ;Iz) )J
t= q 1
Z P | 4CY +v/DY
k=a,+1
b1 it
+y (I)2 - Vk(pa1+1ky(l) paflky(l) )
t=| bl+l
i =q +1, a, -1, J=bl b21 |:_’L_
e / SI (i- al )(k— a1 ’ 7 =1+7(|)2 _7/(|)2 cos - (k al) ’

[ ( Oy -0, Y-,
77k + nk 1 Vk 77k =h_¢’ hgp = a,-a ! hu// = b,-b !
a mapamerpu @, @, a, a,, ¥,, ¥,, b, by, B 3anexnocri Bin

3HaueHHs |, BU3Ha4aroThCA 3rigHo 3 Tabmunero 1.53.
Tabauys 1.53

| D, Dy ai az Yy W by b2
1 17 (p* Mo m+1 0 Q' 0 No
2 . 7 0 Mo 0 Q' 0 No
3 0. @ 0 Mo Q’ Q" No n+l
4 @ o’ Mo mi Q' Q" No n+1

3ayBa)kMMO, IO 3HAIOYM OCHOBHUI NPOMIKOK, JO SIKOTO
HAJICXKUTh ¢@° (HampuKiIan, ¢, <@°<@’), JUis PO3B’I3Ky MOCTABICHOI

3a/1a4i MOTPiOHO PO3B’SA3aTH IIIe MIOHAKOLIbINE AB1 “KITFOYOBI” 3a1a4i.

1.4.2. HeniniiiHi oOepHeHHs KpailoBUX 3aga4 Ha KoHQoOpMHI
Bi0OpakeHHsI 3 KEPYBAHHSAM y TPAHMYHHX YMOBaX




Y mnonepemHboMy maparpadi IMOKa3aHO, [0 TpU HASBHOCTI
okepena momnepeuHux 30ypeHb MN  BHXIZHOTO TOTOKY HE MaeMo
MOXJIMBOCTI O€3MOCepeTHbO TIEperTH 10 0OepHEHOI 3amadi (He BiIOMO,

aKy 13 oOmacreit G, cnig BuOuparu). ToOTo, pazoM 3 m0OOyIOBOIO

QITOPUTMIB  3HAXO/KEHHS HAOMMKEHOTO PO3B’S3KY  BiIMOBiTHOT
HEJiHIHOT oOepHEHOi 3a7adi B KOKHOMY KOHKPETHOMY BHIIQJKY
¢dbopmyBaHHA Teuii y Gi3nuHiil 061acTi BUHKUKae npobiema ii BuOopy.
Pazom 3 mmuM, Ha Taki 3a7adi MOKHA JMBHUTHCH K Ha TPOOIIeMH
IHIIOTO POy, IO IMOB'S3aHI 13 3HAXOMKEHHSIM THX 3HAa4YeHb MapaMeTpa

@, IpY SIKUX Ma€ Micre Tor abo 1HIKH 3 MOKIMBHX BHUMAIKiB. To0OTO,

Ma€ CeHC TOBOPHTH PO HUX SK MPO 3a7adi 3 KePYBaHHIM B ITUPOKOMY
pO3yMiHHI IHOTO TEepMiHy. SIK TIOKa)XKeMO majli, HakJIagarodd TEBHI
YMOBH, MOXHa IIpH I[bOMY TIEPEUTH 1 [0 3arajJbHONPUHHATHX
MMOCTAHOBOK 33/1a4 Ha ONTHUMI3allil0 Ta KEPYBaHHS.

Oco0nuBHii iHTEpEC MPEACTABISAIOTH BUITAIKU, 110 BU3HAYAIOTHCS

€IUHUM 3HA4YCHHAM (DO (HaBBaHi HaMun CKITIOYOBHUMUN» abo

«OINTUMI3AIIHHAMIY). BiamoBigHi iM MaTeMaTH4HI IMOCTAHOBKH 3a]1a4
MOXYTb OyTH chopMyapOBaHI SK O€3mocepeHho, BHUXOASYH 3
(Gi3UYHOTO0 1 TEOMETPUYHOTO 3MICTIB 3amadi, TaK 1 3 TOYKH 30py
onTuMizamii TEeBHUX (YHKIIOHANIB (TMEPETOKiB) BIAHOCHO ¢  SIK
napameTpa KepyBaHHS.

Y upomy maparpadi mpouexaypy BuOopy (BU3HAUCHHS
BiJITOBIIHOTO BapiaHTa), & TAKOXK MOCTAHOBKHU «KIFOYOBUX» 3aJlay, sK
3aJlady  OonTUMi3allii 1 KepyBaHHS MPEJICTABUMO Ha MPHUKIAIAX
(dbopMyBaHHS Tedil AJISl XapaKTePHUX BHUMAJIKIB (SIKi XapaKTepU3YIOTHCS
MOJIOKEHHSAM  JIHIN pO3Aaily OKpeMHX MJUIAHOK 1€l Tedii), o
BUHUKAIOTh, KOJH TOTEHIIad ¢ Ha <«IUISHII 30ypeHHs» mpobdirae

BCEMOXKJIMBI 3HAYCHHS, SKI HE IEPEBUINYIOTh 3HAYCHHS MEHIIOTO i3

3aIaHUX TIOTEHITIaJiB Ha BHXITHAX TPAHWYHUX EKBITOTCHITIAIBHIX



JHIAX.

MosknuBi BUIAAKH (GopMyBaHHS Tedii i BIAMOBITHUX oOiacTeit
KOMIUIEKCHOTO ~ TOTEHIlary, Komu —oo<@ <@,, 300pakeHi Ha
puc. 1.141. 3okpema, Ha puc. 1.141.1 1 1.141.2 mpexacrarieni Ti 3 HUX,
s sxux ginsaka MN rpanuii BC e miniero Broky, a AB i CD -
JIHISIME BUTOKY. Bumnamok, 300paxxenuii Ha puc. 1.141.2, € KIF090BHM y
TOMYy pO3yMiHHI, IO ToYka po3ramykeHHs K miHii po3miry Tedii
30iraeTbcs 3 TOUKOI A (K = A). Ha puc. 1.141.3 — 1.141.5 300paxeHi
BUIAJIKHU, Konu YacTuHa rpanuii AK € niHi€ro BTOKy B o0macth, a BK
— JIiHI€EI0 BUTOKY, mpudyoMmy Ha puc. 1.141.4 300pakeHHil KIIOYOBHUMA
BUNAIOK y TOMY PO3yMiHHi, II0 BUTPAaTH BTOKY 1 BUTOKY € PiBHHUMH
(cymapHuif TOTIK dYepe3 MJaHWM KOHTYp JOpiBHIOE Hymo). Ha
puc. 1.141.6 — 1.141.8 300paxeni Gopmu obnacreit G, i G, n1s AKkux
3HAUCHHS (° € TaKuM, IO BiJCYTHE mepeTikaHHs pedyoBUHU Mik MN i
AB. Ilpu mpomy Ha puc. 1.141.6 300parkeHUIl KIIOYOBUH 13 TaKUX
BUMAJIKIB y TOMY po3yMiHHi, mo K =B.

3 meroro BuOOpy omHoro 3 8 BumankiB (muB. puc. 1.141) i

pO3B’s3aHHS BIAMOBITHOI OOCPHEHOI 3amadi 3a 3aJJaHUMH TPAaHUIHUMH
3HAQUCHHSAMH TIOTEHINANy @,, ¢ ,@ =@ NO0YyAyeMO 3arajbHHi
QITOPUTM Yy TaKuil crocid: po3B’s3yeEMO JOMOMIKHY KJIIOYOBY 3amady
(1.141.4), ne 3Ha4yeHHs ¢@° 3HAXOAMUTHCS B MPOIECi PO3B’SI3aHHS TaHOL
3aMadi  MpU  JTOJATKOBIM  «KOMIICHCAITIWHIA»  yMOBI 1//| A :1//|B
(mo3sHaummo e 3HaueHHA @  uepes ¢,). IloTiM mepesipgemo

HAJISKHICTh @, OJIHOMY 3 IPOMIKKIB (—oo,(pfA), ((/)1"_4,@). VY Bunmazaky

@, =@, 3a1a4a € po3B’A3aHOK0. Ko ¢ < ¢/, , TO pO3B’A3yeMO 3a7ady
(1.141.2), ne K =A (xomreHcariifiHa yMOBa) i BU3HAYa€EMO BiJIIOBIIHE

3HaYeHHA @ =¢@;,, NpU @, > @, B [KOCTI KIIOYOBOi PO3B’SA3y€EMO



3agady (1.144.6) npu xommneHcauiiHiil ymoBi K =B. Skmo ¢’ <@/, ,
To po3e’szyemo 3amauy (1.141.1) mpu HEBIIOMHX 3HAYCHHSX

Q, Q' ¢, sxmo x ¢ >¢,, o — (1.141.3) npm HeBiZOMUX

Q, Q" Q".Ilpm ¢’ <@, —(1.141.5) 3 weBinomumu Q’, Q", Q",
a mpu ¢ >¢ s — (1.141.7) 3 meBimommmu Q', Q", ¢. Sxmo x
@° = @,, T0 po3B’s3yemMo 3anady (1.141.8).

3ayBakuMO, IO PO3TIIIHYTa BHINE 3a7ada BHOOPY BHU3HAYCHOTO
BHITAJIKY, y TIEPITY YePTy — KITFOYOBOT0, (DOPMYBaHHS TeUii B 3aJI€KHOCTI

BiJl 3HA4YCHHS MOTEHLialy ¢ 1 3alpoNOHOBAaHWHA BHILE AaITOPUTM

BUOOPY MPENCTABISAIOTH K JOIMOMIDXHE 710 PO3B’sI3aHHS 3arajbHOI 3a1a4i
3HAYEHHSI, TaK 1 caMocTiiHUi iHTepec. OnucaHi TyT «KIIOYOB1» BUMAIKA
€ OJIHOYACHO pI3HOr0 poJay ONTUMI3aliiHUMK BapiaHTaMH JAJIs
¢dbyukmionanis Bugy Q= I —vydx+vxdy, ne L — Bu3HadeHl MIISIHKH
L

rpaHuIll 00JI1acTi.

[Tepetinemo Terep A0 OE3MOCEPETHHOTO OMHCY YMOB ONTHUMI3AITiT 1
KepyBaHHS I KOXXKHOTO 3 KITFOUOBUX (ONTHMI3aIliiHNX) BUIAIKIB. Sk
y)Ke BKa3zyBalloCs KOXHHH 3 HUX MOXE OyTH OIUCAHWUU BHXOISYU 3

pizaux ymoB. Tak, y BUIAAKY BiACYTHOCTI meperikanus Bix AB mo CD
(3amaui (1.141.1) i (1.141.2)), ne rpannuni Toukn K°, K minii posminy
teuii K°K wHanexars BimmosimHo MN i AD, posrisHyTHii mporec
MO’KHa XapaKTePU3yBaTH 3 OJIHIE€T CTOPOHH BiJICYTHICTIO BEPTHKAILHOTO
po3pizy B o00macTi KOMIUICKCHOTO TMOTCHI[iAly TpU HASBHOCTI
MPaBOCTOPOHHBLOTO  TOPU3OHTAIBHOTO  po3pidy, ab0  PIiBHICTIO
o9 <0 1 %

>0. IIpu upomy
N|Ag on

CD

Quy =Qga + Qpc » @00 x ymMoBamMu

KITI09oBUM Bunanok (puc. 1.141.2) moxHa XapakTepusyBaTh 3 OJHI€i
CTOPOHH TE€OMETPUYHOI0 YMOBOIO criBmagaHus Touok K = A (todro,

KOJIM HeBH3HaueHWil panimie mapamerp o =a(K), mo xapakrepusye



MmoJIo’keHHsT Touku K Ha TpaHUIll pO3rIISHYTOI 00JAcTi MEPEeXOauTh y
paHT BITOMHX ITapaMeTpiB), TaK 1 YMOBOIO MiHIMyMYy (GYHKIIIOHAIA

Q=Qu =Qu(®>) - Burpatm uepes nmimsaky  MN (

Qw = I—vydx+vxdy—>min ). 3 iHIIOi CTOpPOHHM (BUXOASYM 3 3a/ad
MN

(1.141.2) - (1.141.8)) rakmii onTHMI3AIliHUIA BapiaHT MOXKEMO

XapaKTepu3yBaTH YMOBOIO MiHiMyMmy mieperikanus Bimx AB mo CD.
Amnanoriuno Ha pwuc. 1.141.6 - 1.141.8 300paxeHi BHIIAAKH

BizcyTHOCTI nepetikanus Big AB mo MN , me (1.141.6) — «rpaHU4HUID»

3 HHX, komu Q,, — min, a, Buxomsum 3 (1.141.5), (1.141.6):
Quy — max (abo Q. —> min).

Ha puc. 1.141.4 300paxkeHo Tewil0 y BHMAJAKY, KOJIH CyMapHa
BuTpata uepe3 AB nopiBHioe HyseBi. BimzHaummo mpu mpoMy, LIO

aHaJIOT1YHO MOYKHA KEPYBaTH IIPOLIECOM 3a JOMOMOTroto BUTpaT Q depe3
OKpeMi [IISHKH TpPaHWIl O00JacTi, IO PO3TIIAAETHCA, a TaKoX 3a
nonomororo mapamerpa « =a(K)=a(p°) — ZOBXUHM Iyru TpaHuLi
obnacti G, moumHaroum Bix gesakoi Touku K, o toukm K, mo
npobirae  3HAYEHHS  IHTEpBAY ae(O,a(qo*)], 1€  3HAuCHHS
a=0=¢a(K,) BigmoBimae 3Ha4eHHIO @°=—0 3a yMOBU MaX(q, — @)
(ma puc. 1.141.1 touka K Bimnosigae Bumaaky mMmin(e, —@) 1pu
@°=-0).

Hns Bumanky (1.141.5) (B o0xacTi KOMIIEKCHOTO TOTEHIaTy
HasBHUH BEPTHKAJIBHHUN pO3pi3, IO BiAMOBIIHO 10 (HOpMYT CyMapHHX
300pakens [150, 151, 173] Bumarae 3ammcy 3arajibHOTO pO3B’SA3KY
pizHULIEBHX piBHsHB Jlamnaca y BHYTpIlIHIK 1 TpaHUYHHUX [0 BEPTUKAI
By3/ax uepes sHauenns X ; =X(¢,w;) # Y, ;=Y(®, ;) y rpanudnux
By3Jlax TI0 TOPW3O0HTAJi) BiANOBiAHA OOCpHEHA HEJiHIHHA KpalioBa

3aj1aua Ha KOoH(QOpMHe BinoOpaxkeHHs obnacti G, Ha obnacte G, mpu



meigomux Q', Q", Q" y mudepenitiansHiit GopMi € TaKOIO:

oX_dy ox _ oy

o v v (p.v)eG,;

f.(x(@.w),¥(9.w))=0, 0<y<Q";
L (x(2.¥) y(2.))=0, Q'<y=<Q"
f(x(2.Q).¥(9.Q))=0 ¢ <p<p;

(x(o ) y(ow))=0, o<y <@
f,(x(2.0),y(¢.0))=0, ¢.<p<¢",
ne Q" — cymapHUii TOTIK, IO BUXOAUTH 3 obmacti G, depes HiNAHKY

rpaanni CD, Q" — morTik, o0 BXOOUTH y HEl Yepe3 MIISHKY TPaHHMIL
AK (Q"-Q'" — morik, mo BXomuTh B obmacte G, uepe3 IUIHKY
rpannti MN, a Q"—-Q’ — motik, mo Buxoauts 3 G, uyepe3 AUIAHKY
rpanumi KB).

PizHuneBnii ananor mi€ei 3a7adi y BiAMOBiAHIA CITKOBiH o0nacTi
4

G, =JGY, ne GS)={(¢i,y/j): g, =0, +h (i-a) i=aa,

1=1

b -D v -Y¥
=¥ +h (i- , j=b,,b,: h ZM, h ZM,
l//J p l//(J bl) J bl 2 ® a, —a, 1 bz_bl

m=h

y hv—“’}, mpu =1 ® =¢°, &, =9, =0, a,=m;, ¥ =Q',

"

k cb=ng, b=n; 1=2: ® =9, O =p, =0, 3=m,

¥, =Q
¥,=Q", ¥, =Q", b=n, b=n+l; 1=3: & =¢, & =9,
&

=m,, a,=m+1, ¥ =Q", ¥ =Q", by=n, b=n+l; 1=4:



D, =¢, =9, a=m;, a,=m+1, ¥, =0, ¥, =Q", b =0,
b, = n, 3anucyemo y Burmnsai
K2 4 x4 02 (x0, —2x0 1 X0 ) =0,
yI(JIr?lj - 2y(|) + yi—l,j +y 02 (yi(,lj)—l - 2yi,j + yi(,lj)+l) =0, (1.72)
i=a,+la, -1, j=b+lb, -1, 1=1,4;
f, (x5, v )=0, f (xﬁjj,yﬁ(’)j)zo, j=ny,n,,
fZ(X(Z)'yOJ) ! f3(x(m3+lj’ym+lj) 0’ j:n1’n+1'
fl (Xrg:(t)] ' ym0 ) ' f3 (X|§14J21 IN yr(n4le j ) = O Jzi_nl’ (173)
f4(xl(é)’yl(?) ) fz(xl(3n)+1’y| n+1) ' i:mO’m-i-]"
fz(xu novy|(1r30)= fZ(XI(i)ﬂ’yl(i)Jrl)z 1=0,m,;
W= (00, y0)| e
Y~ y|(|n)+1 o (Xi(lr?+1 - Xi(ln)) 1=2,3,
O] _ R —
Xm+1,j - X(I)' (ym+1j ylgl‘:ilj 1) J:b1+1, b2 -1, (1 74)
yr(r:J yr(T:‘)Fl]_}/(l)( m+1]_xr(nliljl) |=3’4’
R R A VL TR Y | R —
W (3 J=n +1n, ~1,
ymo*ll ymo i~ (Xmo i mo i 1)




X § = X Yoo =Yy J=n+Ln,
@ (@ _y@ \_,@ (O 3)
Ve ( Mo _Xmo—l,j)_7/ (Xm0+11 Xmo j) .
“’(y _y@ ) (y(3)1 _y® ) J=n,n+l,
Mg, J me—1,J my+1,j My,
X = x(& Y — ) i—a +1a, -1 (L.75)
in ! in in ! 12 !
O (X ) = "”( BB (1L)=(21),(3.4),
yW (v -y ®) =y (v -yB)| i=auay;
W _ 1 SR (1.76)
(az _31)(b2 _b1) FE N T
ne XI ((oi’W ) y(l) (I)(goi’l//j)i (qoia‘//j)EGa(Jl)’ 1=1,4

=X, =xOY (5, =Y ot = =)+ (v -y )

3arajgpHUi  PO3B’S30K CKIHYCHHO-pi3HHIEBHX piBHSIHE (1.72),

S:

BiNOBIZHO 10 (OPMYII CyMapHHUX 300paXeHb, 3aUCY€EMO Y BUTIISIII

by-1 ) _
X = 2 P [uLAé” +,BY +
k=b,+1
% S
(|)2 = ( pb1+lkxt bt pbz_lkxt(lgz )]
} al a.77)
Vi = p, K [#kc(l) +v, DO +
k=b, +1
&
(I)z e (pbl+lkyt(lt)tl + pbz—lkyt(lb)z )j
t= a1+1
ne i =a,,a,, J:b1 +]_,b2 -1, |:ﬂ,
i—b,)(k- ‘.
Pk = 2 sin (l 1)( bl)ﬂ' - :1+7/(|)2 _7(|)z COS( bl)ﬂ' ,
bZ _bl b2 _bl b2 _ bl



e =1 e =1, v = = -1

Cucrema HEMHIHHUX anreOpaidHUX pIBHSAHL I BU3HAYCHHS

HEBIJJOMHUX napaMeTpiB Aé”, Bk(') , Cé', (') Xt'gl thz ytbl yt('b)2
(|=1,_4) ¢dopmyetbcss Ha ocHoBi piBHsHe (1.73) - (1.75) 3

BHKOPUCTAHHAM (hopMyiT cyMapHuX 3006paxens (1.77) i piBusaus (1.76).

I[Ipu 1 po3B’s3aHHI YMOBOIO 3aKiHUEHHS TIPOIECY MOXKE OyTH

4 (kD) (k)

m_ M
dirV-y

1=1

HEPIBHICTB: <g (5 > 0) .

3anaua Ha KoH(OpMHe BifoOpaxeHHsa obnacTi G, Ha obnacte G,

npu HeBigomux Q', Q", ¢° y Ki040BOMY (ONTHMAIbHOMY) BHITAIKY

(1.141.4) 3amucyeThes y BUIIISL:

f.(x(2.0),Y(9.1)) =0, 0<y <Q;
f.(X(.0).¥(0..9))=0, 0<y<Q;
fz(X(coaO, 0))=0, ¢ <p<q;

fz(x(¢vW )) 0, 0<y=<Q"
f(x(2.Q").¥(2.Q")=0. ¢ <p<g’,
fs(X(wyl/f )) 0, 0<y<Q"
fu(x(£.0),¥(0,0))=0. ¢ <p<¢’,

ne Q" — cymapHmil TIOTIK, IO BXOAUTH B obiacTe G, uepe3 HiIAHKY
MN rpauumi BC i Buxomuth 3 Hei yepes miisaky rpanumi CD (Q' —

HOTIK, IO BUXOAMUTH 3 oOmacti G, uepe3 nuiiHKy rpanuni BK i1



BXOJUTH Yy Hei uepe3 nursaHKy rpanuni AK ).

4
Ilepexonsun 10 BiANOBIAHOI CiTKOBOi oOmacti G/ =UG((U') , ze
1=1

I=ﬁ’ l//]:lyp-i-hy/(j_bl)’

Ga()l) Z{((ﬂi"//j): 4 :q)p +hw(i_a1)'
Y, _LPp
bz_bl

b -
j=b,b,; h,=——2 h =
? ’ a—a v

o =90, a=0, a=m, ¥, =0, ¥ =Q, b=0, b=n,; 1=2:

, 7/(')— ”’} npu | =1: OB

o =9, O =9, =0, a,=m,, ¥, =Q", ¥, =Q", b=n,
b,=n+1; 1=3: ®, =9, ®,=¢", a=m, a,=m+1, ¥ =Q',
¥, =Q", b=ny, by=n+l; I=4: O =9, O =09, a=m,
a=m+1, ¥ =0, ¥, =Q", b=0, b, =n,, pisnuuesnii ananor wiei
3aJ1avi 3aMuCyeMO Y BUTIISIL

X0~ 2% 4 x,<'>1] " 7<'>2( X~ 20 4%, ) =0,

vy =298 + v+ (i -2y + i) =0, (1.78)
i=a,+la, -1, j=b+Lb, -1, I=14;

fz( éz,’,yo,) , f3( mu,,ym,) 0, j=n,n+1,

AT ) (X8 ) =0, i=0n,, (1.79)
fa(x.(‘é):Y.(é) fz(X.(3n)+1,y,n+l) . i=my,m+,
L(xRyR)=0,  L(xDy2.)=0, i=0,m;



O] 0} (|) 0] 0} .,
Xina = Xitni = (yl i1~ Yin ) I:a1+1' a, -1,
Q) 0] (|) ( ) 0} _
yi—l,n+1 yl nel = ( i,n+1 Xi n ) I= 2’3’
) (|) _ 0} . T A
Xm+1,j = X (ym+lj ym+1j 1) J=b1+1, b2 -1, (1 80)
o M _ 0 (M m - '
ym i ym+1] V4 ( m+l,j Xm+1j 1) I= 3.4,
@ (3] (1) @ @
XmOvj - Xmofll (ymo i ymo i 1) J_l_
=1,n,
(3] @ _ ( @ (1)
ymo—lj ym0 i (Xm0 j m0 j—l)
(2) _ () 2 _ 0 P
XmOvj _Xm()vj’ ymOvj _ymOvj’ J_n0+l'n’
3) ((2) (2) _ 2,(2) [ (3) 3)
y (XmOvj_XmO*lxj)_j/ (mel,j_xmo,j) .
@ (@ ) @ (y® ®) J=np,n+1
(ymO i _ymo—l,j):}/ (ym0+1,j _ymo,j) (1 8]_)
x®) — y() yo =yl i—a+la 1 '
i,n in ! i — Jin? - a’l 152 d
1) () [C (1) (1) (1)
7@ (W, = x )=y (x - x) ) (L,1,)=(22),(3,4),
(1) [, )y — o, (L) () (1) P — .
I (ylﬁlu Yi,ﬁl)—ﬂ/ ’ (yi,r211 _yi,r211—1) I=4a,,8,;
1 az—l,bz—ls_ +5.
],(I) _ i j+l (182)

B (@ —a)(b,—b) S b+t
Tyr X(I) = X(I)((/)iv‘//j)v yi(,lj) = y(l)((piv‘//j)a (¢’if'//j)€GS)v 1=1,4

;= (2, =) (5%, =yt = (= x0) + (v —y0)'

3aranpHMi  PO3B’A30K CKIHYEHHO-DPi3HUIEBHX piBHAHE (1.78)

3amcyemo 'y Buriaadi (1.77). Cucrema HENMHIMHHX anreOpaldHmx
PIBHSIHB JUTS BU3HAYEHHS HEBIOMHX MapaMeTpiB GOPMYETHCS Ha OCHOBI
piBasiHb (1.79) — (1.81) 3 BuKOpUCTaHHAM (HOPMYII CyMapHUX 300paKeHb
(1.77) 1 piBasnus (1.82).

Ha OCHOBI OTPHMAaHUX 3HaYEHb Zi =%,y

XapaKTePUCTUYHOI (QYHKIIT CTpymMy Z= Z(a)) = X((o,l//) +i y((o,y/) ,



JIETKO OOYUCINTH 3HAYEHHS KOMIIOHEHTIB V, 1 V, BEKTOpA IIBHAKOCTI
JAaHOTO 1MoJIst V y BHYTPILIHIX By3Jax MoOyI0BaHOl AMHAMIYHOT CITKH:
Vi = Va (Xi,j Vi, ) = ‘]iTJ%(XiJrl,j =X j )AV/ )
Vii=Vy (Xi,j Vi ) = Jii}(ynl,j —VYi; )AW )

ne J;; :(Xi+1,j =X )(yi,j+l - yi,j)_(xi,j+1 =X )(yi+1,j —VYij )

[Ipu oMy BiAMITHMO, IO B OKOJIi TOUYKH PO3rayKeHHs (PO3Iiny
teuii) K (ze mwBUAKICTh OJM3bKa 10 HYJIS), @ TAKOXK TOYOK HECKIHUEHHO
Beaukux mBuakocredr M 1 N, ne mopymryerbcsi KOH(POPMHICTD
BiOOpakeHHsI, OACPKyBaHUI 32 JOTIOMOTOIO ONHCAHOTO BHILE METOILY
YHCENbHUI PO3B’SA30K cTa€ HecTihkuM. ToMy Tpu OOYHUCICHHI
MIBUIKOCTI B JaHWX OKOJaX JONUIBHINIE 3aMICTh 3allMCaHuX (GopMyr
KOPUCTYBATHUCS, HANPHWKIAMI, BIIOMHMH METOAAMH  IHTEPIIOJAIL|
(exctpanogsarii). B okomax iHIMUX KyTOBUX TOYOK BiMITOBITHI TpaHWYHI
miHil Tewii 1 eKBIMOTEHIIaNbHI JIiHII € OPTOrOHANBHUMH, TOMY TYT
KOH()OPMHICTh HE TIOPYIITYETHCSI.

Takum duYumHOM, i Toro, moO0 TOOYAyBaTH alrOpUTM
(mporpaMHHH KOMILIEKC) PO3B’SI3KYy TMOCTaBIEHOI 3afadi mpu Oyab-

SKOMY 3HAa4eHHI Kepyrdoro nmorteHiiany ¢° (—owo <@’ <¢@,) HeoOXiaHO

MaTH QJITOPUTMH PO3B’S3aHHA KOXKHOI 3 BHIUIEHHUX BHIIE 3agad
(puc. 4.1) Ha xoHdopmHi BinoOpaxkenns G, — G, , cepell AKUX — YOTUPU
€ KIIOYOBUMH (Ha ONTHMI3alilo THX a0o iHmHX napamerpis). [Ipudaomy
PO3B’S30K KOXXKHOI 3 KIIOYOBUX 3a/lad € OJHOYACHO PO3B’SI3KOM
BIANOBIAHOT BHUXiAHOI 3amadi 3 KepyBaHHIM. A ISl PO3B’sS3yBaHHS
KOKHOT 3 «mpoMbkHuX» 3amad  ((1.141.1), (1.141.3), (1.141.5),
(1.141.7)), six i mns iHIEX OPOMDKKIB (@, <" <@", @ <@” <+w),

HEOOXiTHO TOJATKOBO PO3B’SA3aTH HE OUIBIIE ABOX KIFOYOBUX 3a/1ad.



1.4.3. TIloOynoBa 00YHCIIOBAIBHUX AQJrOPUTMIB  PO3B'S3aHHA
HeJdiHiliHMX  o0epHeHMX  KpaiioBUX 3agady Ha  KoHdopmui
BiToOpakeHHs 3 MOTEHIiaJIOM KepyBaHHA

B mpomy maparpadi po3riissHEMO 3amady  3HAXODKEHHS
HaWMEHIIOTo (ONTHMI3aIliifHOTO0) 31 3HaYeHb KEPYIOUOro MOTEeHIIaIy ¢°
IpH SIKOMY BiAICYTHIH mepetik Bin nunsHk 30ypenHss MN o minsHkm
DC sBuxomy Teuii 3 maHoi obmacti (mis 3amaui (1.142.7)), a Takox
sHauens Q', Q"—Q' mepeTokiB BIANMOBIOHO Bif MiNAHKH BXOXy Tedii
AB 1o MN i go DC, mobymoBu quHaMidHOI CITKH i TOJS MIBUIAKOCTI
TAKOro mpolecy. A came y TIJIOCKId OAHO3B’SI3HIM KPHUBOMIHIHHIHA
obnacti G, (puc. 1.142.7) posriasiHeMO MOJEIbHY KpalloBY 3a/1ady:

0 v do_ ov 83

ox oy oy OX

¢|AB:(0*1 (0|CD=(9*: (0|MN:¢01 W|AD:On

a " !
= =0 (v =Q" ¥he=Q)

(1.84)

BMUNC

e Q"-Q', Q' - HeBimoMmi 3HaYeHHS BEIUYMH BTOKIB BiANOBiIZHO B
ninsaky 30yperHss MN minii Tewii BC i B ninsaky CD Buxomy Teuii 3
JaHoi 00JacTi, ¢° — Kepyrouunii noTeHIian (¢, <@’ <@" ).

o

Taxa 3aa4ya Ipu 3aJaHOMY 3HAYCHHI Q@ 3BOOUTHCA 10

KOH(OpPMHOTO BimOOpaskeHHS wzw(z) obmacti G, 3 HeBiIOMHM

z
po3pizoM y3moBkK JiHIA posminy Teuii KK Ha Bianosimny oGnacts
KoMILIeKcHoro notenuiany G, abo 1o 3anadi Ha oOepHeHe KOHQOpPMHE
Bi10OpaskeHH Z=Z(a)) MpH  BIATOBIMHOCTI KYTOBHX TOYOK 3

rapajebHIM OOYHCIICHHSAM HEBIJOMHX IapaMeTpiB — BHUTpaT i iH. Mu



TYT 3a yMOBH BiacyTHOCTi miepeTokiB Bimzr MN mo CD (pumc. 1.142.7)
CTaBUMO IlI€ BUMOTY MiHimizaii Broky Q" —Q' B miIsMHKY 30ypeHHS
MN (ocTanHe piBHOCHJIbHE 3HaXODKEHHIO MiHIMAJILHOTO 31 3HAYCHb

npu skomy mepeTik Bimr MN mo CD BigcyTHii, ToOTO, KO TpaHWYHA
touka K mniHil po3ainy Teuii B maHiil obnacti G, cmiBmajae 3 TOYKOIO
N) (puc. 1.142.7).

Ipuiimaroun B yBarn yMOBH MiHiMizamii gyskmionara Q" —Q',
BianoBigHy (1.83), (1.84) obepueny kpaiioBy 3amady (puc. 1.142.7) npu
Heimomux @°, Q', Q" y mudepeHmiansHii popmi 3anumemMo Tak

W _X X (py)eG,, (1.85)

dy dp oy  p

3

G,=JGY . G¥ ={(p.y) 0. <p<¢’,0<y<Q'},

=1

G ={ ()19 <p<¢’,0<y<QY},
G ={(py):p.<p<¢’,0<y <Q};
(

2.v),Y(p..v))=0, 0<y<Q",

(
,(x(2.Q").¥(2.Q")=0, @ <p<¢",
f(x(e" ) y(ew))=0 Q<y<q, w56
f,(x(2.Q).y(2.Q))=0, ¢ <p<¢’, '
fB(x(¢"w).y(e w))=0, 0<y<Q,
(

f4(x(¢,0),y ,0))=0, 0.<p<@.
OcraHHI0 337a4y 3B€AEHO 110 PO3B’sA3aHHsA B obnacti G, piBHAHB
Jlanmaca s QyHkmin X = X(go,z//), y= y(go,(//), 3QJTUIIUBIIN YMOBU

Komi-PiMana nmme B okoii TpaHumi naHoi obmacti. Ii pi3HuueBmit



3
aHaJIor y BIANOBIAHINA PIBHOMIpHIN CiTKOBii oOmacti G, =UGS) , Je
1=1

Gay)(l)z{(q)i’l//j): (Di:(oc‘*‘A(”(l)'(i_mo)’ i=my,m+1; V’j:Al/’(l)'j’

q)*_q)o QI _A¢(1)
A (1)=m+1 —. A"[/(l):n_’ ;/ﬂ)_m, mo,m,noeN},
-m, X 7

G/? ={(pw;): @ =g +Ap? i, bi=O,my; y =Ap® -], j=0n;

B ' Ap®
, A (Z)ZQ, A= _ My Ny € N§,
m, v n, 4 AV/(Z) o }

GI¥ ={(aw,)): = +Ap® i, i=0mg; oy =Ap©(j-ny),

— : "o ®
j=noon+l  Ap® =L TP Ay® _Q-Q @_-Ap
i m, n+1-n, Ay ®

my,n,,neN } , 3aIIMIIIEeMO TaK:

X~ 2xi'j + X | . X ja— 2xiyj + X

i, j+l =0, X | = X(g)i,y/j),
a; by
(1.87)
UEN IS /NS [EVINS NSt Nt (YENR SR
a; bij ’
ne :Ago(l)2 , bij = At//(l)2 npu  i=my+1m, j=1n,-1,
a; =ApPAp? b, =AyYAy®  npn i=m,, j=1n,-1,
a, =Ap®?, b, =Ay®? mpu  i=Lm -1,  j=Ln -1,
a; =Ap?PAp® by =AyPAy® mpu  i=Lm, -1, j=n,,

a, =A(0(3)2 ’ bij =Ay/(3)2 npu  i=Lm, -1, j=n,+Ln;



(%
(%,
(. (1.88)
fo (X Yin ) =0, i=Mg,m+1
f3(xm+lj ym+1,j):0 J:m
fo(X0:Yi0)=0, i=0,m+1
flx,(XO,j'yO,j)(yl,j - yO,j)_ fly,(xo,jlyo,j)(xl,j _Xo,j)zov
j=0,n+1,
f2x, (Xi,n+1' yi,n+1) (yi,n+1 —Yin ) - ny, (Xi,n+1' yi,n+1) (Xi,n+l —Xin ) =0,
i=0,m,,
1:Zx/(xmo,j’ymo,j)(ymo,j - ymo—l,j)_ ny/(Xmo,j’ymo,j)(Xmo,j _Xmo—l,j)zo’
j=ny,n+1,
(1.89)

f2x’ (Xi,n0 1 Yin, ) (yi,n0 - yi,no—l) - ny' (Xi,no + Yion, ) (Xi,no - Xi,no,l) =0,

i=m,,m+1,

f3x' (Xm+1,j | ym+1,j ) (ym+1,j - ym,j ) - f3y' (Xm+1,j | ym+1,j ) (Xm+1,j - Xm,j ) = 0’

1n()1

j=0
f4x/ (Xi,0' Yi,o) (Yi,o - yi,l) - f4y, (Xi,O’ yi,O) (Xi,o - Xi,l) = 0,
i=0,m+1

Tyt (1.89) —ymoBu opToronansHocTi (3amicTh yMoB Komri-Pimana)

JUIT  TPaHWYHHAX 1 TPUTPAHUIHUX  BY3JTiB  CITKOBOI  00MacTi.
.. . 1 2 3
CriBBiIHOIICHHS JUTsI BU3HAYCHHS 3HAYCHb MapameTpiB }/( ), 7/( ), 7( )

OCPXKUMO Ha TiACTaBi yMOB “KOH(POPMHOI TOMIOHOCTI B Majomy’

€JIEMEHTAapHUX NPAMOKYTHHUKIB 13 G, Ta BIANOBIAHUX 1M KPHBOJIIHIMHUX



YOTUPUKYTHHKIB 13 G, :

m -1

7(1)=—ZZ%,.

(m+1 my )N, 5 4

my—1ny—1

LYY (1.90)

monOIOJO

1 my—1

}/(3)_(n+1 Ny )m ZZ%"

0 i=0 j=n,

\/(Xi+l,j_xi,j )2 +(yi+l,j_yi,j )2 +\/(Xi+1,j+1_xi,j+1)2 +(yi+1,j+l_yi,j+l)2
\/(Xi,j+1_xi,j )2 +(yi,j+1_yi,j )2 +\/(Xi+l,j+1_xi+l,j )2 +(yi+1,j+1_yi+1,j )2

Buxomsium 3 mponoHoBaHOi B po0OOTI  MeTomoiorii, sKka

Vij =

IPYHTYEThCS HAa MOYEproBili mapamerpusanii Bemmumn y@, y@ »O
IPaHUYHUX 1 BHYTPILIHIX By3/1iB CiTKOBOI 001acTi G! 3 BUKOPUCTaHHIM
imelt MeToy OJOYHOI iTeparlii, MpeACcTaBUMO TYT OJWH i3 BiJlIOBITHUX
ITOPUTMIB 1MOOYIOBH YMCENBHOIO PO3B’s3aHHS OCTAHHBOI 3ajadi, L0
CKJIQIA€THCS 3 TAKUX OCHOBHHX MOMEHTIB!

— Marouu piBHAHHA rpaHuli obnacti G, (y T.4. KOOpAUHATH TOYOK

M i N ) Ta 3HaueHHs ¢,, ¢", 3agaeMo HapameTpH ciTkoBoi obmacti G/

A(p(1)=(P —Q )

1 mapaMerp &, IO
m+1 P P

my,, m, Ny, N (obumciaroeMo

XapaKTepH3ye TOUHICTb HAOIMKEHHS PO3B’A3KY;

— 33JIa€EMO TOYATKOBI HAOJNMKECHHSI KOOPAHHAT TPAHUYHHUX BY3IIiB
(TakuMm 4uHOM, 100 BHKOHyBanucs ymoBd (1.88)) 1 mouarkoBi
HaOIMKEHHS KOOPAWHAT BHYTPIIIIHIX BY3JIiB;

— 3a ¢dopmynoro (1.90) 3HaXOAMMO IMOYATKOBI HAOJIMKECHHS

7/((['); (')(X(O ,yI ) nesizomux mapamerpis ¥, =1,



@ _ Ap®

@ _
e Ay

— BU3HAYaeMo: Ay Ay Y Ap® = yP Ay @

A ¢(3)

@
Ve

_ . . . . . (1)
YTOYHIOEMO KOOPAWHATHU BHYTPIIIHIX BY3JI1B HI,I[06J'IaCT1 Gw

Ay =

Ha BIZIPi3Ky i =M, (3a BixnmoBigHuMH criBBigHOmEeHHsME (1.87));

— yrounroemo ¥ (3rigno (1.90)) i BusHauaemo Ap® = yPAy®
Ap®@ = Ay®

— YTOYHIOEMO KOOPJMHATH BHYTpiHix By31iB G'? i Ha Bimpizky
j=n, (3rigxo (1.87));

— Bigmosimmo 1o (1.90) smaxomumo »® i Bu3Hawaemo
@ @A @D  Ap® = Ap®

— 3rigao 3 (1.87) yTouHIOEMO KOOpAWHATH BHYTPIIIHIX BY3IIiB

Agp

o6macti G¥;

- 3 (1.90) s3maxomumo »®i BusHauwaemo Ay ® A% :
v
A(D(l)
@ _ :
Ay —W.

— 3HaXOJWMMO HOBI HaOJWKeHHS (y LHKIIi) HEBIOMUX BEIMYUH

®°,Q',Q" 3a popmynamu
N 1
(DO(k ’= 2(¢*+(/) +A¢(2)mo_A(ﬂ((i))(m+1_mo)).

QU =Ay® QY =AyPn +AyP (n+l-n)) (k -

HOMED iTeparrtii);
— YTOYHIOEMO KOOPAMHATH TPAaHUYHUX BY3TiB  [UIIXOM
HaOIIKEHOT0 Po3B’sa3anus cuctemu piBasHb (1.88), (1.89);

— TIiepeBipseMO BUKOHAHHS YMOB:



X ?/na)éae (‘Xivi(kﬂ) _Xivi(k)Hyi,j(kﬂ) _yi,i(k)‘)“' (1.99)
i,j) Jij z

(po(m) _(pc(k)‘ <g ‘Qr(kﬂ) _Qr(k)‘ <e
‘Q"(kﬂ) _Q"(k)‘ <. ‘D(k+1) _ D(k)‘ <c.

Axmo ymoBu (1.91) He BHUKOHYIOTBCS, TO MOBEPTAEMOCS JIO
YTOUHEHHST KOOpDAMHAT BHYTPILIHIX BY3JiB, iHaKIme — OOYUCIIOEMO

“noxuOKy  KOH(POPMHOCTI”  OTpHMaHOi CITKM 32  (OpPMYIJIOI0
£, =[1- D"

, i¢ D — ocepennene mo ob6macti G, BiIHOIIECHHS

niaroHaned i1 cKJIal0BUX YOTHPUKYTHHUKIB.
[Ipu HEOOXiAHOCTI MiJBUIICHHS TOPSAKY TOYHOCTI HAOIMKCHHS
pPO3B’sI3KY  (3MEHLICHHS TOXHUOKM &) 30UIBIIyEMO IapaMeTpH

My, M, Ny, N 1 po3B’sA3yeMo  3ajady CHOYaTKy (ONTUMAalbHE
CIIIBBIIHOLIEHHA MK My, M, Ny, N HocsAraeTses aHanoriyno o [40, 105,

179 — 182] nuaxom MiHiMizarii GyHkiioHaniB tTuny PiMana). 3Ha4eHHs
KOMITIOHCHTIB BEKTOpa IIBUIKOCTI PyXy pPEYOBHHHM 3HAXOAMMO 32

(bopmynamu

Vary =V (5% ) = 305 (X =% ) AW

Vyi =Yy (%50 %1) = 305 (Vias = Vi) AW
1€ 3y =(Xias =%5) (Vogoa = Vi) = (K =% ) (Yoows = i)

VMOBOI 3AKIHUCHHS ITEPAIMHOTO MPOIECY OGUMCICHs MOKE
Gy ywoa |67 +67 <5 2 8, = MaX|y (s =%a)) = (¥ = Y1 )|
8, =maX |y (Vies = Vi) (K = %,50)]

Ha puc.1.145 300paxkeHa po3paxyHKOBa AMHAMiuHa CiTKa

ineanpHoro moms otpumana 3a Ky =809, Kk, =302, k,, =302,

k, =429, k, =93 kpokis itepanii (3rixHo popmy: (1.91)) 3 “noxubxoro



koHpopmuocTi® ¢, =107 B obmacti G, npu f, =x —1—sinl,

z

f,=y-18—e"">, f3=x—20—cos%, f4:y—1—cos§,
0, =0, ¢ =1, £=10"°, m,=22, m=30, n,=13, n=17 i
BI/INIOBi/IHA 1 CiTKOBa 00J1aCTh KOMIIIEKCHOTO noTeHuiany G, .

Sk GaumMo, oepKaHUi HaMH PO3B’ 30K KIIF04oBO1 3a1a4i (1.78)
(puc. 1.142) € hakTuuHO PO3B’SI3KOM BHUXiIHOI 3a7a4i ONTHMi3alii BTOKY
B JMUISHKY 30ypeHHS TpaHWYHOI JIHII Tewii 3a YMOB BiJCYTHOCTI
MePETOKY 3 OCTAaHHBOI MUISTHKA N0 TpPaHMI BUXOMy TeYili 3 JaHOl
obuacTi.

"l’lm ¥ W 1 \ ‘Jl

SR Rg
ll!;n#ﬁ'_i'ﬂ%“"‘:“‘

3 1S
T 'ini‘\““““\‘“““‘

fe)

0.619(5 M

0.370

T
T
mlllf""lllgii“““‘ .

P

4

0.0 0.71a .o @
Puc. 1.145. Pospaxynxosea ounamiyna cimxa ma 6ionogiona iu

001acmb KOMNJIEKCHO20 NOMEHYIany

OcCoONMMBICTIO TIPEACTABICHOTO TYT METOAY € MOXJIHUBICTh
3YIIUHKY TIPOIIecy 0OYNCIICHD IIPH BUKOHAHHI JESKHUX 3 “yMOB 3yHUHKA

3 aBTOMAaTHMYHUM BH3HAUCHHSAM THX IUITHOK obmacti G,, ne MaroTb

Miclle TTOXHOKHM OUTBIN 3a7aHoi TOYHOCTI BIHOCHO IHIITUX yMOB, IIIO

J03BOJISIE O1TBIII EKOHOMHO BUKOPHCTOBYBATH MAIIMHHUM Yac.



PO3/L1 2. MATEMATHUYHE TA KOMII'FOTEPHE
MO/JIEJIIOBAHHSI ®LTbTPALIIITHUX NPOLIECIB B JIBO- TA
TPU3B’SI3HUX MOPUCTHUX MJIACTAX

VY poszaini mepeHeceHO METOAWKY MAaTeMaTHMYHOTO MOJEIIOBAHHS
¢inpTpaniinux aedopmaniii rpyHTy, 3anponoHoBany bomOoo A.f. Ta
XnamykoM M.M., Ha Bumaaku obOnacted ¢inbTpamii CKIagHIMION
reomeTpii (0araTto3B’si3HI KpUBOJiHIKMHI 00J1acTi), BUPIIEHO MpoOIeMy
BpaxyBaHHS PO3IBOEHHS JIiHII Tewil mpu mepexoni Bia OGaraTo3’s3HOI
o0acti impTpallii 0 0HO3B’A3HOT IPU MATEMATUYHOMY MOJICITFOBaHHI
(GiTbTpaLiiHUX MPOILECIB y NOPUCTHUX IIACTaX, pO3po0IeHo eeKTUBHUI
YHUCIOBUIl alrOpUTM pO3B'SI3yBaHHS HENiHIMHMX OOEpHEHUX KpailoBHX
3aJad  Ha KOHQOpPMHI Ta KBa3iKOH(GOPMHI BiJOOpakeHHsS IS
JIBO3B’sI3HMX 00JacTeil Ha OCHOBI BIIOMOT0 METOAY MOYEProOBOi Mapame-
TpH3alii XapaKTepHCTHK MPOLECY Ta CepeloBHILNA MPH MOJEITIOBAaHHI
cy(ho3iiiHuX siBHILI Yy IpyHTaX, BUpilIeHO mpobiemy BHOOpY dhopmu 00-
JIacTi KOMILIEKCHOTO TOTEHIiany 3 MHOKHHHU yCiX MOXKJIMBHX Y BUIAIKy
TpH3B’A3HOI MOJENBHOI 00NacTi QinpTpanii Ta po3pobIeHUH BiAMOBIN-
HUI E€BPUCTHUYHHUI alrOpUTM BHOOpY, BIEpIIE, HA OCHOBI pe3yibTaTiB
YHCIOBUX PO3PAaxXyHKiB, BCTAHOBJICHO CITiBBITHOIICHHS MiX XapaKTepH-
CTHKaMH CEPEJIOBHIIA 1 TIPOLIECY A0 Ta Micis aedopMariii 1 BUIAJIKIB,
Koy ¢izudHa obaacte QinbTpalii € 6araTo3s’3HOIO.

2.1. Heniniiini xpaiioBi 3agaui Teopii ¢inbTpaunii Ha kondopmHi Ta
KkBa3ikoH(GoOpMHI BiTo0pakeHHs] AJf JABO3B’S3HUX MOJEJIbLHHX
o0snacrei

2.1.1. OGepueni kpaiioBi 3amaui Ha KoHdopMmHi BinoOpaskeHHs.
IIpodaema BUOOpPY MPHPOIHOTO PO3Pi3y Ta BpaXyBaHHS PO3ABOCHHS
BimoBigHOI JdiHil Teuwii y BUnaaKy AB03B’sI3HOI Mo/Ie/IbHOI 00J1aCTi

2.1.1.1. MaremaTH4YHa NOCTaHOBKa 3agadvi. Po3rmsHeMo MojenbHy
3aj1a4y Ha 3HAXO/KCHHs FApPMOHIYHOT QYHKIIT ¢ = ¢(X, y) (moTenuiany)

B JIBO3B’sI3HI KpHBOMNiHIHHIA oOmacti Gz, (z=X-+Iiy), oOMexeHii



JIBOMA TJIQJIKUMH 3aMKHEHUMHU KOHTypamu L, = {Z cfo(xy) = 0} (abo
Lz{x+iy: X=X(1), y=V.(1), 0St<27z}) —  BHYTpIIITHIM,

U ={z: f"(x,y)=0} (abo L ={x+iy: x=x(t), y=y(t),

0£t<27r}) — 3OBHINHIM, TpH yMOBax: @| =@, (p‘f =¢",
—0 <@, <@ <+ [53,71,73,81,100] (aus. puc. 2.1).

BBiBIIIM rapMOHIYHO CHPSDKEHY 10 ¢ = ¢(X, y) ¢dyHKOio Teuii

v =w(X,Y), 3adikcyBaBIIM Ha BHYTPIIIHHOMY KOHTYpi L. nesky

TOYKy A Ta 3OIACHUBIIM YMOBHUU po3pi3 [' B3IOBX BiAMOBITHOT

ainii Teuii (uepe3 AD Ta BC Ha puc. 2.1 mo3HaueHO BiIMOBIIHO

BEpXHIH Ta HIDKHIA Oeperd po3pizy) MePeXoauMo A0 OUTBII 3araabHOL
3a1a4di Ha KOH()OpMHE BiIOOpaKEeHHA @ = a)(z) = ¢(X, y) +1i l//(X, y)
[53,73,82] yTBOpEHOI TIpH 11bOMY O/IHO3B s13HOT o6macti GY =G, /T
Ha BiJNOBIAHY MpPSMOKYTHY 00JacTh KOMIUIEKCHOTO TOTEHI{aly
G,={w=¢+iy: ¢ <p<¢", 0<y <Q} 3 HeBinoMUM napameTpoM
Q (TOBHOIO BUTPATOIO) TIPH BiAMOBITHOCTI YOTHPHOX KYTOBUX TOUOK
(puc. 2.1):

G_W 00V ()G,

ox oy oy X (2.1)

Ohe =0 Ol =0 V=0 ¥l =Q

Uepe3 reoOMETpUUHY CKIaAHIiCTh obnacti GP (kpuBOMiHiiHMIA
YOTHUPUKYTHHUK) TA TPUBIAIBHICTH BiAMOBIAHOT 1if 001aCTI KOMIUIEKCHOTO
noreHuiany G, (OpAMOKYTHHMK) MM PO3IISJaTHMEMO 3aMICTh MPAMOI
3amadi Ha KoH(popmHE BimoOpaxkeHHs obOepHeHy mo Hel. Ilepexim mo

00EepHEHOTO BiIOOpaKeHHS aBTOMATHYHO BHPINTYE TIPOOIeMy o0y I0BH

CITKM TIpM BHKOPWCTAaHHI CITKOBHX YHCEIIBHHX METOIiB, O3BOJISE



noOyayBaTH TiAPOAMHAMIYHOIO CITKYy pyXy pedoBMHH B obmacti G,,

BU3HAYUTH QiIbTpamiiiHy BUTparty Q, IO € CYTTEBHM IPH BUBYCHHI

pi3HUX TpoueciB 1 SBHUI KOHBEKLii, MacooOMiHy, audysii Ta iH.

PO3YMHHUX PEUOBHH, IO 3a0pyAHIOIOTH OONACTbh, Ha QiIbTpaliiiHUX

nossix (ponax).

P e : Y 5 ¢ (@

fanY

¢

o

o' Alp) D{(¢")

Puc. 2.1. Dizuuna obracmo ma 6ionosiona it 0baacmo K6A3IKOMNIEKCHO20
nomenyiany

Bigmogiana mo (2.1) oOepHeHa KpaiioBa 3aqa4a Ha KOH(QOPMHE
BinoOpaxenns z=2z(w)=Xx(4,y)+iy(¢,w) obnacti G, na Gy mpu
HeBimomiii BuTpati Q Ta mpupomHOMy pospizi ' 3anmiieTscs y

BUTJIISL:

oy _ox ox_ dy

%—&p, ey 2’ (p.w)eG,, (2.2)
f. (X(@o. ), Y(@..w)) =0, f (x(¢,p),y(¢ ,w))=0, OSWSQ,(2_3)
X(2,0)=x(¢,Q), Y(@.0)=Yy(0.Q), o <p<¢,

m Xew) 5X(¢’J//), 0 <p<o
w—0+0 6[// w—Q-0 a[//

||m 8y((Dvl//): ||m 8y(¢1W) < < *
v —0+0 81// v—>Q-0 61// ' '

(2.4)



OctanHio 3agayy mMu 1 Oynemo po3B’ssyBatu. Moaudikyemo ii
JUIT  OLIBIOI  3pYYHOCTI KOMIT'IOTEPHOI — peaiizamii  alropuTMmy
po3B’si3yBaHHa. To#l ¢akr, mo ¢GyHKIT X:X(¢,l//) Ta y=y(¢,l//)
3a10BONTBHSIOTE yMoBaMm Komri-Pimana (2.2), a, omke KOXKHA 3 HHX

OKpEMO € FapMOHi‘-IHOIO B obmacti G A03BOJISIE€ 3BCCTU JaHy 3a/1avyy OO0

0>
po3p’s3yBanHs B G, piBHAHb Jlammaca AX=0, Ay=0, Aki € 3Ha4HO
3PYYHIIIUMHA TpU  PO3B’sI3yBaHHI Ha KOMIT'IOTEpi, TPH 3aJaHUX
HEJIIHIHHKUX KpaiioBux ymoBax (2.3), (2.4) ta ymoBax Komi-Pimana na
ninsakax A'B' ta C'D' rpanmmi 0G, obmacti G,. OcranHi KpaioBi
YMOBH 3pY9YHO 3aMIHATA HAa YMOBH OPTOTOHAJIBHOCTI JiHIA Tedii Ta
SKBIMOTCHINIAIGHAX JIIHIH 70 BIAMOBITHWUX IIJISHOK TPaHUIl (i3waHOT
obmacri [53,82,176]:

grady (x,y)-grad f.(x,y)=0, (x,y)e AB,

grady (x,y)-grad f"(x,y)=0, (x,y)eCD.

JoBinbHiCTE BUOOpY Toukn A Ta BHOIp po3pi3y B3HOBXK

(2.5)

BIJIMOBITHOT JTiHIT Tedii JO3BOJNSE TaKOX 3aMiHUTA yMOBHU (2.4) OuIbII
MPUHHATHUMH I KOMIT FOTepHOI peauizaiii piBHsHHsMU Jlammaca
Ax=0, Ay=0.

2.1.1.2. PizHuueBuii aHajor 3aga4yi Ta aJroOpuTM YHCEJIbHOIO

po3B’si3yBanHs. Beenemo B 006nacti G, piBHOMIPHY OpPTOTOHalbHY

citky Gl ={(4.v;): 4 =¢ +i-Ag, i=0n; y,=j-Ay, j=0m;

- A
A¢:u, Al//zg, 7/:_1// ,ne N, mell —mapamerpu po3OUTTA
n m Ag
o0JacTi KOMIUIEKCHOTO TMOTeHmiany, a A@, Ay — KpPOKH CITKH

BiJIMTOBI/THO 110 3MiHHUM ¢ Ta Y/ .

Piustast Jlarmmaca AX=0, Ay=0 OyaemMo ampoKcHMyBaTh



JIBOSIKO: BUKOPUCTOBYIOYHM B OJHOMY BHIIQJKY IT SITUTOYKOBUH IIa0IOH
THITY “XpecT’, a B APYrOoMy — JEB’SITUTOYKHH MMA0JIOH THIY ‘‘SIIUAK’
[155,190]. Orpumaemo cHCTEMH CITKOBHX piBHAHB (2.6) Ta (2.7)
BIJIMTOBITHO, SIKi OyIeMO PO3B’SI3yBaTH Y BHYTPIITHOCTI CITKOBOI 00J1aCcTi

G, tapospisi I':

2 2
Xi i1 _2(1+V )xi,j +Xijat? (xi—l,j + X

)=o, i=ln-1

(2.6)
Yija— 2(1"‘ VZ)J’i,j i T y? (yi—l,j T Vi ) =0, j=0m-1
X = a(Xi+1,j + Xi—l,j) +ﬂ(xi,j+l + Xi,j—l) +
+ (Xi—l,j—l + X ja T X T Xi+1,j+1) ’ i=ln-1,
20
Yii= a(yi+1,j + yi—l,j)+ﬂ(yi,j+l + yi,j—l) +
N (yifl,j—l tYigjatYigjn t yi+1,j+1) , j=0m-1,
20
a=3Ap° Ay 151 (Ap*Ay* + Ap*Ap®) 0.1,
L=30p'Ay? 5] (A’ Ay’ + Ap*Ayp?)—-0.1,

ne X =x(@.v;) Vi =Y(.v;).

Bukopucrani 9HCIIOBI CXeMH MAalOTh APYTHA  TOPSIIOK

2.7)

anpokcuMariii. Ix 36DKHICTH Ta CTiHKiCTh MOBHICTIO OCIIKEHAa B
[190,191].
VmoBu oproronansHocTi (2.5) y citkoBi o6macti G]

samucyrothes [73,81,176] y Burismi:

(4Xqj —3%g,j = %2,j)(Xo ju1 = %0,j-1) + (4Y1,; —3Y0,j = Y2.1)(Yo,j+1 — Yo,j-1) =0,

j=1m-1;
(3Xn,j + Xn—z,j - 4Xn—l,j)(xn,j+1 - Xn,j—l) + (3yn,j + yn—z,j - 4yn—1,j)><

><(yn,jJrl - yn,jfl) = 01 J = O,_m (28)



Bignosigsi (2.3) ciTKOBi piBHSIHHS 3aIUCYIOTHCS Y BUIIISI:
f. (Xo,j’yo,j)zoa f*(xn,j’yn,j) =0, J =0,m,

o (2.9
X0 =%m Yio=Yim i=0.n.

Hesimomy Butpary Q OymemMo 3HaxoamTd 3a (HOPMYIIOH
Q=mA¢ -y, ne ¥y — xoudopmHuii inBapiant obnacti G’ (BiAHOUIEHHS
CTOpiH NpsAMOKyTHHKa G, ), sIKMI MOKHA OJIep/KaTh Ha IiJACTaBl yMOBU

“kBa3ikoH(POPMHOI MOAIOHOCTI B MaIOMy™ BIIITOBITHUX CIEMEHTAPHUX

YOTHPUKYTHHKIB IBOX 00IaCTEH:

1 n-1,m-1
y=—— Viir (2-10)
nm ;5=

ne p = \/(Xi,j+1’)<i,j)2+(yi,j+1’yi‘j)2+\/(Xi+1,j+1’xi+1,j)2+(Yi+1‘j+1’Yi+1,j)z
H \/Xi+1,]’xl.j)z+(y|+1‘17yhj)z +\/(Xi+1,1+1*)<|.1+1)2+(Yi+1.1+1*y|‘1+1)2

OTmxe, pi3HMIEBA IOCTAHOBKA 3a/adi OMHCYETHCS CHCTEMOIO
piBESHB (2.6) — (2.10). CucTemMa yMOBHO CKIIATAETHCS 3 YOTUPHOX TPYII
PIBHSHB:

e anpokcuMoBaHuX piBHsHB Jlarutaca AX=0,Ay =0 (2.6) ta (2.7);

e DI3HHUIICBUX aHAJIOTIB YMOB OPTOTOHAJILHOCTI 130JiHIN O TpaHWUII
¢izmunoi 06macri (2.8);

¢ yYMOB BIAMOBIAHOCTI TPaHWYHUX BY3JIB JBOX O0NacTel Ta yMOB
nepioguanocTi (2.9);

e  DIBHSHHSA I HAOIMKEHOTO 3HAXOKEHHS BeanmuuHu v (2.10).

Koxnili 3 mepeniueHNX rpyn piBHSHb (OKpIM MHepeIOCTaHHBOL)
BIITIOBiIa€ CBOS TpyNa HEBIIOMHUX: KOOPJAWHATH BHYTPIINIHIX BY3/IiB
citku G; [UIA IepIIoi I'PyIH, TPAaHUYHKX BY3IIiB CiTku G; — 114 apyroi
Ta 3Ha4eHHA BUTpatd Q — ms (2.10). I'pyna piBHsAHB (2.9) Moxe OyTn
ABTOMATUYHO BHKIIOYECHA 3 CHCTEMH DPi3HHIIEBUX DIBHSHb 32 PaxXyHOK

BUKOPHMCTAaHHs MapaMeTpPUdHOro 3ajaHHs KoHTypiB L. Ta L, mo



0o0MexyloTh 00nmacte G,, 3aMiCTb HESIBHOTO CHOCOOY iX 3aiaHHS Ta

29
30epiraHHsl 3HaueHb HEBIIOMHUX KOOpIMHAT BY3IiB po3pisy I mpu
KOMIT IOTEpHIA peamizallii aaropuTMy B OJHHMX 1 THX € KOMIipKax
mam’sati EOM. AnroputM 3HaxXOKCHHS HAONIKEHOTO PO3B’SI3KY
pisauneBoi 3amaui (2.6) — (2.10) moOymyeMo MUIAXOM IOETAITHOI
rapaMeTpu3allii 3 BUKOPHUCTAHHSAM iel MeTomy OJIOWHOI iTepartii s
aQHAJITUYHOTO OOTpyHTYBaHHs ioro 30ixkHOCTI [166]. Lle o3nauae, mo
MU OynemMo iTepaliiiiHo “mifmpaBisiTi’ HEBiOMI 3 OJHI€I TpymH,
PO3B’sI3yI0UM TPYIy PiBHSIHB, IO iM BiAmoBigae, GIKCyOUH MpU BOMY
HEBiIOMI 3 IHIIMX TPy (MapaMeTPU3YIOUH iX).

Jlumre nepia rpymna piBHIHB, a came (2.6) Ta (2.7), € niHilHOO (32
ymoBH ¢ikcamii y). [Ipraomy Matpumi pisHHIIEBHX piBHSHB Jlammaca €
CUMETPUYHUMH, IOJATHO BU3HAUYCHHMH Ta BOJOIIIOTH BIACTHBICTIO
JiaroHaJbHOI TIepeBarw SIK MO PSAAKaM TaK 1 MO CTOBIMISAM, MIO Ja€
MOJKJTUBICTH 3aCTOCYBATH JJISi PO3B’SI3aHHS JAHWX CHUCTEM iTeparliitHui
meron 3eimena. Sk BigoMo, 1el MeTox 3a JaHUX YMOB
XapaKTEepPU3y€ThCS TMOBUTHHOIO 30DKHICTIO UIsI BEIMKHX h Ta m
(xinbkicTh iTepamiii mopsaxky O(n?+m?)). I1[06 NPUIIBMAMKTH HOTO
301KHICTB, K 1Ie Oyno 3po0sieHo B [99], 3rigHO i3 BiIOMHM METOJIOM
penakcaii [39,155], BBegemo neskuid mapamerp 0<t<2, SKUM MOXKHa

OyJie peryJoBaTH MBUAKICTh 301KHOCTI MeToMy 3eiaens:
—(k+1)
u Y =z.u T+ (1-7)-u, (2.11)

) (k+1)

me u®, u — BianmoBinHo Bektopu k-ro Ta (k+1)-ro HaOmmkeHHS

Lo o —(k+1)
po3B’s3ky cucteM (2.6), (2.7); t — penakcariitumii mapametp; U -

BEKTOpH, sIKi OOUMCIIIOIOTHCS 3a iTepamiiHuMu Gopmynamu (2.12) un
(2.13).



S k (k k (k .
X =P X)) + 4+ X)), i=Ln-1,

( +1)

0 =g O )+ O, 1=0m L

(2.12)

—(k+1)

Sk BiOMO, TIPH ONTHMAITLHOMY CBOEMY 3HAYCHHI T=Tonr KIIBKICTB
iTepaniii Oyae mopsaky O(n+m), TOOTO Ha MOPSIOK MEHILOK HIXK IPU
BUKOPHUCTaHHI 3BHYaiiHoro Merony 3eiaens. OcTraHHE gae 3HaA4YHE
MPUIIBUIIICHHS Ha BEJTUKUX CITKaX.

—(k+1)
Xii =4 +X9 )+ B4 +X ) +
+ (Xl(kl)J -1 + X|(+1)J -1 Xl(kl) j+l Xl(tl) j+l : :1, n _1,
20 ’
(k+)
i,j = a(yl(fl)j + yl—l j) +ﬁ(yl j+1 l(kj) 1) + 5 1 (213)
(yl -1,j 1+yl+lj l+yi(£(]?,j+l+yl+lj+l) J =Gm=4
20
a=3Ap* Ay 151 (A@*Ay” + Ap*Ay?)—0.1,
L=3Ap"Ay? 5] (Ap°Ay* +Ap*Ay?)-0.1.

HabnwixeHe 3HAa4eHHA Tonr OyAEMO 3HAXOAUTU B IIPOIECi
MOCHiZIOBHOT  BepxHbOi  penakcamii  (1<t<2). IIpomec  BuOOpy
ONTUMAJIBHOTO MapaMeTpa pellakcallii BUIJIsIae Tak: MOYaTKOBI iTeparii

OpoOBOAMMO 3 THapaMmeTrpoM T=Il, B mpomeci iTepauili 3HaAXOIUMO

HaOnmkeHo Take 3HaueHHs p, = o', ne ki — MiHiManbHE YMCIO, IS

SIKOI'0O BUKOHYE€TBHCS YMOBaA:

p(kl)

p(kl—l) -1

<3, (2.14)

3 3a1aHOI0 TouHicTIO 1. [Ipraomy p® BizHAUAIOTHCS 33 (HOPMYIIOKO:



n-1,m- 1
‘ 1 (k) (k 1))
(k) — 2

— ij=
R S

ij=1

NN

o (2.15)

(U (k-1) (k 2))

BusHauMBIIM ~ BENMUYMHY P1, HAOMMKEHHS  ONTHMATBHOTO
3HAYEHHS MMapaMeTpa pellakcarlii — Jesike To 3HaiIeMo 3a GOpMYIIOr0:
2

Lel-p?

Jnsa Bcix mojmanemux itepaniii OyaemMo BHUKOPHCTOBYBATU BiKE

7, = (2.16)

3HAlICHNI HAMH PelaKcaliifHui mapaMeTp To.

Hna pO3B’sI3yBaHHS CUCTEMH HEJIHIHNIX PiBHSHD
OPTOTOHAJILHOCTI MOYKHa BHUKOPUCTOBYBAaTH pPI3HOMAHITHI YHCENbHI
Meronu (Meton; HeroToHa, MeTOj MONLMY BiApi3ka Mmomonam, i.T.I0.
[39,155]). B wHamomy Bumagky s 3HaxXOKEHHA (TigNpaBKH)
napameTpiB By3niB Ha rpanunsgx Gz B cwiy TOro, mo Mexi Ix
3HAXOKCHHSI BIJIOMI 3a37aJieriah, OyB 0OpaHUit METO TOMUTY Biapi3Ka
TIOTIOAM.

ANTOPUTM  TOETamHOI  MapaMeTpu3amii g pO3B’sI3aHHS
pizHuIeBoi 3amaui  (2.6)—(2.10) MoXHa TPENCTaBUTH Yy BUTIAAIL
MOCITiZIOBHOCTI KPOKIB:

0. 3amaemo reomerpuuHy KoH(irypanito ¢izuunoi obmacti G, abo
HesBHO (L, ={z=x+iy: f,(x,y)=0}, L ={z:f"(x,y)=0}) abo,
mo 3pyuHime g peamizamii Ha EOM, mapamerpudHo  (
L ={x+iy: x=x(), y=v.(t), 0<t<2z}, L ={x+iy:
X=X (t), y=Yy(t), 0<t<2z}); KinpKicTb By3IiB pO3OUTTS
BIINOBIIHOT 00J1aCTI KOMILIEKCHOTO noTeHniany G, neskoi ciTKOBOI

obnmacti G/ (mapameTpu N Ta M); mapameTpu HEOOXiIHOI TOUHOCTI

poboTH aIroOpUTMy &, i=13 Ta piBeHb KOH(OPMHOCTI O,



BiI0OOpaskeHHSI, IKE MH X04eMO MO0y IyBaTH.

Bubupaemo Ha BHYTpPIIIHEOMY KOHTYpi TOYKYy A Ta 3amaeMo

: 0
MMOYATKOBE HAOIHKEHHS IIYKaHUX KOOPAWHAT 'PAHUYHUX BY3JI1B Xi( j)

(0)
Ta Y, Tak moO BHUKOHyBamucs ymoBH (2.9). V Bunaaky
MapaMeTPUYHOTO 3a/IaHHsI TPaHUIll 001acTi JaHa yMOBa BUKOHYETHCS
ABTOMATUYHO, III0 CIPOIIYE peattizaiito airoputMy Ha EOM.

3amaeMo MOYaTKOBI HAOMMKEHHS IIyKAaHWX KOOPAMHAT BHYTPILIHIX

(0)

BY3JIiB JIMHAMIYHOI CITKH (X ,yi(oj)) Ta TOYaTKOBE HAOIMMKEHHS

Butpatd Q (I 1IHOTO PO3B’SA3YIOTHCS PiBHAHHA (2.6) abo (2.7) Ta
BUKOPHUCTOBYEThCS popmy Q =mAg¢-y Ta (2.10)). k:=0.
[IpoBomMMO YTOYHEHHS KOOPAWHAT BHYTPIIIHIX BY3JIiB THHAMITHOL

CiTKH ( Xl(kJ

), yi(’kj)) 3a itepariitanmu cxemamu (2.11), (2.12) ado (2.11),
(2.13), BpaxoByIOUM NpPH LBOMY MEPIOTUYHICTh IIYKAHUX (DYHKIIH.
YTOoUHEHHS HaWKpalie MPOBOAUTH, BUKOPHUCTOBYIOYHM 0araTOCITKOBI
merogu  [22,27], SAKi  JO3BOJSAIOTH  3HAYHO  e(EKTHBHIIIE
BHKOPHCTOBYBATH TPOIECOpHUI yac. B m.3 anmroputmy moCcTaTHBO
mpoBoguTH ab0 omHY ab0 HEBENWKY KIJBKICTh  iTepamii
0araToCiTKOBOTrO METONy, aJPKe aJlfOPUTM Iependadae OararopasoBe
BUKOHAHHS JTaHOT omnepartii.

“IligmpaBnsieM0” TpaHUYHI BY3JH, PO3B’SA3YIOUHM CHUCTEMY DPiBHSHB
OPTOTOHAJILHOCTI JiHIK Tedii o TpaHuli obaacTi.

3naxoaumo Hoe HabmmkenHs QY Bemmuman Q , BUKOPHCTOBYIOUH

3HaveHHs koHdopmuoro inmpapianty ), 3maiinene 3a dopmyioro

(2.10).

. Sxmo 3miHa HeBimomoi BenwmumHM (Q 332 OCTaHHIO IIPOBEICHY
iTepanito OiblIa 33 &,, TO MEPEXOAUMO 110 11.3

3HaXO0MMO BEJIMYMHY 3MIILICHHS BY3J1iB HA TPAHUIII 3a TpoBeieHy K -



Ty 3arajpHy iTepaiiro S =max \/ (Xi(kj) - Xi(kj‘l))2 + (yi(kj) - yi(kj'l))2 .
i,j ! ! ! !

SIk1o BoHa OiblIa 3a &, , TO NEPEeX0IUMO 10 11.3
8. IlepeBipseMo MakcHMasbHE 3MIlIEHHS 32 HOPMOIO ‘R, BHYTpIIIHIX

BY3JIiB 3a OCTaHHIO IPOBEACHY ITEpalliio aaropuTMmy. SIKIo BoHA
Oinblia 3a & , TO IPOAOBKYEMO ITepaliitHuil porec 3 m.3.

9. OuiHtoemo ctyniab kKoH(GoOMHOCTI (2.17) oTpuMaHOTO Bif0OpakeHHs
00J1aCTi KOMIUIEKCHOTO IMOTEHITiana Ha (Hi3udHy 00JacThb 13 PO3pizoM

B3IIOBXK JiHiI Tedii. Skmo & > J., TO 301IbLUIYEMO KUTBKICTh BY3JiB
po30UTTA ciTKOBOI 06aacTi G/ (a1 1boro 301bIIyEMO MapaMeTpu

N, M, ONTHMAJbHICTh CIIBBIIHOIICHHS MK SKHMH JOCSTa€ThCS
axayioriggo mo [99,100,105,106,179] nmuisixoM onTuMi3aiii aHaJIOTiB
(dbyukImioHaniB Tuiry PiMaHa) Ta IepexoaumMo 10 11.3, iHaKIIe — KiHeIb
po0oTH anropuTMy: 3ajada po3B’sA3aHa i3 HE0OXiTHO TOYHICTIO.

§=\62+62, (2.17)
n-1,m-1

ae o, = m_aX|7’(Xi+1,j - Xi—l,j) _(yi,j+1 - yi,j—1)|1

i,j=1
n-1,m-1

0, = m_aX‘V(YM,j - yi—l,j) + (Xi,j+l - Xi,j—l)‘ - HEB’A3KU

i,j=1
arnpoKcHMalliii piBHSHB (2.2).

Crig 3ayBakWTH, 10 YMOBOIO 3aCTOCYBaHHS HABEJCHOTO BHIIE
QITOPUTMY € JIOCTaTHHO OJU3bKE MOYATKOBE HAOIMKEHHS KOOpPIUHAT
IrPaHUYHHUX BY3JIiB Ta HEBiZIOMOI BeaWYMHA Q 10 IIYKAHOT'O PO3B’SI3KY.
Kpim Toro Bimobpaxenns F:Q%™ — QY gke Binmosinae sarampwiit
iTeparlii aJropuTMy, MOBHHHO OyTH CTHCKaiouuM. Jluimie B IbOMY
BHITAIKy CJiJ OYIKyBaTH 30DKHOCTI 3alpOIIOHOBAHOTO aJTOPUTMY.
Hapani Oymemo po3B’si3yBaT 3ajadi, IO 3aJOBOJIBHSIOTH BUIIEC
BKa3aHUM yMoBaM. SIK TOKa3ye TpaKTHKa, KJIac TakKWx 3a7ad €

JOCTaTHRO WHpoKkuM. Kpim Toro, 3ayBaxkumo, o mnpu QikcoBanux n, m



B  pe3yJbTaTi pO3B’sA3aHHSA 3adauyi MH  OyAyeMO KOHQOpPMHE
BimoOpakeHHss He oOmacti Gz Ha Gy, a jmeskoi obmacti G’z
(cmotBopeHoi Gz) Ha G, Uepes 1e npsAMUM TPaHUYHUM KyTam o0iacTi
Gz MOXyTh BIANOBIAAaTH TOCTPi UM TYIi TpaHny4Hi KyTu obnacti G’z. Le
B CBOIO 4Yepry MNOPYWUTb KOH(OPMHICTH, OTPHUMAaHOi B pe3yJbTaTi
PO3B’s3KY 3aj1adi, CiTKu. TOMy AJisl JOCSATHEHHS Oibioi KOHGOPMHOCTI
ITyKaHOI CITKM B TaKUX BUIAIKaX HEOOXiTHO Oy/e 301TBIMUTH KUTBKICTh
BY3JIiB PO3OUTTS OPTOTOHAIBHOI CITKM — BEIMYMHHA N Ta M.
OxpecoeThCsl MIMMI KJIAC 3a/1ad, PO3B’sA3yBaHHS SKNX € e()EeKTHBHUM
O0CpHEHHIMH METOJaMH, SKi pO3MIINA0ThCS B JaHId  pobOOTi

(Binobpaxxenns G, —G,). Ile xmac 3amay, mna saxkux G’z Mano

Bizpi3usaeThes Bix Gz. st iHIIMX Ki1aciB 3a7a4 OUIbIIE MiAXOAATh IPSIMi

MeToH (BinoOpaxenua G, —G,).

2.1.1.3. IloGynoBa moJisi MWIBHAKOCTeH HA OCHOBI AUHAMIYHOI CITKH
Ha ocnoBi moOynoBaHoi 3a paHilie ONMUCAHUM aJITOPUTMOM AMHAMIYHOI
CiTKH, piBHSHHA pPyxy Ta ymoB Kommi-Pimana (2.1), mis momansiroro
BUKOPHCTAHHS PE3yJIbTATIB YACETHbHUX PO3PAaXyHKIB MPH PO3B’sI3yBaHHI
3a/a4 THMY “‘QiIbTpamis-KOHBEKIlis Ta “QuUIbTpamis-audy3is” HEBAXKKO
3HaWTH BEKTOP MIBHAKOCTI y KOXKHIM TO4I MOOYI0BaHO! TWHAMIYHOI
CITKH 3a (opMynaMu:

JUIs1 BHYTPILIHIX BY3JTiB CITKH —

1
2Ap

Ji, = (Xi‘fl’i — Xi—lvj)(yi,j+l - yi,j—l) - (Xi,j+l - Xi,j—l)(yi+1,j - yi_l,j) ;

’ dApAy
TUTSL BY3JTiB CITKH Ha po3pizi ' —

1
2A[//‘]i,m

(Ux'Uy)i,j = (yi,j+1 Vi X Xi,j+1) ,Ji=Ln-1 j=1lm-1,

(000))im = (D)o = (yi,l ~Yim Xima Xi,l)’ i=Ln-1,



J = (Xi+1,m B Xi—l,m)(yi,l - yi,m—l) - (Xi,l B Xi,m—l)(yi+l,m B yi—l,m) .

i,m

dApAy
JUTSl TPAHUYHKX BY3JiB CiTkM HA L, —
1 .
(0,0, :m(yo,jﬂ ~ Yo,j-11 Xo,j1 — XO,j+1)’ J=1m-1,
0]
J (Xl,j - Xo,j)(yo,j+l - yO,j—l) - (Xo,j+l - XO,j—l)(yl,j - yo,j)

0~ '

2ApA Yy

JUIsl TPAHUYHUX BY3JIiB CiTku Ha L —

1 .
(UX’Uy)n,j :m(yn,ju - yn,j—l’ Xn,j—l - Xn,j+1)’ J =lm-1,
n.j
J = (Xn,j - Xn—l,j)(yn,j+1 - yn,j—l) - (Xn,j+1 - Xn,j—l)(yn,j - yn—l,j) .
" 2ApA Yy ’
g ToUoKk A ta B —
1
(Ux'Uy)O,O = (Ux’Uy )o,m = m(ym ~ Yom-ar Xom-1 — XO,l) )
0,m
J _ (le - XO,m)(yO,l - yO,m—l) - (X0,1 - XO,m—l)(yl,m - yO,m) .
om 2ApA Yy ’
g Touok C ta D —
1
(UX’Uy)n,O - (UX’Uy)n,m = 2Ap ] (yn,l ~Yamu Xoma ~ Xn,l) 1

J _ (Xn,m - Xn—l,m)(yn,l - yn,m—l) - (Xn,l - Xn,m—l)(yn,m - yn—l,m)
o 2ApA Y '

2.1.1.4. TecrtoBi mpuxjaagu. B sSKoCTI TecTOBOro (KOHTPOJBHOTO)
MPUKJIATy JJI1 TIEPEBIPKU KOPEKTHOCTI 3alpONOHOBAHOI METOIHUKH

posriasiHeMo o0nacTe G;, 0OMeXKeHy JBOMa KOHLEHTPUYHMMH KOJIAMH

paniycamu 1 Ta 2:



L. ={z:x=x.(t)=cos(t), y = y.(t) =sin(t), t €[0,27)} , o. =0,
L ={z:x=x"(t) = 2cos(t), y = y"(t) = 2sin(t), t € [0,27)} , " =In2.

[lykane KOH(OpMHE BiJOOpaXKeHHS napamMeTpUYHOTO
npsmokyTHHKa [0,In2]x[0,Q], ne Q =27, Ha obnacts G, 0e3 po3pi3y
B3JIOBX OCi OX , 3IHCHIOETHCS 3a toroMororo (ynkmii [142]:
z2=12(0) = X(,v) +i-y(p,w) =€ =’ =¢’ -cos(y) +i-e’ -sin(y) . (2.18)

Pe3ynpratu po3B’si3aHHS MMOCTABICHOI 33/1a4i 3 PI3HUMU N Ta M
Ha IIK 3 mporiecopom AMD AmS586-160(4x40) MHz B peanbHOMY
(RM86) pexxmmi i3 3actocyBanHsM komiminsropa “Borland C++ v3.1”
nmpuBeneHi Ha puc. 2.2 Ta B Tabm. 2.1 (mpm po3B’si3yBaHHI
BHKOPHCTOBYBAJIMCh MNapaMeTpd TOYHOCTI €1=€2=e3=10°, Nier —
KIJIBKICTh 3arajibHUX iTepamiil alropuTMmy, t — gac #oro BUKOHaHHSA, O —
HeB’s13ka piBHAHD Komri-Pimana).

BigHocHI MakcWMallbHI TTOXHOKHM 3HAYECHb KOOpPIWHAT BY3IIB, a
TaKOXX BiJHOCHA MMOXUOKa (inpTpauiiHOi BUTpaTH, HaBedeHi y Tabi. 2.1,

3HaxoAWwIMCs 3a popMynamu:

x.‘".—x..| yfj.—y..| o _
é‘m :max 1] ; [N} ’ 1] - [} , 5Q — Q 5 Q ,
U N Q
e X,0 i y," i QfJ — TOYHI 3HAYEHHS, OOYHCIEHI 3a aHaIITUYHUMU
opmynamu  (2.18),  X;;, ¥;;, Q — 3Hauenns, oOumcneni 3a
PO3pO0JICHUM AJITOPUTMOM.
Tabnuysa 2.1
Pesynbmamu mecmosoeo pospaxyuky ons oonacmi G,
n m Niter t, MC Q 5Q 5m 5

45 | 236 | 3290 | 6,28813 1 0,00494  0,009897 | 0,00482
7 1 63 | 236 | 5158 | 6,28571 :0,00252 : 0,005054 | 0,00183
10 | 91 | 183 | 7843 | 6,28445 0,00126 : 0,002533 | 0,00065




15 | 134 | 187 |17515:6,28372 :0,00054 ; 0,001084 ;| 0,00023
20 | 181 | 182 34169 6,28349 {0,00031 : 0,000950 | 0,00012
30 : 272 ¢ 173 {95674 | 6,28332 {0,00013 : 0,001291 | 0,00009

Sk 6aunmo 3 Tabm. 2.1, mpu 30UTBIIIEHAT N Ta M 30UTBITYETHCS 1
TOYHICTD PO3B’SI3Ky, IO OTpUMYyeThcs. Lle 103Boisie TOBOPUTH TPO
KOMIT'IOTepHY 301KHICTP QJITOPUTMY JO TOYHOTO PO3B’S3KY 3aaadi.
He3nauHe moripimieHHs TOYHOCTI 3HAXOMKEHHS KOOPAUHAT BY3JIiB
JUHAMIYHOI CITKH JAJIi OCTAaHHBOTO BHUIAJKy BHKJIMKAHO HEJOCTATHBO
MaJIMMH TTapaMeTpaMH TOYHOCTI €1, €2, Ta €3 IS 3aIaHUX (iKCOBAHUX N
Ta M (CIJ 3a3HAYNATH, IO KITBKICTh PIiBHSHb T4 HEBIIOMHX B IOMY
BUnaaky — 16927).

PosrnsaeMo 1me BUTATKHM, KOJIM TOYHHM pO3B’S30K 3a7adi Ha
KOH(OpMHE BiloOpa’keHHs € HeBiioMuM (TectoBa obnacts G, ), 1 HeMae
MO>KJIMBOCTI TIOPIBHATH PE3yIbTaTH POOOTH PO3POOIICHOTO AITOPUTMY 13
TOYHHM PO3B’SI3KOM 3ajaui:

L={z: x=x(t)=cos(t), y=y.(t)=05sin(t), te[0,27x]}, ¢-=0,
U ={z: x=x"(t)=2cos(t), y=y'(t)=2sin(t), te[0,27]},¢"=05.

Pesynbrat po3B’s3aHHS MOCTaBICHOI 3aadi 3 pi3HUMH N Ta M
npuBeneHi B Tabn. 2.2. Ha puc. 2.3 300pakeHa 3HaiieHa NHHAMiYHA
ciTka (mpu poO3B’s3yBaHHI BHUKOPHUCTOBYBAINCH MapaMeTPH TOYHOCTI

€1=&2=¢&3= 10’6).



Puc. 2.2. Iiopoounamiuna cimxa, Puc. 2.3. I'iopoounamiuna cimka,
no6yoosana o1 oonacmi G, no6yoosana ons oonacmi G,

Yucnosi pospaxyHku s obmacti  ¢umerpami  G;, ska
TEOMETPUYHO OIMUCYEThCS pPIiBHSHHAMH L, = {Z o X=X(t) =cos(t),
y = y.(t) =sin(t), te[0,271}, L ={z: x = X" (t) = 4cos(t),
y =y (t)=2sin(t), te[0, 27[]} Opu 3aJaHuX Ha TpaHUIAX oO0macTi

notenmianax ¢, =0 Ta @ =1 a4 pi3HUX N Ta M npuBe/ieHi y Tabm. 2.3.

Tabnuys 2.2
Pesynomamu mecmogozo po3paxynky ons oonacmi G,
n m Niter t, MC Q 5

5 32 465 4784 | 3,222679 | 0,020850
7 45 539 8843 | 3,220361 | 0,008287
11 64 640 | 18422 { 3,219085 | 0,003107
15 97 569 | 42616 | 3,218436 : 0,000971
20 129 588 | 89342 | 3,218195 | 0,000436
25 161 577 1168451 3,218085 | 0,000241




Puc. 2.4. I'iopoounamiuna cimxa, nobydosana 013 mecmogoi oonacmi G,

Tabnuys 2.3
Pesynemamu mecmogoeo po3paxynxy ons oonacmi G,
n m Niter t, MC Q 5

5 35 402 4877 7,134510 | 0,348244
7 50 537 11034 7,131942 | 0,413245
10 : 71 651 25699 7,129470 | 0,178098
20 { 143 i 990 | 200572 { 7,127630 : 0,070841

Ha puc.2.4 300paxkena 3HaiiieHa TiIpoAMHAMiyHa CiTKa, IMPH
MoOyIOBi  AKOi BHUKOPHUCTOBYBAJIWCH IapaMETpPH TOYHOCTI pOOOTH
anropuTMy £1=€,=£3=10°,

Komm’otepHy 301XHICTE PO3pOOJICHOTO AJITOPUTMY JOJATKOBO
armpo0OBaHO TIUIAXOM TIPOBEICHHS BEIMKOI KUIBKOCTI  YHICIIOBUX
PO3paxyHKiB TiAPOAMHAMIYHUX CITOK PyXy Yy IBO3B’s3HHMX obnacTsax G,
CKJIaJIHOT T€OMETpIi MPH PI3HUX 3HAUCHHAX IapaMeTpiB M Ta N po30HUTTI
obmacTi KOMIUIEKCHOro morteHuianry G,, Tpu IbOMy OTpUMaHi
pO3paxyHKOBI 3HAYCHHS BEIMYMHU (DUIBTPAIiHHOT BUTPATH IS KOMKHOL
obmacti G, NPaKTUYHO OAHAKOBI, HIO MIATBEPAKYE KOMII IOTEPHY
CTIHKICTh pO3p00JIeHOTO aNropuTMy. TakoX HaMu MoOyaoBaHi Tpadiku
ctabimizarii psay po3paxyHKOBHX MapaMeTpiB BiTHOCHO KPOKY iTepartii,



SK1 TOJaTKOBO MiATBEPKYIOTH 301KHICTh PO3POOICHOrO alIrOPUTMY.

2.1.2. OdepHeHi kpaiioBi 3aaa4i Ha KBa3ikoH(pOpPMHI BiToOpakeHHsI
JJIS1 IBO3B’SI3HUX 00J1acTeil Ta iX po3B’si3yBaHHsI

PosrnsiHemo cranionapHuii npouec QinbTpamii y aHi30TpOITHOMY
HEOJIHOPITHOMY CEpE/IOBUIII, MPOBITHICTh SKOTO MOJCIIOETHCS 3a

JIOTIOMOTOK0  CHMETPHYHOTO  TEH30pa Apyroro paury (i), ., ne

K, =K (X,Y,4,y) — oOMexeHi HerepepBHO AudepeHiioBani QyHKIII,
0 XapaKTEPHU3YIOTh TPOBITHICTH CEPEMOBHUINA, WOTO aHI3OTPOINI0 Ta
CXUIBHICTB 10 Aedopmaniil. [TozHaunMo depes x = &, K,y — Kj)Ky, -
[lonibHo [0 BUMAAKy imEaNbHOTO CEpeAOoBHINA, 3ahada Ha
3HAXO/KEHHsI KBa3irapMoHi4HOI QYHKUIl ¢ = (p(X, y) (moTenuiany) B
JBO3B’s3HIN KpUBOMiHIHHIN o0nacti G, (Z=X+1y ), oOMexeHiil 1BoMa

3aMKHCHHUMU TITIaJKUMH eKBiHOTCHHiaJ’ILHHMH KOHTYpaMu

L={z: f.(xy)=0} (@60 L={x+iy: x=x(), y=y.(),
0<t<2z}) — BuyTpimnim, L ={Z: f*(x,y)=0} (abo L ={x+iy:
x=X(t), y=y (t), 0<t< 27[}) — 30BHINIHIM, 3BOJAUTHCA JI0 3ajadi Ha

KBa3iKOH(pOpMHE BiTOOpaKeHHS obmacTi KBa31KOMIUIEKCHOTO
noteHuiany Ha (i3n4yHy OOJNACTh 13 YMOBHMM IPHPOAHUM PO3Pi30oM
(puc. 2.1). [Ipu upoMy mpsiMa 3a7a4ya Ha KBa3iKOH(QOPMHE Bi10OpaKeHHS
onHO3B’s3HOT  obmacti G =G, /I’ wHa BigmosimHy  o6macTb
KBasiKOMIUIeKCHOro — motermiany G, ={o=¢+iy: ¢ <p<¢’,
O<w< Q} 3 HeBigoMuM mapamerpoM Q (ITIOBHOIO BHUTPATOIO)

3alMUCYETLCA Y BI/IFJ'ISI}_'[i:



0 0 0 0 0 0
11_¢+K12_ o Kzl_(o""(zz_go:__l//'

X oy oy X ay X (2.19)
(p|AB =P ¢|CD = (/?*, V/|AD = 0’ l//|BC = Q

Bignosigna iii o0epHeHa KpaioBa 3ajada Ha KBa3ikoH(OpMHe
BinoGpaxenns z=2(w)=X(p,y)+iy(p,y) obmacti G, na G

3aMUCy€EThCS y BUTIIAL:

Kn——— - (¢,W)6Gw,(2.20)

oy X  OX oy ox oy
Ko == K LYY = :
oy oy op oy oy Op

{f* (X(@e . w), Y(@. . w)) =0, f (x(¢,w),y(¢ ,¥)) =0, OSWSQ'(Z.ZI)
X(0,0)=x(2,Q), Y(@.0)=Y(0.Q), ¢ <p<¢.

[Ipu 1poMy, BIOMOBITHI PIBHAHHS APYTOro TOPSAKY IS
sHaxokeHHs  QyHkuiii  X=X(@,) T1a y=Y(p,w) (asanorn
piBHsHb Jlarutaca Ui BUNZKY, KO K, =K,, =1, K, =k, =0)

o _ o/ _

0,,_(0(’(111()9/; + Klzx.,/)) + 5(’(111((’(11’(22 — KoKy )X, — K21X¢)) =0,
(2.22)
2 A
0,,_(/)(’(22 (v, - Kzlyw)) + E(Kzz (k1152 = KipK) Y, + i y(/))) =0,

B CHITY 3aJIeXKHOCTI K, = K, (X,Y,®,|) , € B32aEMO3B’ I3aHUMH.

Piznutiesi ananoru piBHSHB (2.22) Ta KpaiioBux ymoB (2.21) y

BIIMOBIAHIK  PIBHOMIpHIN  CITKOBi#  oOsacti GZ):{((Di W)

o =g +i-Ap, i=0n; y;=j-Ay, j=0,m; A¢>=¢;¢*,

Ay = Q Y= A—W} 3aMUCYIOTHCS y BUTIISIAL:

m Ap



2 Vo0 i
P (i = 2%+ Xy ) K (6 g = 2%+ 0) "'Z(’(llzJ =15 )X o + Xy g —

i, j+1
ij i jel ij-t
K, 1 1 K K
s S 2 21 21
X jr X ju) + (X”lvi - Xiflyi) VA e ol Bl e ol
4 PN SR o o
11 11 11 11

K|,1+1 Kl,j—l Kllg-l,J K1|2—1,J B 0
+(Xi'j+l _X"j‘l) T || iy g || [TY
Ku ki K K

Kll’éj :Krs(xi,j’yi'jyﬂ ,l//j),

7/2(yi+1,j - 2yi’j + yifl,j) + Ki'j (yi,j+1 — 2yi,j + yi,j—l) +%(K-1|'2] _K;lj)(yi+1,j+1 + yi—l,j—l —

Ky (1 1 KL i
Vi1~ Yiaje) +T[(yi+1,j —Yia )[7 [K’Zl'j - KZM -y K;'ZM - K;'ZF:[ +

i j+1 ij-1 i+1,] i-1,j
K K K. K.
21 21 _
+(yi,j+1 yi,jl)[ i i'jlj 7/( ] il'jj =0, (2.23)
K2 K> K2 K3

f* (XO,j’yO,j) :0, f*(xn,j’yn,j) :0,_1 =0,m, (224)

Xio=X%m Yio=VYim» =00

JlonaTkoBI yMOBM 1Jis I'DaHMYHMX Ta NPUTPAHMYHHMX BY3JIiB
(aHamorm  yMOB  OPTOTOHANBHOCTI A BHIAAKY K, =K,,,
K, = Ky =0) BUBOIATECS aHAJIOTIYHO JO BUIIAJIKY, IO PO3IIIANABCS
y nomnepeHix naparpadax, 1y CiTkoBii obmacti G 3aMiHIOIOTBCS

PIBHSHHSIMU:

(4% = 3% 5 =%, ) )25 (X i = Xo 1) = K51 (Vo o1 = Yo,0)) + (4Y1; =35 —
=Y )(Kloij (yO,j+l - yO,jfl) - Kloz'j (XO,j+l - XO,j—l)) =0, j=1m-1,

(an,j + Xn—Z,j - 4Xn71,j )(Kgéj (Xn,j+1 - Xn,jfl) - K;ij (yn,jﬂ - yn,j,l)) + (3yn,j + yn—z,j —



4yn—1j)( (yn j+l yn] 1) (Xn T n,j—l)) = O' J = 01—m (225)

dopmyny s 3HaXOIDKEHHs BENMYMHU ), (a, oTke, 1 Q)

OIEP)KUMO Ha TIJACTaBI YMOBH “‘KBa3iKOH(OPMHOI IMOIIOHOCTI B
MajioMy~  BIATIOBIIHHUX €JIEMEHTAPHUX YOTUPUKYTHHKIB JBOX

oOJsacTen:

LT
m 5o \/(Xi+1,j_xi,j)2+(yi+1,j_yi,j) +\/(Xi+1,j+1_xi,j+1)2+(yi+1,j+1_yi,j+1)2

q :\/(Kll(yi,jﬂ_yi,j )_Klz (Xi,j+l_xi.j ))2 +(K21(yi‘j+1_yi,j)_’(22 (Xi.j+l_xi.j ))2 . (226)

&t

Anroput™ po3B’s3yBaHHS 3aj7ad IS BUMAJAKY aHi30TPOITHOTO
CEepe/IoBUIA B IJIOMy TIOBTOPIOE BIAMOBITHWUN aNTOPUTM IS
pO3B’s3yBaHHS 3amad B OTHOPIMHUX CEPEMOBHUINAX 1 MOXe OyTH

CJIOBECHO ONMCAHUU TaK:

3a7aBIIM KiJIBKICTh BY3JiB po30uTTs obnacti G, n Ta m,

nmapameIpu ¢, &,, &z, 1O XapaKTCPU3YIOThb TOYHICTb pO60TI/I

AITOPUTMY pPO3B’s3aHHs BimmoBigHoi (2.23) — (2.24) pizHuUIEBOI

. . . 0
3aJa4l, II04aTKOB1 HAOIMKEHHS KOOpAWHAT I'PaHUYHUX BY3J1B Xé j)’

y0 P Xsof , r(f’]) (Tak, MO0 BUKOHYBAJIUCH YMOBH (2.24)) Ta MOYaTKOBI
(0) (0 )

HAaOMIDKEHHST ~ KOOpAMHAT  BHYTPIIIHIX  BY3JiB (o

i=1n-1 j=0,m (Hanpukiam, piBHOMIPHO MOMIIUBIIN BiIpi3Ku

i3 KIHIIMH B TOYKax (X(O) (()oj) , (X(O) r(]oi)), 3HaXOAMMO 32
(0) — (0) (0)

dopmynoro  (2.26) mouyaTkoBe HAOIMKEHHS =y(X . Yij)

BCJIIMYUHU ) .

Hani mpoBOIMMO YTOYHEHHS KOOPIMHAT BHYTPILIHIX BY3IIiB



(x5

JOTIOMOTOI0 iTepaliifHO] CXeMU:

(k)) i3 3a1aHOK0 TO4HICTIO €1 (K — HOMep 3araibpHOI iTeparil) 3

k-1, k k-1, k-1 k k-1, Yoo i kD) kel
YV (X|(+1 ]) 2X( ) + X( )) + Kl J(X( ZX( ) + XI(] 1)) _f_Z(K::ZJ 11)(X|(+1 j+l | -1, ]) 17
i j+1 i j-1
(k-1) (k-1) Kn (k1) o (k-1) o 1 1 Kn  Kn
—Xijy o1~ X, J+1)+ (Xi+1j — XL ) e ( L g 1T +
) s JJ i-1,j ij+l ij-1
4 Kn 11 Ky 11
i j+l ij-1 P41, i-1,j
+(X(k D _ 1)) K K b K2 K -0
i, j+1 i, j-1 i, j+1 ij-1 v i+, i-1,j !
Ky Ky Ky Ky
20y, (k-1) &) (k-1) (k-1) (k) ij j (k-1) (k-1)
v (yi+l,] 2yi5 + Vi, )+K (yi,j+1 2y;; +y.] 1)+4(K12 1)(y|+11+1 i
ij+ ij-1
(D) 0D (k-1) (k1) 2 1 1 ’(12]+ KIZI
_yi+1,j—1 | -1, J+l)+ y|+1] yl -1,j i+1,j i1, -7 i g+l ij-1 +
K Ky Ky Ky
i,j+1 i,j-1 i+1,] i-1,j
(y&D kD K"~ K | Ka K1 -0
yi,j+1 yi,j—l i,j+ i,j-1 i+1,] i-1,j -
K72 K2 K K
[licns mporo “migmpaBisieMO” TpPaHWYHI BY3IH, PO3B’SI3yI0UH

HaOMIKEHO cucTeMy piBHSHB (2.25), Hanpukiaa, MetonoM HeioToHa.

SIKIO BeNMYMHA 3MIIICHHS BY3JIIB Ha TPaHUIl 3a MPOBEIACHY K-Ty
ED) (G, )

— 1HAEKCHM KOOpPAWHAT TPAaHWYHWX BY3TIiB) OiIpIIa 3a &, TO

3arajipHy iTepamiro S =max \/(X(k) X(k 1)) (yi(kj)
(] !

MTOBEPTAEMOCH JI0 YTOYHEHHsI BHYTPIITHIX BY37iB. B mpoTmiexxHOMy
BHIAKY 3Haxoaumo Hoi HabmmkenHs QU ta Y& penmuun Q Ta y 32
¢dbopmynoro (2.26) Ta ymMOBOIO 3B’S3Ky MK HEUMH: Q=MA¢@-y.

(L-1) ‘

Slkmo 3MiHa HEBIOMOI BHUTpATH ‘Q(L) -Q Oinplna 3a &, TO



3HOBY MOBEPTAEMOCS A0 YTOYHEHHS BHYTPILIHIX BY3JiB, iHaKme —

00YNCTIOEMO HEB’SI3KY  “KBa3iKOH(DOPMHOCTI” OTpPUMAaHOI CiTKH

8 =+\|02 + 67, ne 81, 85— HeB’s13KHM anpokcuMaltiit piHsHb (2.20):

n-1,m-1 . .
— 1] 1]
o, = maX‘V(Xm,j - Xi—l,j) — Ky (yi,j+l - yi,j—l) + K - (Xi,j+1 - Xi,j—l)"
i,j=1
n-1,m-1 . .
— i i
0, = max‘}/(yiﬂ,j —VYia ) =Ky (yi,j+1 - yi,j—l) + Ky (Xi,j+1 - Xi,jfl)"
ij=1
S0 moTpiOHO MIABHINHUTH CTYIiHB TOYHOCTI HAOIMKEHOTO
pPO3B’A3Ky (3MEHIIUTH HEB’sI3Ky O ), 30UIbIIyeMO N 1 M Ta
PO3B’SA3yEMO 3a/1ady 3aHOBO (ONTHMAJBHICTH CHIBBITHOIICHHS MiX N
Ta M JIOCATAETHCS AHAJOTIYHO JI0 KOH(POPMHOIO BHIIAAKY MUISXOM
onTuMi3amii BIAMOBIAHMX (DYHKITIOHANIB 3 ypaxyBaHHSM 3aMiHU
KOH(OPMHOI CITKH Ha BiANOBIIHY KBa3iKOH()OPMHY).

KommnbrorepHa 301KHICTh Ta TOYHICT aJITOPUTMY IIEPEBIPSUTUCS 32
JIOTIOMOT'OI0 TECTOBHX INMPHKIAAiB. PesynbraT po3B’si3yBaHHs 3aadi Ha
KOHpOpMHE  BifjoOpaxkeHHs (kK =k, =1, Kk, =k, =0) Kinpusa
1< |Z| <2 3 pospizoM B370BXK oci OX Ha BiANOBIIHY HOMYy 00JIaCTh
KOMIUIEKCHOro  moteHmianry G, = {(¢, w): O0=¢ <¢<¢ =In2,
0<y<Q= 27[} (tyT 1 Hagami B TaOmuIsX: Niter — KITIBKICTD MIPOBEIECHUX
iTepaniil, =g =¢,=¢&, — NapaMeTpu TouHOCTi, €Q — abcomoTHa
noxuOka BenmmuuHu Q, X — MakCHMasbHE BiIXUIICHHS BY3JIiB 3HANICHOT
JTUHAMIYHOI CITKH Bij] CBOIX TOYHHX IOJIOKCHD 32 CBKJIIJOBOIO HOPMOIO)

HaBeneHi B Tabm. 2.4. Sk MokHa MOOQYMTH, PE3yJIbTATH IOBHICTIO
CHIBNAJAIOTh 13 pe3ylbTaTaMu pPOOOTH aTOPUTMY, OIHCAHOTO Y

nonepenHboMy naparpadi, At TecToBoi obnacti G, .

Tabnuys 2.4
Peszynomamu pose’sizanns 3a0ayi 0151 00HOPIOHO2O Kibysi



M | Nier Q eQ ex o

45 1 236 i 6,288134 0,00494 0,009897 0,00482
71 63 236 6,285713 0,00252 0,005054 0,00183
10 91 {183 | 6,284452 0,00126 0,002533 0,00065
15 134 { 187 | 6,283728 0,00054 0,001084 0,00023
20 181 i 182 | 6,283499 0,00031 0,000950 0,00012
30272 : 173 | 6,283325 0,00013 0,001291 0,00009

Pesynbratu po3B’s3aHHs 3ana4i A (izugHOI 001aCTi CKIaIHIIION
reometpii  (@. =0, ¢ =1,  x.(t)=5cos(t)—2,  v.(t)=sin(t)+1,
X (t) =10cos(t), y (t)=20sin(t)) momani Ha puc.2.5 Ta y Ta6m.2.5.
Koedimient ¢inpTpanii pH LBOMY Opascs TaKHM:
K, =K, =1 k,=k,=0. Ha puc.2.6 ta y BignoBigHiil Tabmaumi
BiJOOpakeHI  pe3yJibTaTH  pO3B’si3aHHSA  3amadi  QinpTpamii B
aHI30TPOITHOMY CEPEIOBHIIII:

0.=0, ¢ =In2,

X. (t) =cos(t), V.(t)=sin(t), /cz((l) Zj
X (t) = 2cos(t), Y (t)=2sin(t),



Puc. 2.6. Juuamiyna cimka 0nis 6unaoxy

Puc. 2.5. Junamiuna cimka,
AHI30MPONHO20 cepedosunld

nobyodoeana 6 acumempuyHiu ooaracmi

YV Tabm 2.7 ta Ha puC.2.7 HaBeACHI PE3yNbTaTH PO3B’SI3aHHSA

CyTTEBO  HENIHIMHOT 3amayi y  HCOJHOPIAHOMY  CEpEIOBHIII:

2
K11=K22=1+8(s/X2+y2—1,5), Kp=ky=0, =0, ¢

Y. (t) =0.2sin(t), X" (t) = cos(t) +0.1cos(3t)

:l'

X (t) =0.2cos(t),

y"(t) =sin(t) - 0.1sin(3t) .

Tabnuysn 2.5
Pesynomamu po3ss sizanns 3a0a4i 6 acumempuyniu ooracmi
n m & Niter Q eQ
5 25 0.00001 29188 4.932979 5.1603
7 35 0.00001 44045 4.933791 3.2081
10 49 0.00001 10741 4.932266 2.6237
Tabnuys 2.6
Pesynomamu po36’sizannsi 3a0ayi 6 aHi30MPONHOMY cepedosuiyi
n m £ Q eQ
5 109 0.00001 15.12538762 0.150418206
7 152 0.00001 15.15567393 0.094118353
10 218 0.00001 15.18639923 0.052520183




12 261 0.00001 15.19937984 0.037183302
15 327 0.00001 15.21231227 0.023420691
Tabnuys 2.7
Pesynomamu pospaxynkis 01 cymo HeniHiliH020 8UnaoKy

n m & Q eQ

5 25 0.0001 10.77752169 0.320320703

7 35 0.0001 10.74609428 0.245874774

10 50 0.0001 10.72966959 0.133183247

15 75 0.0001 10.72090360 0.120490995

Puc. 2.7. Junamiuna cimka 0nis cymo HeliHIHO20 GUNAOKY
2.1.3. 3agaui Ha 3HAXOIKEHHSI MOTEHUIaJy OJHOI0 3 KOHTYpiB 3a
BiZIOMO10 TIOBHOI0O BUTPATOI0

Pamime wamm Oy0 pO3MIIIHYTO MOIEIBHY 3a7ady Ha

3HAXOJKCHHS IOTEHIialy y JIBO3B’s3Hii 00JacTi, 0OMexeHiil nBoma
[MOTEHII TN

eKBiMOTEHIIadbHUMH JiHiAMU. [Ipu 1BOMY TpaHWuHi

BBKAJIKCS BIJOMUMH, a HEBiIOMOKO Oyna moBHa Butpara Q. He meHmn

BAXJIMBUMU AJId ONPAKTUYHOT'O 3aCTOCYBAHHA € 3az[aqi Ha 3HaXO/P>KCHHA



OJHOTO 3 TpaHWYHUX IOTEHLialiB NpH Bigomil Butrpati. [Jo HHX
3BOMATHCS, HAMPHWKIAL, MOJEIBHI 3amadi Ha pPO3paxyHKH TIPOIECIB
(dbimpTparlii B macTax MmpH BioMuX 3a00pax 13 CBEPIJIOBUHM Y TOTadax
pimuau y macT. CaMe B TaKUX 3ajavax SKHAHSICKPABIIIE MPOSBIISIOTHCS
BCl TIepeBarm Iiepexomy Mo OOepHeHMX 3amad  Ha KoH(opMHI
BiOOpakeHHs. 3BHYAHO, I1X YHCENbHUH pPO3B’A30K MOXe OyTn
OJiepKaHWI IUISIXOM PO3B’SI3aHHS HU3KM 3a]lad Ha 3HaxomkeHHs Q 3a

3aJaHuMU @, Ta (0* OIMMMCAHUM BHUIIC AJITOPUTMOM. Binein ekoHOMHUM

(3 orsity Ha MOKJIMBI BUTPATH MAITMHHOTO Yacy), 3BUYAHO, € MiaXif i3
3aCTOCYBaHHSAM  CIICMIAJILHO  aJalTOBAaHOTO IO  PO3B’SI3yBaHHS
aJITOPUTMY.

PosristHemo B feskiit 1B03B’si3HINH KpuBOMiHIHMHIN obmacti G, (
Z=X+1y), oOMexeHiii aBOMa 3aMKHEHHMH TJaJKHMH KOHTYpamu
L.={z: f. (x,y)=0} (abo L. ={x+iy: x=x/(t), y=V.(t),
0<t<27}) — Buyrpimmim, L ={z: f'(x,y)=0} (abo L ={x+iy:
x=X(t), y=y (t), 0<t<27}) - 30BHiIHIM, HpoLEC PyXy YACTHHOK
(30kpema, pimpTparlii B MOPUCTOMY IUIACTI, PyXY 3apsSHKEHUX YaCTHHOK

Yy TpPOBIIHIA IUIACTHHIN, 1 T.I.), SKHA OMHCYETHCA 33 JOIIOMOTOIO

piBHSHHS pyXy O =« -grad ¢ (3akoH [lapci un 3akon OMa) Ta piBHSHHS
nepospusHocti divo =0, ge 0=(v,(X,y)+i-v,(X,y)) — mBuAKiCTS
pyXy 4YacTHHOK, K = (K'S x,y,0, ,(py))zx2 — TEH30p TPOBIAHOCTI
(binpTpariii, eNeKTpUYHOI MPOBIAHOCTI, 1.T.L), @= (p(x, y) -
KBa3iMOTCHIIAT IO ((”'u =g, , ¢|L* =@, —0<@Q. <@ <+0) NpH
BiJIOMi#l KUTBKICHI¥M Mipi pEYOBHHH, IO BUXOIUTSH i3 (hi3WIHOI 007acTi 3a

OJUHHUIIIO Yacy (TOBHiM BUTpati Q = m—uydx +o,dy).
%

BeiBmm QyHkIio Tedii i =/ (X,Y) (KBa3iKOMIUIEKCHO CIPSKEHY



0 @ = q)(x, y) ), 3a¢iKCyBaBIIIM Ha BHYTPILIIHEOMY KOHTYPI JACAKY TOUKY

A Ta 3xificHUBIIM YMOBHUH po3pi3 I’ B3OBXK BiANOBIAHOI JiHII Tedii
(uepe3 AD ta BC Ha puc.2.8 Ta puc.2.9 nmo3Ha4eHO BiJMOBIIHO BEpPXHIH
Ta HIKHIA Oeperu po3pizy), IPUXOAUMO 0 OLIBIN 3arajbHOI 3amadi Ha
KBa3iKOH()OpPMHE BioOpakeHHS @ =®(Z), YTBOPEHOI TPH ILHOMY,

onHO3B’ 13001 obmacti G =G,/T" wa Bignosigmy  oOmactb
KBa3iKOMIUIEKCHOro  moTeHuiany G, = {a) =p+iy: @, <<,

O<y< Q} 3 HEBIJJOMHUM IIOTEHIIAJIOM go*:

K Y, 000,)0, + K2 (X, Y,0,0)0, =V, @ =00 O, =0 (2.27)
K2 Y,0,,0,)0, + K2 (%, Y,0,,0,)0, =—v,, ¥|,,=0, v|.=Q
Bignosigna iii oOepHeHa KpaiioBa 3ajaya Ha KBa3ikoH(OpMHe

BinoGpaxenns z=z(w)=X(p.yw)+iy(p,) obmacti G, Ha G. Ta

2]

piBHSHHSA I JificHOT X = X(@,w) 1 yaBHOT Y = Y(@,) yacTuH QyHKIIT

Tedii Z =z(®) 3anuIIyThCs y BUTIIAAL:

Kll(X,y,lﬂ,_lﬁ)ﬂ_,(u(x,y’lﬂ’_lﬁ ﬁ:ﬁ’
oy Jy oy Joy' Joy oy dp
WA(xy, LY LOXNOY  m 10y 10X OX_OY (328
Yoy’ Joy dy Joy' Jow dy dp

{f* (X(@e W), Y@ . w)) =0, £ (x(¢",w),y(¢ ,w))=0, 0<y<Q, (2.29)
X(0.00=x(,Q), Y(@,0)=y(9,Q), o <p<¢,

o 1 J( 1

%[F(X‘/’ + Klzxw)j"'%[ﬁ(’(' X'// — K'le(p)] = 0,

o1 o1 (2.30)
é’_q)[ﬁ(y(p - KZly'//)j +%[F(K v +K12y‘p)] = 0,

o= 1?2 2,2




ANTOPUTM  4YHCETBHOTO PO3B’S3aHHS  IIOCTABJICHOI  3ajadi
Oymyetbesi aHajorigHo a0 §2.1.2. A came, pi3HHUIIEBI aHAJIOTH PiBHIHB
(2.30) Ta kpaitoBux ymMoB (2.29) y BIiANOBImHIA PIBHOMIPHIA CITKOBIii

S ) B . . . . .
obnacti G/, —{((/)i W) o =p.+i-Ap, i=0n; w, = [-Ay, j=0,m
— 0, A )
; Ap= P = , Ay = g , V= 2y 3aMMUCYIOTHCS Y BUTIISI:
n m Ag
X=X X . —X 12
2| Xisnj — i i~ X V| Kz,
11 - 11 +Z 11 i,j+1+Xi+1,j+1_Xi,j—l_xi+l,j—1)_
Kiiia,j Ki‘12,j Kiia,j
12 2
KI 1/2] KI j -1/2
(6 jar X0 = X — Xig )+ T TP
KI -1/2,j i j -1/2
21
KI Ko
j+1/2 i,j+1/2
Xigj41)— (Gin )+ Xin o = Xin ) — g o) | T (K — %) —
i j+l/2 i,j+1/2
21
AT (X —x . )=0 2| Y i =Yg Vi 7Y V| Kicwz,j o
11 i, j i)=Y 7 22 22 Z 22
Ki ju2 K, Ki i, Ky,
2
|+l/2]
X(yi,j+1 +VYigja ~ VYija — Yia 1—1) — (Y i T Vi — Vi —
|+l/2]
2 2
i J+1/2 | ] -1/2
y|+l j—l) + (y|+11 + y|+l j+l yi—l,] yl—l j+l) (y|+lj + y|+1 j—l
i j+1/2 i, 1—1/2

_yi—l,J yl -1,j 1)) I J+1/2 (yl j+l yl J) I J = (yl j yi,j—l) :01 (231)

|]+1/2 i, J -1/2

s sl K TX Y T Yiwja T Yiga Y Vi
AC Kip ) =K > ' > , Ay ]
W i+1/2,j




+ X Vi T VYi
2 2

Xig ja X o~ X o — X jaa P ( Xia,j
v Ky =
4Ay - ‘]i+1/2,j

Yijat Vi~ Yiaja Vi Xt X o Xigjn — X ja
4Ay - ‘]i—llz,j AAy - ‘]i—llz,j

s X X5 Yijn T Yy Yigu =Y X=X
ij12 = , ' ) ,
2 2 Ay -Ji i AV Ji

P PEs XiatX; YiiatYi; Y VYiia X%
i / ' ’ ’ ’
= 2 2 Al//"]i,j—llz Al//"]i,j—llz

Jian; = Ay A —((X i+1,] Xi,j)(yi+1,j+1+yi,j+1_yi+l,j—1_yi,j—l)_(yi+1,j_yi,j)x

X(Xisz o1 T %o = Xisn o = X 1))

1
R Ty
i~ Yinja Vi) ~ OV = Vi )X X X — %)) s

((Xi,j - Xi—l,j )(yifl,jﬂ +

1
Jijn = m((yi,m - yi,j)(xi+1,j+1 + X~ Xy — Xicyj )— (Xi,j+l -

_Xi,j)(yi+1,j+1 + yi+1,j - yi—l,j - yi—l,j+1) !

‘]i,j—llz :m«yi,j - yi,j—l)(XiJrl,j—l +

+Xi+1,j - Xi—l,j—l - Xifl,j ) - (Xi,j - Xi,jfl)(ynl,j—l + yi+1,j - yi—l,j - yi—l,j+1)) )

Ta BIAIMOBIIHO:

{f* OopYo) =00 100y %,)=0_j=0m
Xo0=Ximr Yio=Yim | =0,n
JonaTkoBi yMOBU mjisi TPaHMYHUX Ta IMPUTPAHUYHUX BY3JIiB
(YMOBH OpPTOTOHAIBHOCTI y BHITAIKy KOH(OPMHOTO BimOOpaKeHHS) Y

CiTKOBI 0OnacTi G/ 3anmKMCyIOTBCS y BUIIIAMIL:



(4X1,j - 3Xo,j =X )(ngj (XO,j+1 - XO,j—l) - K()le (yo,j+1 - yO,j—l)) + (4y1,j _33/0,1' -
Yo )(Kélj (Yojur = Yo,ja) — K(1>2 (X i1 = %,j2)) =0, j=1m-1,

(an,j + Xn—z,j _4Xn—1,j)(Kr3,2j (Xn,j+1 n,j 1) K (yn j+1 ynj 1)) + (Syn j + yn 2,j
_4yn71,j)(Kr11,1j (yn,j+l - yn,j—l) - Ki,zj (Xn,j+l - Xn,jfl)) = 0! J = O!m! (233)

e Kir,sj :Krs[xi,j’yi,jv Yija—Yija , X ja _Xi,j+1J’
20y 3., 20y,

0. m(( X~ _Xz,j)(yo,j+l_y0,j—l)_
_(Xo,m - XO,j—l)(4yl,j _3y0,j - yZ,J')) !
1
‘]n,j = 4Al// ] A¢ ((3Xn,j + Xn—z,j _4Xn71,j)(yn,j+1 - yn,j—l) -

_(Xn,j+1 - Xn,jfl)(3yn,j + yn—Z,j - 4yn—1,j )) .
q)OpMyJ'Ia 11 3HAaXO/DKCHHS BCIWYUMHHU ) OTPUMYETBCA Ha

miacTaBi  yMoBH  “kBa3ikoH(popMHOI MOmIOHOCTI”  eleMeHTapHHX
YOTHPUKYTHHKIB IBOX 00IaCTEH:

1 nim-1 a + a
y=—

Z 2 2 2’
nm =0 \/(Xi+1,] |]) (y|+1j Y|]) +\/(X|+1,j+l_X|,J+1) +(Yi+1,j+1_y|,1+1) (234)

2

a ; :\/(E'MJ (yi,j+1_yi‘j )_;'121 (Xi,j+l_xi,j ))2 +(E'211 (yi,j+l_yi‘j )_;'221 (Xi,j+l_xi,j )) )

-rs K' (X + XI+1] Xl,j+1 + Xi+l,j+1 yi,j + yi+1,j + yi,j+1 + yi+1,j+1

i+, j

€ Ki,j =

4

yi+1,j+1 + yi,j+l - yi+1,j - yi,j Xi+1,j + Xi,j - Xi+1,j+1 - Xi,j+1J
1

ZAI//'ji,j ZAW'ji,j
- 1
Jij :m((xmj F X~ X = X D) Vi T Yijor = Yierj — Vi) —
_(Xi,j+1 + Xi+1,j+1 - Xi+1,j - Xi,j)(yi+l,j+1 + yi+1,j - yi,j+1 - yi,j)) :



BignoBigHuid alTOpPUTM NPENCTaBHMO TaK: 3aJa€MO KUIBKICTb
By3IiB po306uTT obmacti G, /7 Ta /M, mapaMeTpu &, &,, &, WO
XapaKTePHU3yIOTh TOYHICTh HAOIMKEHOTO PO3B 3Ky BiAMOBIAHOI (2.28)-

(2.29) pizHHENEBOi 3amadi, TOYATKOBI HAOMIKEHHS  KOOPIWHAT

; (0) (0) (0) (0)
TPAHUYHUX BY3JB Xo |, Yo i+ X i Y (TaK, 00 BAKOHYBAIMCH YMOBH
(2.32)) Ta mouaTKOBI HAOMMKEHHA KOOPAMHAT BHYTPIIIHIX BY3JiB

(X,(OJ), (0)) , i=1n-1 j=0,m (mampukiaa, piBHOMIPHO ITOIiTMBIIH

BIJPI3KH 13 KiHISIMH B TOYKax (X ) (X(O) ,ﬂoj)) ), 3HaXOAMMO 3a
dopmyioro (2.34) moyarkose Habmmxenns ¥ = y(x( ,y,(o)) BEJIMYMHI

y 1a o =¢ —n-Ay/y©. Jlani npoBomuMo yTOUHEHHS KOOPAHHAT

(k)

BHYTpilHIX BY31iB (X[, Y J)) i3 3amaHoIO TOuHICTIO & (K — HOMep

3arajJpHOI iTepalii) 3a JONMOMOTOI0 iTepallifHUX CXeM TUIy “XpecT’,

, .
OTPUMAHMX LUISIXOM po3B’si3anHs (2.31) BigHocHO X ; Ta ;. Ilpu

IbOMY, HEOOXI/IHi 3HAYEHHS PAIiEHTy HANoOpy Ta QYHKIIH k" y By3nax
citku G] OOYMCIIOIOTHCS Yepe3 3HAYCHHS X, ;, Y;; 3 MONEPEIHBOrO
KpOKY iTepartii.

Ilicna pporo “migmpaBisieMO” TpaHUYHI BY3JIHM, PO3B’S3YIOUH

HaOMIKEHO CUCTeMy PiBHSAHB (2.33). Skmo BenmnuuHa 3MIMEHHS BY3/IiB

Ha TPaHMUIII 3a MIPOBENICHY Kty 3arajgbHy iTepariiro

S= max\/( (k) X(k 1)) (yi(y y(k 1)) ( (i,J) — iHOEKcH KOOpIHMHAT
]

TpaHUYHUX BY3IiB) OlIblIa 3a &,, TO IOBEPTAEMOCH 10 YTOYHEHHS
BHYTpIIIHIX BY31iB. B iHIIOMY BHUIanKy 3HAXOAWMO HOBI HaOJIMKEHHS
(L)
N

MK HUMH: @, =@ —N-Ay /[y . Ko 3MiHa HEBiZOMOro MOTEHIiAIy

ta ) BemmumE ¢, i ¥ 3a Gopmymoro (2.34) Ta yMOBOIO 3B’SI3KY

(L)
(0N

(L-1)

-0, Oinpla 3a &, TO 3HOBY IIOBEPTAEMOCS JIO YTOUHEHHS



BHYTpILIHIX BY3IIiB, iHaKIIe - 004HCITIOEMO HEB’SI3KY
“kBa3iKOH(QOPMHOCTI” OTPUMAHOI CiTKH & =46 +J7, ne o,, O, —

HEB’SI3KH allpOKCUMaLiil piBHsHB (2.28):

n-1,m-1

1 12
o, = r.nﬁ)l( 7/(Xi+1,j - Xi—l,j)_ K '(yi,j+l - yi,j—l) + K '(Xi,j+l - Xi,j—l)‘v
n-Lm-l 21 22
0, = rpja:)l( ‘7/(yi+1,j Vi)=& Vg = Yija) tai (K — Xi,j—l)"
VX =X
He K_irsj :K_rs Xi j,yi 0 yl,]+1 yI‘J—l, i,j-1 i, j+1 , \]i j _ 1 ((Xiﬂvj X,,l j)x
' T 28w di, 2Aw - T AAy A

><(yi,j+1 - yi,j—l) - (Xi,j+l - Xi,j—l)(yi+l,j — Vi ) -

Skmo TOTpIOHO MiIBHINUTH CTYIHL TOYHOCTI HAOIMKEHOTO
PO3B’sI3Ky (3MEHILIMTH HEB’sI3KY O ), 30UIBIIYEMO /71 /77 Ta PO3B’SI3yEMO
3a/1ady TIOBTOPHO (ONTHMAJIBHICTh CIIBBIIHOIICHHS MK /1 Ta /M
nocsraeTbess  aHajorigao  go  [100,105] rmwmixom  onTuMizartii
BIAMOBIMHUX (YHKIIIOHANIB 3 ypaxyBaHHSAM 3aMiHU KOH(POPMHOI CITKH
Ha BIJINIOBiTHY KBa3iKOH(POPMHY).

Onucanuii BHIIE aITOPUTM YUCEIFHOTO PO3B'A3aHHS MTOCTaBICHOT
3ajadi peanizoBaHui y BUIIsiAl nakery nporpam ais [IK IBM PC/AT.
[epeBipka Horo 301KHOCTI Ta TOYHOCTI MPOBOAMIACH 33 HACTYITHOIO
cxemoro. Criouatky 3a anroputMoM 3 §2.1.1 gucenbHO po3B’s3yBaNHCA

3aJadi Ha 3HaXO/KEHHS MMOBHOI BUTpatn Q 3a moTeHuianamu ¢, =0 Ta
@ =1, 3a]aHMMH Ha BHYTPIIIHBOMY Ta 30BHIIIHBOMY KOHTYpax JaHOi

001acTi, IpH Pi3HUX HapaMmeTpax po30uTTs odmacti N ta M. OTpumani

HaOIKEHI 3HA4YCeHHS MOBHOI BUTpath Q pa3oM i3 3aJaHUM 3HAYCHHSIM
¢ =1 npuiiManuch K BXiJHI IapaMeTpu PH PO3B’A3aHHI MOCTABICHUX
3a7a4 Ha 3HAXO/UKEHHA @, 3a Bigomumu ¢ Ta Q. Ha puc.2.8 Ta 'y

Tabn. 2.8 HaBeAEHI pe3yabTaTH YWCENBHOrO pO3B’s3aHHS 3a1adi

¢inpTpanii B 130TpOITHOMY negopMiBHOMY 1acTi (



K= k7 =1405,p? + 2, K7 =x"=0, x'(t)=10(cos t+0.25-cos 2t),

y (t) =10(sin t—0.25sin2t), X.(t)=cos t, y.(t)=sin t). Pesynbratu
YUCEHPHOTO PO3B’SI3aHHA 3a7javi y BHITAIKY aHi30Tpomii medopmiBHOTO

cepenoBuma (x° =x" =0, k" =1+0.25r[p? +¢ , T =12, x.(t)=cos t,

X" (t) =10(cos t+0.2-sin 5t), y.(t)=sint, Yy (t)=10(sin t+0.1-cos 2t))

BigoOpakeHi Ha puc. 2.9 ta y Tadin. 2.9.

Puc. 2.8. Ceeponosuna 6 isomon-Puc. 2.9. Ceeponosuna 6 kpugo-
HOMY OeqhopMiBHOMY MPUKYIMHOMYTIHIIHOMY AHI30MPONHOMY
niaacmi i3 3a40KpyieHUMU Kymamu 0epopmieHomy niacmi

Sx BumHO 3 Tabmump 2.8 Ta 2.9, i3 30UIBIICHHSIM MapaMeTpiB
po30uTTA CiTKM N 1 M 3HaiimeHi HAOMMWKEHHS IMOTCHIlIATY
BHYTPIITHHOTO KOHTYpa (), HAOIIKAIOTHCS /IO CBOTO TOYHOTO 3HAYCHHS
¢.=0, a HeB’s3ka "kBa3ikOHGOPMHOCTI" O OTPHUMAHOI JAWHAMIYHOI
CITKM 3MCHIIYETHCS, IO IMATBEPIDKYE KOMII'IOTEpHY 301KHICTH
o0y 10BaHOTO anroputMy. [IyHKTHpHUME JiHISIMH Ha puc. 2.8 Ta pHC.
2.9 BimOKpemIICHI 30HHW HAWOUTBIIMX 3a aOCOITIOTHOIO BEIMYHHOIO

HEB’SI3KOK O, ; (Tak 3BaHi "3acTiiiHi" 30HM).



TABINIA 2.8 TABJINISA 2.9

PE3VIBTATHU PE3VIBTATHU
PO3PAXVYHKIB PO3PAXVYHKIB
n . mi: Q 73 S nimi. Q o )
30 i 87 3,2279:0,0041 | 3,161 30 (8429904 :0,0017: 2,221
40 1116 12392922 100030 1 2 71R 40 1112 2.9857 | 0.0002  1.936

3aHp0HOHOBaHI/Iﬁ AJITOPUTM 13 HE3HAYHUMHM 3MIiHAMHM MOXKE 6yTI/I

3aCTOCOBAaHMHN IS pOSB’HSaHHH 3aJa4 Ha 3HaXOIKCHHI HCBiI[OMOFO

HOTeHIialy ¢ 3a BiJIOMOIO IOBHOIO BHTpaTol0 Q Ta 3ajaHUM Ha
BHYTPIITHROMY KOHTYpi TOTEHIiaJoM ¢, (A7 T1[HOTO BHUpPA3H
PO =0 " —n-Ayly?, p.=¢p —n-Ay/y 1a p!" HeobximHO 3MiHUTH
H 0P =p. +n-Apy/y?, 0 =p.+n-Ay/y ta ¢ Bignosigno) Ta

psay IHIIMX KBa3icTallilOHApHUX 3a1a4.

2.1.4. MopemoBanHsl QinbTpaiftHux aeopManiii IpyHTY y BHUIAAKY

JIBO3B’SI3HOT MOJEIBHOI 00J1acTi

PosrisreMo  impTpaniiHmil mporec, BpaxOBYIOUH IMPH [HOMY
cydoziifHi  sBUmA, SAKi BiAOyBarOTbCS Yy TIPYHTI A  Ji€l0
TiApoauHAMIYHOTO (UIBTPAIiTHOTO IOTOKY, SK OAWH 13 BapiaHTIiB
MOJICJIIOBaHHs B3a€MOBIUIMBY KoedimieHTa (inpTpamii x Ta rpagieHTa

I=oh/or wmamopy h=h(r) (r,<r<R,) npum ocecumerpuuHii
GbinpTpanii Bix cBepUIOBUHHU pajiyca I, B KpyroBOMY ILIAcTi paaiyca R,
. Hanuit Bunanox mpoimoctpoBano Ha puc.2.10. 3anpornonoBana y [45]
MaTeMaTHYHa MOZAETb AJSl JaHOTO BUMAIKy Mependadae Mmomit

obmacti impTparlii Ha TpW 30HW 3aJICKHO BiJ 3HAYCHHS TpaaicHTa
nanopy ([r,R,] — ue3bypena soma (x=x,), [I;,1,] — 30Ha Binpusy
YAaCTHHOK (K =K, > K, ), [I;,1.] — 30Ha ocinanns 9acTuHOK (& = Kk, < K,

), I, 1 1, € pose’s3kamu pieHsnb |(r)=1, Ta 1(r)=1 Bizmosinuo (1,,



|, — KpuTH4YHI 3HAYCHHs TIpali€HTa HAMOPY CTOCOBHO BIIPHBY Ta

3aTPUMKH YaCTUHOK)). 3HAYCHHs K, Ta K, 3HAXOMITHCS, BUXOJSYM 3
HaCTyITHUX MIpKyBaHb [45]: Hexal MpU MOPHUCTOCTI TPYHTY N BEIMYUHU
M, Ta M, BIANOBIIHO JOPIBHIOIOTH 00'€éMy YaCTHHOK, IO YTBOPIOIOTh
ckenmeT (Mg CKEeIeToM TYT PO3YMIEThCS Taka CTPYKTypa TIpYyHTY,
YAaCTUHKH SKOI HE MEPEMIIIYyIOThCS y MPOCTOPI i Mi€r0 OYIb-IKOTO 3
Tpali€HTIB HAIopy), Ta 00'eMy Cy(O3iiHNX YaCTHHOK, SKi MICTATHCS B
oauHuLi 06'eMy IpyHTYy (N+m, +m, =1, nus. puc.2.10). Toxi 3a ymoB
JHIHOT 3aexHOCTI KoedimienTa QimpTparii x Bix mopucrocti n (
K=an, ge a - Jesdkuil KoedillieHT NPOMOPLIHHOCTI), MOBHOTO

BUMHUBaHHSA Cy(pO3iHHMX dYacTMHOK i3 30HH [r,r,], o0'eM sKux
m, (ré\2 —r? ) , 1 pIBHOMIPHOTO PO3MOiTYy iX B 00'€Mi IPYHTY 7r(r92 - réz)

30HHM 3aTPUMKH, MatuMeMo: &, =a(l-my), &, =a(l-m, —-m(r7 -

=),

Y Bumaaky HeocecUMeTpWdHOi (imbTparlii Ta MOJICITIOBAaHHS B
YMOBAax HETOBHUX JAaHHWX 30H BIPUBY Ta 3aTPHMKHU YaCTHHOK, a TAKOX
IOUISHKA HAacHYeHHS Tpu 30epekeHHI HeMepepBHOCTI KoedilieHTa
¢inpTpanii x Ta rpamgienta Hamopy | OyaeMo BHKOPMCTOBYBATH iHIIY
Monenb. B oMy BUNAamKy MOJACTIOBaHHS — B3a€MO3AJICKHOCTI
XapaKTepUCTUK CEPEJOBHUINA Ta TPOLECY MPOBOIUTEMEMO HACTYIMHHM

M
cocobom: k=k" mpu |>1,; kK=k, +,uZai(I - Ig)i(l —1,)" npu
i=1
l.<I<Il;; k=, mpu | <I. (puc.2.11), ne a =1, a,,...,a, — mau
(B mopiBHsHHI 3 1) mapameTpH, IO MiAOHPAIOTHCS BUXOISIIH 3 YMOB

rnagkocti k mpu | =1, , 1, ta 3 disuuHOro excnepuMenty, KoedirieHt

¢

4 € poss’szkoM piBHaHHEA K(I,,u)=x", |

( — 3HAYEHHsS IpaJicHTa

HaIopy, MpH SKOMY Mae€ MiCIle MaKCUMAaJIbHHA BUMHUB CY(HO31HHIX

YaCTMHOK 3 IpPYHTY, K - MaKCHUMAJIbHC 3HA4YCHHA KOC(l)iL[i(IHTa



¢inpTpawii, sKe BiINOBiJa€ TOBHOMY BHMHUBaHHIO Cy(O3iHHHX
gacTHHOK. O4YeBHAHO, MO MaHOIO (GOPMYIIOI0 TAKOK BHU3HAYAETHCS 1
MiHIMalbHe 3HaueHHA KoedinienTta QinpTpanii x = k. (B 30HI 3aTpUMKHU
YaCTUHOK), SIKE BiJMOBi1a€ MaKCUMaIbHO MOKIUBOMY 3aIlIOBHEHHIO TIOP

cy(}o3iiiHUMU YaCTUHKAMH.

IA

30Ma 3ATPHMEKH

PR

3043 BHMHBY

He30ypeHa 30Ha

2

7y o L R,

Puc. 2.10. Intocmpayis 63aemosniugy epadienma Hanopy ma xoegiyicnma
ocecumempuyHoi Ginbmpayii npu HaA6HOCMI 080X 30H 30VPEHHS

AnTOpuUTM pO3B’s3yBaHHSA 3amad  (QUIBTpaIiii B JABO3B’SI3HHUX
KPUBONIHIMHMX o0mactax G,, OOMEXEHMX JBOMa 3aMKHEHHMH
TTaKUMH €KBITTOTCHITIAIBHUMHE JIiHISIMA, SIKAA MOJXKHA 3aCTOCOBYBATH
111 000X BUILE BKa3aHUX MOJIENICH 13 BpaxyBaHHIM SIBULI THITY cyQo3ii,
no0yayeMo To aHanorii Ao mnonepenHix mnaparpadis. Koedinient
dinbrpanii sanmmemo y saransHomy: k =x(X,Y,0,,9,) .

SAx 1 panmime, BBiBmM  QyHKIio  Tewil  w =y (X,Y)
(KBa3iKOMILJIEKCHO CHPSKEHY [0 (ozq)(x, y) ), 3adikcyBaBIIM Ha

BHYTPIIIHBOMY KOHTYPI €Ky TOUKY A Ta 341MCHUBIIN YMOBHHH PO3pi3
I' B3goBX BigmoBigHoi JiHii Tewii (Ha puc. 2.116 yepe3 AD ta BC



MO3HAYCHO BiJMOBITHO OTO BEpXHiil Ta HIXKHIN Oeperu), MPUXOAUMO 10
3ajadi Ha KBa3iKOH(pOPMHE Bi0OpakeHHS ® =w(Z) YTBOpPEHOI IpH

1bOMy 0nHO3B’s3HOi o6macti G) =G,\[' Ha BigmoBigHy o0macTb
KBa3iKOMIUIEKCHOro  moTeHuiany G, = {a) =p+iy: @, <p<@’,

0<1//<Q} 3 HEBIJIOMHM I[apaMeTpOM — TIIOBHOIO BHUTpaTor Q=

vady—ude: k(X Y,0,0,)0, =v,, K(X.Y.0,,0,)0, =¥, ¢|,, =
L.

! ¢|CD :¢*' l//|AD =0, l//|BC :Q'

A K

30HA FATPHMKH

—_—

-

30HA BUMNBY
- - ~
30HA HACHYCHHA VA
1

-~

>

a) T, T,
Puc. 2.11. Inocmpayis 3acmo8niugy epadienma Hanopy ma koegiyicnma
Qinempayii npu HAsIBHOCME MPLOX 30H 30VPEHHS

OOGepHena i kpalioBa 3amada Ha KBa3iKOH(GOPMHE BiIOOpaXKeHHS
obmacti G, ma G Ta piBHAHHS I JiiicHOT X=X(@,) 1 ysBHOI

y = Y(p,v) dactun ¢yHKuii Tedii Z = z(®) 3anuIIyTHCS y BUTIISAMIIL:

Y, %,
K(X’ y'_’__)y(// = Xga' G
X = - )
K(X, y,¥’—7'//)xw :_y(p’ wyu/ n//yw

{f* (X(@e ), Y(@e ) =0, T (x(¢".w),y(¢ . w))=0, 0<y<Q, (2.36)
X(0.00=x(¢,Q), Y(@,0)=Yy(@.Q), o <p<¢,



(Krl(xv yr(px’(py) ' X(p )(/1 + (K(Xv y’(px’(py) : Xy/ )V/ =0, (2 37)
(x* (% Y.0.0)Y, ), +(x(%y.0,.0,)-Y,) =0.

JIiis ToOyIOBU allTOPUTMY YHCEIILHOTO PO3B’SI3aHHS MOCTABICHOT
3amadi pi3HUIEBI aHAOTW piBHAHD (2.35), kpaiioBux ymoB (2.36) a

TAKOXX JTOJATKOBI YMOBU Ui TPAaHWYHUX Ta NPUTPAHUYHUX BY3IIB Y

BiNNOBiNHIM  piBHOMIpHiN  ciTkoBii  obmacti G] = {((ﬂi W)

o =p.+i-Ap, i=0n; y,=j-Ay, j=0m; Ap=L "%
n

A
Au/=9.7——w

= 3aIHUIIEMO BiIITOBITHO Y BUTJISII:
m Ap

a (Ki_+11/z,j (X0 = %) = Ki_—ll/z,j %5 = X))+ K e (X —
_Xi,j) — K ju2 (Xi,j - Xi,j—l) =0, 72 (Ki_+ll/2,j (yi+l,j —VYij )— (2.38)
_Ki:11/2,j (yi,j —VYiaj )+ Ki,j+l/2(yi,j+1 —VYij )— K -2 (yi,j - yi,j—l) =0,

ae:

Ki+l/2,j = K((Xm,j + Xi,j)/za(yi+1,j + yi,j) / 2: (yi+1,j+1 + yi,j+l - yi+1,j—l - yi,j:l)/
IAAY - 310 ) (Kigja %0 = Xia g — X o) T (BAW - Jign )

Ki—l/Z,j = K((Xi—l,j + Xi,j) / 21(yi—1,j + yi,j) / 2!(yi—1,j+l + yi,j+l - yi—l,j—l - Yi,j:]_)/

I(4Ay - ‘]i—llz,j)’ (Xi—l,j—l +Xi a0 Xigjn ~ Xi,j+1) [(4Ay - ‘]i—llz,j) ,
K2 = K((Xi,j+1 + Xi,j) / 2!(yi,j+l + yi,j) / 21(yi,j+1 - yi,j) I(Ay - Ji,j+ll2)’(xi,j -

X ) (Ay - ‘]i,j+1/2)) )

K i :K((Xi,j—l + Xi,j)/z’(yi,j—l + yi,j)/z!(yi,j -



_yi,j—l)/(Al//"]i,j—llz)'(xi,j—l - Xi,j)/(Al/l"]i,j—llz)) ;

‘]i+1/2,j 4A A¢ ((Xl+lj Xi,j)(yi+1‘j+1 + yi,j+1 - yi+1,j—1 - yi,j:l) - (yi+1,j - yi,j )(Xi+1‘j+1 +

+X

|,j+l_X

i+1,j-1 Xi,j:l)) )
1

‘]i_l/zyj = m((xi,j - Xi—l,j)(yi—l,j+1 + yi,j+1 - yi—l,j—l -

~Yiie) = Vi = Yia ) )Xy T %~ Xia = X)) s
1

‘]i,j+1/2 = m((yi,jﬂ -

—VYi; )(Xi+1,j+1 t X~ X — X )— (Xi,j+1 - Xi,j)(yi+1,j+1 t Vi~ Yia — yi—l,j+1)
Jijan = 2hy A¢ —(y; j yi,j—l)(XHl,jfl + X X Xifl,j) - (Xi,j - Xi,jfl)(yid,j—l +

Vi~ Yiaj ~ Yiaja)) s

fo (X Y0,) =0 (X Yn;) ZO’_.j =0.m, (2.39)

Xio=Xim Yio=Yim i=0,n;

(4X1‘j _3X0,j - Xz‘j)(XO‘jJrl - XO,j—l) + (4Y1,j _3y0,j - yz,j)(yo,j+1 - YU,H) =0,
i=im-1, (2.40)
(3Xn,j + anz,j - 4Xn—1,j)(xn,j+1 - Xn,j—l) + (3yn,j + Ynfz,j - 4yn—1,j)(yn,j+1 - yn,j—l) = 0:
j=0,m.

dopmyny Ui HAOIMKCHHS BETUYMHU ¥ OJCPKUMO Ha ITiJICTaBi

YMOBH “KBa3ikoH(GOPMHOI MOAIOHOCTI” eeMEeHTapHUX YOTUPUKYTHHUKIB

JIBOX 00J1acTei:

_ n—in:—l K':j \/(Xi,j+1_x‘ ) + yl j+1 yl j +\/ |+1 j+ X|+1] +(yi+1 j+1_yi+1 j )2 '(241)
r= iij=o nm 2
(Xi+1,] i, ) + y|+l] yl j + |+1 1 | j+1 +(y|+1 j+1 yl J+1)




ac

K ((X| P X X T X ) T A Y Y it i) T4 Vi jua +

i~ Y — yi,j)/(ZAl//J:j)’(Xi+1,j + X~ X jn _Xi,j+1)/(2Al//J:j))'

*

J =
h 4Al//A¢
X =X DV jor T Yiewj — Yijor = Yi)) -

Jnst po3B’si3aHHA 3a1adi 3aa€EMO KIUIBKICTH BY3JIB PO3OUTTS

—((X inj T X jr = X — Xi,j)(yi+l,j+l Y~ Yiaj— yi,j) - (Xi,j+1 +

+Xi+1,j+1

obmacti G, N Ta M, mapameTpu & , &,, &, L0 XapaKTepU3yIOTh

TOYHICTH POOOTH aNrOpUTMy pO3B’si3aHHs BiamoBigHol (2.35)-(2.36)

pi3HHUIIEBOT 3a;[aqi MMOYaTKOBI HAONIKEHHS KOOPAWHAT TPAaHHMIHUX

(0) (0)
J )

BY3JIB X, y0 i X ,(]OJ) (Tak, o0 BUKOHYBaJIMCHh YMOBH (2.39)) Ta

X%, y®)

MMOYATKOBI HAOIMKEHHS KOOpAUHAT BHYTleIHlX BySJ'IlB ( Ij

i=1n-1 j=0,m (wampukiam, PiBHOMIpPHO TOMIIHBIINK BiIpi3KH i3
KIHIIMH B TOYKax (X(O) (()OJ)), (Xr(]?) (0))) 3HAXOAUMO 3a (HOPMYJIIOIO

(2.41) mouarkose HaGmmkenus y© _7(X. 7Y, I(OJ)) BenmnuuHu ¥ . Jami

(k) (k))

IPOBOJIMMO YTOYHEHHs KOODIMHAT BHYTPIIIHIX By3miB (X, Y

3agaHoro TouHicTio €1 (K — HOMep 3aranpHOI iTepallii) 3 JAOMOMOTOIO
ITepariifHux cXeM THITy “XpecT’, OTPHMAaHHX MUIIXOM pPO3B’SI3aHHSI
(2.38) BigHOCHO X; ; Ta Y, ;. IIpn npomMy HEOOXiaHI 3HAYCHHS IpajieHTa
Hamopy Ta QyHKUIIi &k y By3nax citkn G/ 0OYHMCIIOIOTBCA 4Yepes
3HAYCHHS X; |, Y;; 3 MONMEPEAHBOr0 KPOKY iTeparii.

[licns mporo “migmpaBisieMo” TpaHUYHI BY3JIH, DPO3B’S3YIOUH

HaOMKeHO cucTeMy piBHAHB (2.40). SIKino BeawuynHA 3MilLlEHHS BY3JIiB

Ha  TpaHHIi 3a MIPOBEICHY k-Ty 3arajbHy  iTEpario



_ () _ o (k-D)? ® kD)2 o .
S _n?a}x (Xi’j =X ) +(yiyj = VYi ) ( (i, J) — iHOEKcH KOOpAWHAT
TPaHWYHUX BY3JIiB) OUIbIOIAa 332 €, TO IMOBEPTAEMOCH IO YTOYHEHHS
BHYTPIIIHIX BY3MiB. B MpOTHICKHOMY BHIAAKYy 3HAXOIWMO HOBI
HaommkenHs QU ta yU penmuun Q Ta y 3a hopmysoro (2.41) Ta yMoBOIO

3B’A3Ky MiK HHUMH: Q=mMA¢-y. Skmo 3MiHAa HEBiIOMOI BUTpaTu
(L) (L-1) :
‘Q -Q ‘ Oinpla 3a &;, TO 3HOBY INOBEPTAEMOCA [0 YTOYHEHHs

BHYTPIIITHIX BY3JIiB, 1HaKIIIe - 00YNCITIOEMO HEB 13Ky
“kBa3iKOHQOPMHOCTI” OTPUMAHOT CITKH & =+/0; +6; , e &1, & —

HEB’SI3KH alpoKCUMaIiiii piBHsAHb (2.35):
n-1,m-1
6, = maX‘y(Xm,j - Xi—l,j) —Kij '(yi,j+1 - yi,j—l)‘l
i, j=1
n-1,m-1

0, = maX‘y(yHl,j - yi—l,j)+ K '(Xi,j+1 - Xi,jfl)‘v

i,j=1

Yija —Yija Xja X 1

Ie K, , , Jo ==
20y -J;  2Ay -, " 4Ay - Ag

L =K %Y

((Xi+1,j - Xi—l,j)x (yi,j+1 - yi,j—l) - (Xi,j+1 - Xi,j—l)(yi+1,j - yi—l,j))'

Sxmo mnoTpiOHO MiABUIIMTH CTYHiHb TOYHOCTI HaOIMKEHOTO
PO3B 3Ky (3MEHIIUTH HEB’SI3KY O ), 301IBIIYEMO CHHXPOHHO N i M Ta
PO3B’A3yEMO 3aJ1a9y 3aHOBO.

Onucanuii adTOpPUTM B3araji KaXKydd Mae€ MEHINY IIBHAKICTH
30DKHOCTI B TIOPIBHSHHI 13 TIONEPEIHIMHA, OCKUIBKH Tepemdadae
JIOMAaTKOBHM PO3paxyHOK 3MiH KoedimieHTiB ¢GimpTpamii y obmacTi
3aNeXHO BiJl 3MiH TpalieHTIB HAMOpy Ha KOXHIM 3arajpHii iTeparii
AITOPHUTMY.

2.2. Heniniiini xpaiioBi 3aga4i Teopii ¢isbTpanii Ha KoHdopMHi Ta

KBa3ikoHPOPMHiI BigoOpaskeHHsI AJsi TPHU3B’SI3HUX MOAEJIbLHUX



odJacren

2.2.1. MocTaHnoBKM 3amad. AJropurT™M “Budopy” Ta y3arajbHeHHH
aJITOPUTM PO3B’sI3yBaHHS 32124 /115l TPU3B A3HUX obJiacTei

V Tpu3B’sA3HIN KpUBOIiHIHHIM 061acTi G, (Z=X+i y) , OOMexeHil
3aMKHEHUMH TiagkuMu  koutypamu L, ={z=x+iy: f,(x,y) =0},
L, ={z: f,(x,y)=0}, L'={z: f*(x,y)=0}, posrisHemMo MonenbHy

KpailoBy 3ajauy Ha 3HAaXOMKEHHs MoTeHiany ¢@:. Ap=0, go|L* =0,,

ol.=0" ¢l =p, —0<p <9 <t0, —o<g <+, e @
Kepyrounii norteHnian (L, — BIANOBIAHMII KOHTYp-HOCIH Kepyrodoro

MTOTEHITIANY).
Sk BigoMoO, UUIAXOM BBeAeHHS GyHKIT Teuii w =y (X,Y)

(KOMITIEKCHO-CIIpsDKEeHOT 10 @ =¢@(X,Yy)) Ta ymoBHOro pospizy I’
obnmacti G, B370BX OJHIET 3 JHIA po3alTy Teuill, I 3a4a4a 3BOAUTHCS
110 KOHGOPMHOTO BiIOOpaKEHHI @ = w(z) = (p(x, y) + il//(X, y) obmacri
G, \I' (npu HeBimOMHX AiMSAHKAX ii IpaHHIll) Ha BiANOBIIHY 00JIACTb
KOMILIeKCcHoro notenuiany G, abo 10 3a1adi Ha oOepHeHe KOHQOPMHE
BinoOpaxenns  z=z(w)=x(p,¥)+iy(p,w), G,—>G,\I' mpu

BiJIMOBITHOCTI KyTOBUX TOYOK 3 OJHOYACHHM OOYHCIICHHSM HEBIiJOMHUX
rmapameTpiB-Butpar [44,54,79,80].

B 3anexHOCTI BiJi CHiBBiAHOIICHHS TPaHWUYHUX MOTEHIHATIB ¢, ,
@, @, 00IacTh KOMIUIEKCHOro moTeHmiary G, HaOyBae pi3HOi

reoMeTpuyHoi KoH}irypauii. Ha oOcCHOBI eBpHCTHUHHX MipKyBaHb 3
HACTYITHUM JIOT1YHMM OOIPYHTYBAaHHSIM HaMH BCTAHOBJIEHO 23 MOIIMBI
BHUIMaKU (popMyBaHHS Tedil, sKi 300paxkeHi Ha puc.2.12-2.14. KoxeH i3

MOXUIMBHX BHUTIAAKIB (X Hagam “iMeHyBaTAUMeMO’ sK P.(, e P — HOMep



BIJNIOBITHOTO PHUCYHKa Y PO3Iii, pzﬁ, ( — TOpAAKOBUM HOMEp
BHUITAIKy HA PHCYHKY) XapaKTePU3YETHCS THM YH IHITUM HaOOpoOM
MIEPETOKIB MK KOHTYpaMH, III0 OOMEXYIOTh MOAEIbHY 00jacTh. Tak,
Hanpukiaj, 1 Bunaakis 1.1 ta 1.2 xapaktepHuM € Te, mo L, € niHiero
BUTOKY, a KOHTYpu L Ta L. — mimismu BTOoKy. Bunamok 1.2 € KmouoBuM
y TOMy PO3yMiHHI, [0 Touka H po3sramxykeHHs HOTOKIB CIiBNAAaE i3
JeSIKOI0 TOYKOI0 A BHYTPILIHBOI'O KOHTYpY L., a BelMdnHA NIEPETOKY
Bigx L, mo L. (mamami mosHawatumemo: L, — L., ne L, — KoHTyp-
mkepeno, a L. — KoHTyp-mpuiimMau) € MiHIMaJbHOIO 32 YMOBHU
BizcyTHOCTI nepetoky L, — L.

Ilpn nopanpmiOMy 3pOCTaHHI MHOTEHIIAly KEpPyBaHHA ¢,
(Bumagku 1.3—1.5), Mo MBOX HAsSBHUX TEPETOKIB MOMAETHCS TPETiH (
L. — L'). Ocobnusictio Bunaaky 1.4 € Te, o0 cyMapHHii MOTIK 4epe3
KOHTYp L. HOpiBHIOE HYIIIO.

Ha puc. 2.12.6-2.12.8, 2.13.1, 2.13.2 300paxeHi cUTyawiiiHi cTaHH
y BUIAIKax BIJACYTHOCTI TEPETOKIB MK BHYTPIIIHIMH KOHTYpPaMH.
Bunagok 1.6 € KIo4oBHM y TOMYy poO3yMmiHHI, mo Touka H

po3rayXeHHs mepeTokiB (puc. 2.12.6) cmiBmamae 3 ASSIKOI0 TOYKOIO A

BHYTpIIIHEOr0 KOHTYpy L. (mpu upoMy BenuumHa mepetoky L. — L

JIOCSATae CBOrO MiHIMAIBHOTO 3Ha4YeHHs, @ Ly — L — MakcHMabHOrO).

OcobnuBicTio BUnaaky 1.8 € Te, 110 MOTEHLiaNd BHYTPILIHIX KOHTYpIB
piBHI, a KJIIIOYOBOrO BHMAAKYy 2.2 — Te, IO Touka H posramy:xeHHs

HOTOKIB CIIBNAJAE 3 JESAKOI TOYKOK B BHyTpimHBOro KOHTYpY L,

(Ipu 1BOMy BenMuMHA MEPETOKY L, — L € MakcumanbHom, a Ly — L —

MiHIMQJIBHOIO 32 YMOBH BIJICYTHOCTI TEPETOKY MIXK BHYTPIITHIMHU
KOHTYpPaMH).
Ha puc. 2.13.3-2.13.5 300pakeHi cuTyaliiiHi CTaHM 32 YMOB



HasiBHOCTI nepeTokiB L, — Ly Ta Ly — L . OcobnuBicTio Bumaaxy 2.4 €
Te, 110 3araJbHUM MOTIK Yepe3 L, JOpIBHIOE HYIIIO.

3a ymoBu BincyTHocti mepetoky L — L, (2.6-2.7, 3.1-3.3)
Bunagku 2.6 i 3.3 € KJIIOYOBHMH y TOMY PO3yMiHHI, mo Touka H
po3TalTy>KeHHs TOTOKIB CHIBIIaJa€ B MEPLUIOMY BHIIAAKY 3 TOYKOHO B
BHYTPIIIHBOTO KOHTYpY L, (mpm mpomy BemuuuHa nepetoky L. — L,
J0Csra€ CBOTO MiHIMAJBHOTO 3HAYCHHS), a y JApyromy — 3 Toukow C
30BHIIIHBOTO KOHTYpY L* (BemuumHa neperoky L. — L, mocsrae cBoro
MaKCHUMaJIbHOTO 3HAYECHHS).

Jaii 300pakeHi y MMEBHOMY CeHCi “3BOpoTHI” BigHocHO 1.1-1.8

cutyauiini cranu. Tak, Ha puc. 3.3.4-3.3.6 300paskeHi BHIIAIKU

HAsBHOCTI TPHOX IMEPETOKIB (“3BOPOTHHX’ 10 BigHOIIEHHIO H0 1.3—1.5).

[Ipu mpomy, ocobmmBicTio 3.5 € PiBHICT BETHYHH BTOKY B KOHTYp L Ta

BUTOKY 3 HbOTO. Bumagok 3.7 € KJIIOYOBHM 3a YMOB BIICYTHOCTI
neperoky 3 L. 10 Ly ToMy posymiHHi, mo Touka H posramyeHHs
MOTOKIB ciBNanae 3 To4koro C 30BHIIIHBOTO KOHTYpY L *, a BenmuumHa
nepetoky L. — L, gocsrae cBoro j10kajabHOro MiHIMyMY.

Y xoxHOMYy 3 23-X BUMNaikiB (oOpMyBaHHSA Tedii, 00IacTb
KOMIUIEKCHOTO ~ TMOTEHLialy € MHOTOKYTHHKOM, CTOPOHH SIKOT'O
napajenbHi ocsiM KoopauHaT. HemoBHa BH3HAYEHICTH TI'€OMETPHUYHOT

KOH(Qirypauii 0061acTi KomIulekcHoro mnoreHuiany G, (a came, i
3aJIe)KHICTh BiJl CIIBBIIHOMIEHHS BEJIMYWH T'PAaHUYHUX MOTEHIATIB @, ,
@, ¢,) 3yMOBIIOE HEOOXIHICTD MOGYIOBH SIK ANTOPHTMIB YHCIOBOIO

pPO3B’sI3aHHS 3a/1adi IS KOXKHOTO 13 3a3HAYCHUX BHITAIIKIB OKPEMO, TaK 1

“anropuTMy BHOOPY”’, IPU3HAYCHOTO I BHOOPY OAHOTO 3 OMHCAHHUX
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BUIIIE BUMAAKIB. ['0JIOBHUM MOMEHTOM IpH BHUpIlIEHHI L€l mpoliiemu B

[IJIOMY € PO3B’SA3YBaHHS B MEPIIY YEPTy KIFOYOBHX (ONTHUMI3AIlIHIX)
3amay (Q=1,6), moO BH3HAYAIOTBCS JIOJATKOBOK YMOBOIO Ha
3HAaXO/DKEHHS TOTO i3 3HAUCHb INOTEHLIaTy KepyBaHHA ¢=¢,, NpH

SIKOMY JTOCSTA€ThCS MIiHIMyM a00 MaKCHMyM BEJIWYHWHH OJHOTO i3
nepeTokiB. TakuxX MOMOMDKHHUX 3adad MiJ 4ac BHKOHAHHS “alrOpHTMY
BUOOpPY” HEoOXimHO Oyae po3B’A3aTh y “HaWripmioMy” BHIIAAKY HE
OinpIe BOX, a micisi BUOOPY KOHKPETHOTO BHIIAAKY HEoOXigHO Oyne
PO3B’s13aTH JOJATKOBO Il OJHY “IPOMiXHY™ 3afady IUisl TOTrO, II00
OTpUMaTH PO3B’S30K BuXinHOi 3agaui. [Ipm 1pOMy 3ayBaKMMO, WLIO
“npomixHi” 3amaui 1.3-1.5, 2.3-2.5 Ta 3.4-3.6 MOXyTh OyTH pO3B’s3aHi
“morpymoBo” (3a CHITPHUM [ TPYNH BUMAAKIB aITOPUTMOM),
3BO)XKAlOYM HAa TEeOMETpUYHY ,IOMiOHICTE” (B TIEBHOMY CEHCI)
BIJIMTOBITHUX 00JIaCTEeH KOMILIEKCHOTO IMOTEHITIamy.

Aaroputm BuOOpy. Hexali 3amani reomeTpuuHa KOHQiryparis

dismunoi obnacti G, (xkpusi L., L, L,) Ta 3HayeHHs TpaHUYHHX
NOTEHIATiB  @., @ , ¢,. Toml 3aranbHUWii anroput™M BUOOPY
KOHKPETHOTO BHIIQJKY 3 MOJIMBUX MOXHA 3alHCaTH y BUTIAI
MOCITiZIOBHOCTI TAKUX KPOKIB:
)Skmo ¢, =¢. abo @,=¢ , TO MaEeMO BiANOBIIHO KOHKDETHi
Bunaaxu 1.8 ta 3.1. [Hakme — npogoBKyeMO BUKOHAHHS aJITOPUTMY.
2)lkmo @, <., TO mepexomumo a0 m.8. Skmo ¢@,>¢ , TO
repexoaumMo 1o 1m.13.
3)VY Bunanky, KO @, —@. > @ — @, , IEPEXOIUMO [0 TI.6.
4)Po3B’s13yemo 3amady 2.2. 30KpemMa, 3HaXOAUMO BiIIIOBiJHE KIIIOUOBE
3HAYeHHs @, . SIKIO @, = @_ , TO Maemo BuMaaokK 2.2. SIKmo ¢, < @7,
TO MaEMO BUIAAOK 2.1.

5)3Hax0MMO KIIOYOBE 3HAYEHHS ¢ SK PE3yIbTaT pPO3B’s3aHHS



onTuMizaniiiHoi 3axayi 2.6. Ko ¢, =@, , TO MaEMO BHIAIOK 2.6.
Sxkmo ¢, > ¢, , To Maemo Bunaznok 2.7. Ilpu ¢, < @, Maemo oauH 3

Bunaakis 2.3-2.5.
6)Po3B’s;3yeM0 3amauy 2.6 Ta 3HAXOQMMO BIiAIOBIIHE KIIIOYOBE

3HAUeHHs ¢, . SIKIWO @, = ¢, , TO MaeMo BUMAAOK 2.6. SIKmo ¢, > ¢y ,

TO MaeMO BHIAJOK 2.7.
7)Po3B’s13yemo 3amauy 2.2. 30KkpeMa, 3HaXOAUMO BiTIOBiIHE KIIFOUOBE

3HAYeHHs @, . SIKWO @, = ¢. , T0 Maemo Bumaaok 2.2. SIkmo ¢, < ¢,
TO Maemo Bunanok 2.1. Ilpu ¢, >¢Jf MaeMO OJWH 3 BHUITAAKIB 2.3—
2.5.
8)Y BumazKy, KOIU @, — @, >> @ — @, , Iepexoaumo jo 1.11.
9)Po3B’s3yemMo 3amauy 1.6 Ta 3HaXOIUMO BIAINOBIAHE KIFOYOBE
3HaueHHs ¢ . SIKwo @, = @], T0 Maemo Bunaaok 1.6. Skmo ¢, > 7,
TO MaeMO BUIaAOK 1.7.
10)3HaxouMO KJIIOYOBE 3HAYEHHS @), SAK PE3YIbTAT DO3B’S3aHHS
onruMizaniitoi 3anadi 1.2. Skmo ¢, =@, , To MaeMo Bumamok 1.2.
SAxkmo ¢, < ¢, , To Maemo Bunanok 1.1. Tlpu ¢, > ¢, Maemo ouH 3
punaakis 1.3-1.5.
11)3uaxoauMo @ SIK Pe3yJbTaT PO3B’S3aHHS ONTUMI3AIiiHOI 3amadi
1.2. SIxmo ¢, = ¢, , To Maemo Bunanox 1.2. SIkuo ¢, < ¢, , TO MaEMO

BUNajaok 1.1.
12)Po3B’s3yemo 3amauy 1.6, 30kpeMa, 3HaXOIUMO BiJIIOBIIHE KITFOUOBE

3HaueHHs @] . SIKwo @, = @], T0 Maemo Bumaaok 1.6. Skmo ¢, > 7,

T0 Maemo Bunanok 1.7. Tlpu ¢, <@/ Maemo onuH 3 Bunajkis 1.3—
1.5.

13)Y BUNAIKY, KOTH @, —@ >> @ — . , IEPEXOIUMO 110 I1.16.

14)3naxoMMO KIIIOUOBE 3HAYEHHS ¢, SK PE3YJIbTAaT DO3B S3aHHS



BIZNOBIIHOI onTHMi3aniiiHoi 3amaui 3.3. Skmo ¢, :(pf, TO MaeMo
Bunanox 3.3. SIkmo ¢, < ¢, , To MaeMo BUTAIOK 3.2.

15)Po3B’s3yemo 3amady 3.7 Ta 3HAXOJWMO BIAIOBIOHE KIIIOYOBE

3HaueHHs @ . SIKmo @, = ¢¢, T0 Maemo Bumnaaok 3.7. Skmo ¢, > ¢f,

T0 Maemo Bunanok 3.8. [lpu ¢, <@} MaeMo onuH 3 BUNAIKIB 3.4—
3.6.

16)Po3B’s13yemo 3amauy 3.7, 30KpeMa, 3HaXOJUMO BiIIMOBiIHE KIIIOYOBE
3HaueHHs @ . SIKo @, = ¢S, T0 Maemo Bumnaaok 3.7. Skmo ¢, > ¢f,
TO MaeMO BHIIAI0K 3.8.

17)3HaxoauMo KIIFOYOBE 3HAUCHHS gof SIK pe3yJabTaT pPO3B’s3aHHS
BIANOBIIHOI onTuMi3auiiiHoi 3amaui 3.3. Skmo ¢, :(pf, TO MaeMo
Bunanok 3.3. Skuwo ¢, <@;, To Maemo Bunanok 3.2. lpu ¢, > ¢}

Ma€eMoO OAWH 3 BUNAIKIB 3.4—3.6.

AdroputMu  po3B’sI3yBaHHA, SK = IPOMDKHHMX  3agad  Ha
3HAXO/KEHHsI HEBIIOMUX BHUTpAT 32 BiJIOMMMH 3HAUCHHSMH TPaHUYIHUX
HNOTEHLIaiB Tak 1 KJIIOYOBUX 3aJad Ha 3HAXO/PKEHHS 3HAYCHHS
KEpyloUuoro TMOTCHINialy IS BHOPAaHMX KOHKPETHHUX  BHITAIKiB
¢dbopMyBaHHsS Tedii I'PyHTYIOTBbCS Ha ilei Mo4eproBoi mHapaMmeTpu3amii
TPaHUYHHUX BY3JIiB, BHYTPIIIHIX BY3/iB JTUHAMIYHOI CITKH, MapaMeTpiB
KoHQOpMHOCTI Ta TOTeHIiay KepyBaHHsA. llicms mepexomy mo
BIMIOBIIHUX PI3HANEBUX 3adad B KOXXHOMY 3 OKPEMHX BHWITaJIKiB
cucTeMa PiBHAHB, Ky HEOOXiIHO PO3B’s3aTH, MUIMTHCS HA TPH TPYIH
PiBHSHB, KOXKHIH 3 SKHX BiANOBiA€ eBHA rpyna Hesinomux. o mepmoi
TpyNU HEBIJIOMHX HaJeXaTh 3HAYEHHS INyKaHux QyHKIiH X(@,w) Ta

K

Y(@,w) y BHyTpilHIX By3nax ciTkoBoi oOmacti G/ =UG;k (x,; Ta
k=1

P — O

yi; Bianosimmo), ze GJ, ={(p.v)): @ =@ +([i-i)7—",

k



Qk S50 0 L s 0 0
'_JkAl//k+(J_Jk , =10 +N, J:Jk’Jk+mk}'
mk
i, jo,n,m, o, of Ay, ,Q, — 3HaueHHS, 5Ki OGepyThCs 3 BiAMOBITHOT
KOHKpETHOMY BHUNAAKy Tabmuri (amB. Tabn. 2.10, Tabm. 2.11 ta Tabm.
2.12, nanpuknan, mist Bunaakis 1.3, 1.6 Ta 1.7 BimmoBigHO), mpuU4IOMy
BUKOPUCTOBYIOTHCSI TIJABKH Ti PSAKU TaOJNHUIl I SKAX CTOBIYUK
Q ="

Tabnuys 2.10
Tlapamempu obracmi KomMnieKCHo20 nomeHnyiany onst eunaoxy 1.3

k i A n | om, ", A, | Ag | Aw, | A | LR @ | e | O]
1 —A, 0 A | o 0 Ap Ap, Ay, Ayr, ¥ - P, . o | e
2 L 0 n, | m 0 Agp, | Ap, | Ay, | Awp, - Fle | e | O @
3| R . Ao 0 A Ag, Ay, Ay |, A o | e | O | O
4 | —m ", | ot 0 Ap, | Ap. | A | Ay, | £ S e |0 | O -
5 -n 1 i, 2 0 Ap A, A, Ay | S x -

6 1 -1 n, 2 0 Adp, Ap, | Ay, | Ay, | F - - -
70 -n | m—1|n 2 M, + Ap. Ag, Ay, Ayr i A -

8 I | m—1|n 20| an b | A | Ap | Aw | Aw | £ ] - -
9 | -l 0 3 om 0 Ap Ag, | A, | Ay, - - - - - -

[epmi#i Tpymi HEBIAOMUX  BIANOBINAIOTH  ApPOKCHUMOBaHI
piBHsiHH# Jlamnaca:

a4, Ap, Ag, Ay Ay
i =a " (—= Xt k+ Xii1,j +_l_<xi,j—l +_txi,{j+1})’
Ay, Ay, A, A,
A A A A
yi,j :ak ( (pk_ yl—lj (pk yl+lj V/k yl j— 1 l//k y|{1+1}) (242)

ne o, =2Ap Ay, ((Afﬂk’Afﬂﬁ)’l +(At//k’Al//k*)’l), Ap =(Ap +Ap)] 2,
Ay, =(Ay, +Ay. )12, Ap., Ap., Ay, , Ay, — KpOKHU JIOKaJIbHOI

. ihoi<il+m,
ciTku (6epyThest 3 Tabmumi), {j}= N Jpyra rpymna

- _ - -O
J-m,, J=]J, +m,.
HEBiJOMUX — Il¢ 3HAYCHHS X ; Ta Y,; Y IDaHHYHHX By3JIaX CiTKOBOI

obnacTi Gg;, SKI BH3HAYAIOTHCS MpPU PO3B’SA3yBaHHI pPiBHAHB (2.43)-



(2.44) HanmexXHOCTI  By3/IiB A0 TrpaHUmi  oOmacTi, piBHSAHBb

opToroHaiabHOCTI (2.45)—(2.46) Ta piBHIHB HepioguIHOCTI (2.47):

Lk(xiﬁ’j’yiﬁ)j)zo’ =ik +Ljl+m -1, (2.43)

R, (Xifmk,i’yifmk,j) =0, j= JI? +1, JI? +m -1, (2.44)

— — X
i0+1, i, Xi£+2,j OX

X(4yif+1,j _3yiEyJ- - yiEJrzyj) ZO’ J = JI? +1’ jl? +mk _1’ (245)

R (X, Yo )
kA0, i Tid+ng, i (3X.0

oy i0+n, +Xi,f+nk—2,j - Xif+nk—1,j)_
R (%o, Yoo )

_ i+, Ti+ng _ _

OX (3yi,‘2+nk,j + yif+nk—2,j 4yif+nk—1,j)_0’

i=id+1jd+m -1 (2.46)

J=J t4 et My =4, .
— _ i 0 0 -
0 = K gem Vi = Vim0 T o b H N, A my 0, m >m,.

Jlo ocTaHHBOI TPETHOI TPy HEBIMOMHUX BiHOCSATHCS BEITHMYWHU
MEPETOKiB MiXK KOHTYpaMH (BUTpaTH) Ta KJIIOUOBI MOTEHIianu (OCTaHHI
JIAIIIE Y BUMAMAKY, SKITO PO3B’A3YIOTHCS KITFOUOBI 3a1adi). BigmoBigHi im
piBHSHHS OyZIYyIOTBCSI Ha OCHOBI YMOB KOH(POpPMHOI MOAIOHOCTI
€JIEMEHTApHUX CITKOBHX YOTHPUKYTHHUKIB ¢i3muHoi objacti Ta
BIJIMOBITHUX M y 00J7acTi KOMIUIEKCHOTO TIOTEHITATY 1 3aIUCYIOThCS Y
BUTJIAIL:

1 i0+n -1 j2+m -1

> b—’ (2.47)

O N S

Q =7Mm(a’ -0, 7 = -

e g, ; :\/(Xi,j+l_xi,j)2 +(yi,j+l_yi,j)2 +\/(Xi+l,j+l_xi+l,j)2 +(yi+l,j+1_yi+l,j)2 )



by ; :\/(Xi+l,j_xi,j)2 +(Yi+1,j_ij)2 +\/(Xi+l,j+1_xi,j+1)2 +(yi+1,j+l_yi,j+1)2 :

Tabnuysa 2.11
Iapamempu obracmi KomniekcHo2o nomenyiany 0 6unaoky 1.6

k|7 A ", m, m; Al | Al | A | Aw | LR | e | G|
1| - 0 no | om+l m, Agp, Ay, Ay, | Ay, | £ - o | e | OO
2 o] 0 ”, ", 0 Ap, | Ap, | Ay, Ay, - fle || Q| O
31 6 o |, 0 Ap, | Ap Ay | A | - | e e | &
4 ] -1 ”, 2 0 Ap. | Ap, | Ay, | Aw, - i - - - -
5 o] w1 2 moAm, | Ae, | Ap. | Ay, | Ay, - r - - - -
6 | -1 0 2|+l . Ap | Ap. | Awn, | Ay, - - - - - -
Tabnuys 2.12
Hapa/wempu 0b1aCcMI KOMNIIEKCHO20 nomenqiaﬂy ons eunadky 1.7
k i i "o i, my Age | Awl | Awy | awd | Lo | K| of | of | @ o
1| - | Hy | st 1ty Apy | Ay | A | Ay fa : @y | Pu Q(: QS
2 0 1 7y iy 0 Agy | Agn | Ay | Ay - FSle | e | O O
E ”l my+ 1 L] Agy Agy Ay Ay £ o N Dy Q: P
4 0 iy . N un 0 Ap, | Ap. | Ay | Ay S A P AR o -
3 0 -1 An 3 0 Apy | Ay | Ay, Ay E s - - - -
6 0 ms A 2 mtms | Aps | Apa | Apn | Ay 7 - - - -
7 -1 —ny 2 m 0 Agy | Al | Ay Ay - - - - - -
8 -1 1 2 e 0 Ay Ap, Ayry Ay, - - - - - -

3arampHa cxema AJIrOpUTMYy pO3B’ﬂ3yBaHHﬂ KJIIOYOBHUX Ta

MMPOMIKHHX 3aJ1ad TaKa:

10.3agaemo reomerpuuHy KoH(irypamito ¢izuunoi obmacti G, :
L, ={z=x+iy: f,(x,y)=0}, L'={z: f"(x,y)=0},
L, ={z: f,(x,y)=0}; ximbkicTb By37TiB pPO3OUTTS BiANOBIAHOI
K
obmacti KoMIuIeKCHOro mnoreHuiary G, :UG:) JeqKoi CITKOBOI
k=1
obnacti G] (mapamerpu n, m;, n,, M,, N;, M, — iX KUIBKICTb
3aJIeKUTh BiJ] KOHKPETHOT'O BUMAJKY, IO PO3TIIAJA€THCS); TapaMeTpu

HeoOXiZHOT TOYHOCTI poOoTH amroput™y ¢, i=13 Ta cTymiHb



KOH(OPMHOCTI J, BiIOOpakeHHSs, sIKE MH X04eMO 00y IyBaTH.

11.3agaemo moyaTKkoOBe HAOMIKCHHS IIyKAaHUX KOOPAWHAT TPAHHMIHUX

(0) (0)

BY3IiB X Ta Y;, , TaK 00 BUKOHyBanucs yMoBH (2.43)—(2.46).

12.3amaeM0 1MOYATKOBI HAOIMIKEHHS INYKAHUX KOOPIMHAT BHYTPIIIHIX

x©

(0) ;
ii1Yij)» MOYATKOBI HAOIMKECHHS BUTPAT

BY3JIIB AMHAMIYHOI CITKH ( o

(0) )
k

i xepyrouoro mnorenmianry @f” (11 1HBOrO PO3B’SA3YHOTHCS

piBEsHHS (2.47) BIIHOCHO HEBIIOMHX, sKi y TaOJuUIll HaBeIcHI y
OKpeMoMy cToBITUHKy U, ). [Tokmagaemo t:=0 (t — HOMep 3aranpHOT
iTeparlii aropuTMy).

13.IIpoBoANMO YTOYHEHHS! KOOPAMHAT BHYTPILIHIX BY3JIB JUHAMIYHOL

®

citku (X,

yi(ytj) ) 3a iTepauiiHUMu cxemamu (2.42), BpaxoBYIOUHU MIPH

IbOMYy TEpIOAWYHICTh ImykaHuxX (yukmiii (2.47). Haiikparmie
MIPOBOANTH KOPEKLIi0 KOOpAMHAT BHYTPILIHIX BY3JIiB,
BUKOPUCTOBYIOUM OaraTociTKoBi Metoau [27], sKi O3BOJISIOTH
3HAYHO e(eKTUBHIIIE BUKOPHCTOBYBaTH IPOLECOPHUHA  dHac.
JocTtatHbo mpoBecTH abo oaHY ab0 HEBEJIMKY KUIBKICTh iTeparii
0araToCiTKOBOrO METOIy, ajpkKe aJrOPUTM Iependadae OararopasoBe
BUKOHAHHS IIi€i omeparii.

14.“TlignpaBnseMO” TpaHWYHI BY3JIH, PO3B’SI3yIOUM CHCTEMY DiBHSHB
OpPTOTOHAJBHOCTI JiHIA Tewii M0 rpaHumi oOmacTti Ta piBHSIHB
HAJIEXKHOCTI By3na 10 TpaHumi obmacti (2.43)-(2.46), omamM 3
MoauikoBanux meroniB HetotoHa.

) (t)

15.3HaxoqnM0O HOBI HAOIMKEHHS '+ @ BemmunH Q,, @,

PO3B’S3YI0OUH CHCTEMY PiBHIHE (2.47).

16.5xmo 3MiHn HeBimOMHX BenMuuH Q, 1 @, 3a OCTaHHIO NPOBEACHY

iTepalito OUIbILI 32 &;, TO NEPEXOJUMO JI0 I1.3.



17.3naxoauMo BeNWYMHY 3MILLEHHS BY3JIiB Ha MPaHMII 3a MPOBeAeHY t -

Ty 3arajpHy itepamio § = max\/(x(") (k 1)) +(y(k) (k 1))

Slknio BoHa OibIIa 32 &, , TO IEPEXOJMMO JI0 I1.3.
18.I1epeBipsieMO MaKCUMajbHE 3MIIIEHHS 33 HOPMOK ‘R, BHYTPILIHIX

BY3JIiB 3a OCTaHHIO IPOBEACHY ITEpallilo anropuTMmy. SIKIo BoHA
Oinplia 3a &, TO HPOJOBXKYEMO IiTepaulidHuii mpouec 3 1.3.

OOuncnroeMo mapaMeTp KOH(POMHOCTI OTPUMAHOrO BimOOpaXKeHHS
00J1acTi KOMIDICKCHOTO TOTEHITIany Ha (i3HUHy 00JIacTh 13 PO3pi3oM
B3JOBX JIHII pO3AUTy Tedwii, a camMe 3HaXOANMO MaKCHMaJIbHYy

HeB 53Ky O piBHsHB Komri-PimaHa, 3amucanux y BHYTpIIIHIX By3/1ax

citkoBoi obnacti G/ . fkmo & > 6., To 301IbIIY€EMO KiIBKICTh BY3JIiB
6 . i o6 e 6i

po30UTTA ciTKOBOI 06aacTi G/ (a1 1bOro 301bIIyEMO MapaMeTpu

n,, M, He 3a0yBarouu IpU LBOMY OOpaTH TaKe CHiBBIIHOIIEHHS

MK HuMH, mo6 citka G Oyna MakcHMMalnbHO OnM3bKa [0

KBaJpaTHOI) Ta MEPEeXOoAWMMO A0 1.3, iHaKmie — KiHEemb pPOOOTH
ANTOPHUTMY: 3a/1ada po3B’s3aHa 13 He0OXiTHOIO TOUHICTIO.

HaBenenwii 3aranbHHMN alrOpUTM 3 YCHIXOM MOXe OyTH
aJanToOBaHUKA 10 PO3B’sI3aHHS OYJb-SKOT 3 KIYOBHUX a00 MPOMIKHHX
3agad. KoHKpeTHI BUnagku ajamnTauii anropurMy Ta Horo monudixamii
CTOCOBHO PO3B’sI3yBaHHsI 3aa4 HelNiHiiiHO1 (inpTpauii OyayTs HaBeAEHI
Yy HaCTYIHHX naparpadax JaHOTro po3Iily.

2.2.2. 3agaui i3 Kkepyro4yuM mNOTEHIiaJioM Ta NPOMIKHI 3agayi.

AJITOPUTMH iX YHCJIOBOT0 PO3B’SI3yBaHHS

PosrassaeMo 3aavy 3HAaXO/’KCHHA TAKOT'O 3HAYCHHSA KCPYHOUOI'O

HOTEHUially ¢,, HpH SAKOMYy Ma€ Miclie piBHICTb TIPUTOKY [0



BHYTPIIIHBOTO KOHTYpa L, — HOCIS KEpYyI04oro noTeHLiary Ta BUTOKY 3

HBOTO.
Hexait (puc.2.15) y nesikiii Tpu3B’A3HIH KpUBONIHIHHIN oOnacTi

G, (z=X+1ly), oOMexeHIi 3aMKHCHUMH TIJAaIKAMH KOHTYpaMU

L, ={Z: f*(x,y):O} (BHyTpimmHim), L' ={z: f*(x,y)zo} (30BHIIIHIM),

L,=4z: f (x,y)=0 BHYTpIIIHIM, IO € HOCIEM KEPYyHYoro
0 0 YIp Py

MTOTEHITIANY), PO3TIATAETHCS Tporec ¢iabTpamii y MOPHUCTOMY IUIACTI,
SIKMI OTIMCY€ETHCS 32 JOMOMOTOI0 PIBHSHHS pyXy v =k -grad ¢ (3akoH
Hapci um 3akon Owma) Ta piBHsHHS HepospuBHocTi divo=0, e

v=(0,(X,¥),0,(X,y)) — WBHAKICTb PyXy YAaCTHHOK, K — KoedillieHT

binbrpauii, @=¢(x,y) - mnorenmian moms (¢| =@, ¢|.=¢,

(p|LO =@,, —0<@. <Py <@ <+o0). 3HAYECHHS MOTCHI[ATIB @, Ta @

BBAXATHMEMO (DIKCOBAaHMMH, a HEBiIOMHH (Kepyrouuii) mapameTp ¢,

OyzemMo IIyKaTu 3a yMOBH piBHOCTI nepeTokiB 3 L. B L, ta3 L, B L.

[TocTaBneny 3amady OyaemMo pO3B’SI3yBaTH MIIAXOM TMigOOpy
TAKOTO 3HAYCHHS IOTEHINay KepyBaHHs, 3a SIKOTO OyJe JOCATHYTa
PIBHICTh TIEPETOKIB IO Ta 3 Kepyrdoro KoHTypa. s mporo 3amamo
Jiesike JIOIMyCTUME 3HAuYeHHS IOTEHINially KepyBaHHs (Take, 3a SIKOTO
MaloTh Micle BCi TpH TEPETOKH Yy 3aJaHiii obnacti), 3Haimemo, sK
PO3B’S30K JIeAKOT IMPOMIXNKHOI 3ajJayi 3a CHEIiaibHO PO3POOJICHUM
aNropuTMOM, BenMuMHM TiepeTokiB g0 (Q7) Ta 3 (Q,) Kepyroyoro
KOHTypa (IpU IIbOMY 3HAYCHHS IOTCHIIaNy KePyBaHHS BBa)XKaTHUMEMO
BIJIOMMM, a HEBIJIOMUMHM BBR)KaTUMEMO 3HAYCHHS IIEPETOKIB MiXK

KOHTYpaMH, IO OOMEXyroTh obmacte G,), 0OYMCIMMO PI3HHIIO

Q’ —Q, UMX MEPETOKiB, HA OCHOBI AKOI MiANMPABUMO OOpaHE 3HAYECHHS

MOTEHITIay KEpyBaHHA 1 T.A., MOKA HE IOCSATHEMO PIBHOCTI HYIIO



MOJYJISL PI3HUIIl TEpeTOKiB 13 3amaHor TouHicTIo. [liqnpaBisaTu
3HAYEHHS  KEPYI4Yoro MOTeHI[ianmy  OyJeMo  BHKOPHCTOBYIOYH
MOHOTOHHO-3POCTAIOUNN XapaKTep 3aJICKHOCTI PI3HHIN IMEPETOKIB Bill
3HAYEHHS KepYyI4oro MOTeHITialy.

BukopucranHs TPOMDKHOI  3amadi  3YMOBJIICHE IHUTaHHSIM
MOJXKJIUBOI HEPAI[lOHAIBHOCTI CTBOPEHHS OKPEMOTO aJIrOpUTMY JUIS
pPO3B’sI3aHHS TIOCTABJICHOI 3a/1ayi, OCKUIbKM NPOMIKHA 3ajjaua BiKE
BKITIO4ae y ceOe Bumaaku 2.4 ta 2.6 3 §3.1 i 3 He3HAYHOIO HaOYAOBOIO B
QITOPUTMI  CBOTO PO3B’SI3aHHsI, ONUCAHOIO BHIIE, MOXe OYyTH
BUKOPHCTaHA TaKOX 1 HPU PO3B’sI3aHHI TOCTABJICHOT HAMH BUXiJIHOL
3amaui 2.5.

JIst po3B’s3aHHS MMPOMIKHOI 3a7adi 3HaAXODKEHHS TIEPETOKIB MiXK
KOHTYpaMH, M0 OOMEXYIOTh 3aJiaHy 00JacTh, 332 33JaHUM 3HAUYCHHSIM

MOTEHINay  KepyBaHHs, BBIBIIM  QyHKIOiO Tewil =y (X,Y)
(KOMIUIEKCHO CHIPsDKEHY 110 ¢ = (/)(X, y) ), 3OIMCHUBIIN YMOBHi pPO3pi3u

AB=A1B3=A,B, Ta BC=B3C1=B;1C; B310BX BiANOBIAHUX JiHI} TeYii, 1110
OPOXOAATh Yepe3 TOYKYy po3niury motokiB B=Bi1=B,=Bs; (puc. 2.15),
MIePEX0IUMO 10 OiIBIIT 3arajbHOI 3a1adi Ha KOHPOPMHE BiTOOpaXKEHHS

w=w(z), yrBOpeHOi mNpH  [bOMY, OIHO3B’SI3HOT  00JacTi
G!=G,\(ABUBC) wma Bianoigay o0macth  KOMILIEKCHOTO
norenuiany G, =G UG2UG UG UD'E'UE'FUE'B!, (
G, ={o=p+iy: ¢ <p<g, 0<1//<Qf}, Gl={w=p+iy:
m<e<g,  0<y<Q}, Gl={o=¢+iy: g <p<q,
_Q:<1//<O}, G,={o=p+iy: @ <p<¢, —Q:<z//<0},
D'E'={a)=g0+il//: Q. <P<Q,y, t//=0}, E'F'={a)=(/)+i¢//:
p<p<¢@, y=0}, E'B,={o=p+iy: p=g, —Q:<y/<0},z[e

D'E'F'B', - Bignosigui o6pasu Ttouok D,E,F,B,) 3 Tproma



HeBinomMumu BuTpatamu Q. = m —v, dx+v,dy, Q= m—vydx +vdy,
DA, EB,

Q= m—vydx+vxdy:

AD
2=y Plap =0 Ploy =000 Olee =
(2.48)
_ _ * _ 0 _ *
Py ="V l//|A101 =-Q., l//|AQBQ =Q., (//|Blcz _QO'
C , A B,
L C O B, c
O AT T
i
o IC-;
D :
B 01911 dinapasannnnnld
A, - ¢
A, R I t
Lv D E 0, T
] 3| T nn
] Mo
I
1
G A : .
A ¢
¢ @y ¢

Puc. 2.15. Obnacmv G, ma ionogiona iii kondizypayis

obacmi KOMIIEKCHO20 NOMEHYIATY Gw

BignoBimny iii HemoBHy oOepHEeHy KpaloBy 3adady Ha
KoH(OpMHE BigoOpaxkeHHs Z = Z(w) = X((p,l//) +iy(p,p) obnacti G, Ha
G? Ta piBHSAHHA I JAiHCHOT X = X(@,y) 1 ysBHOI Y= Y(p,y) yacThH
¢byHskii Teuil Z = Z(w) 3anuIieMo y BUTIISIL

X,=Y,, X ==Y, (ov)eG,, (2.49)
f. (X(@..¥), y(@..w)) =0, -Q. <y <Q’,
£ (x(0"¥).y(@" .w)) =0, —Q <y <Q,



fo (x(@6,¥), Y(@0,¥)) =0, 0<y <Q7,
fo (%(00,9), Y(25,9)) =0, 0<y <Q,
X(@.~Q)=x(p.Q7), ¥(p.-Q)=Yy(0.Q°), ¢.<p<q,
X(0,-Q) =x(. Q). Y(@.-Q)=Y(p.Q). ¢ <p<g,(250)
Ax=0, Ay=0. (2.51)
3ayBakMMO, IO Ha BIAPi3Ky @=¢,, v >0 ¢ynkuii X(e,y) Ta
Y(p,) HaOyBalOTh PI3HUX 3HAUCHH 3aJIGKHO BiJ TOTO, SIKUM TOYKAM

koHTypa B,EB1 Bonu Bigmosigarots (B2E um EBy).
Jlana 3amava pami Oyle JOMOBHEHa HaMH 1€ W BHMOTaMHU
BUKOHaHHS piBHsAHb Jlarulaca s ¢ywkuii  X(o,v), Y(p,w) Ha

obumBox obOpasax “OeperiB” mimii posmimy meperokiB ABC  mus
BpaxyBaHHs ii “po3/1BO€HHA” 1pu nepexoi Bij odbaacti G, 10 G, .
Pisnunesi ananoru piBHsAHB (2.51), ymoB (2.50) Ta momaTKOBUX

. . . ——
YMOB JUIsl TPAHUYHHX Ta MPUTPAHUYHHX BY3IB y CITKOBiH oOnacti G) =

o +i-Agp, 1=0,n -1,
{(@ v} ze o ={ G [
@, +(@{—-n)-Ap,, i=n,n,

_Q:+j‘Al//1’ j=0m -1,
v =41(j—-m)-Ay,, j=m,m+m, &y i<n,

(J—-m)-Ayy, j=m,m+m;, &y ixn,

Api=(py —@)I N, Ap, =((0*—(00)/n2, Al/lle:/ml' Ay, =Q,?/m2
Ay,=Q,/m,, n=n+n,, n,n,,m,m,,m;eN,
3aMUIIeMO Y BUTIISII:

_ A A A A
X5 :X(in‘//j):a 1'(_¢Xi—l,j +_¢)Xi+1,j + v Xi,j—1+_l//xi,j+1)’

Ay_ Ay

+



A A A
_(pym,j +A_l//ij-1 +_l//yi,j+1) , (252)

-1 qu
=Ylewwi)=aT (——Y, . +
y|,J y( i '7”]) ( l//_y 1] !// ‘ A

a =20pAy (A Ap]" + Ay Ay, Ap=(Ap +A9,)]2,
Ay =(Ay_ + +Aw,)/2, gpe 3HaueHHd Ag , A@,, Ay, Ay,
BHOMPaIoThCs 3 Ta6/1.2.13 B 3alMeXKHOCTI Bijl HAEXKHOCTI By3na (¢;,V/;)
Tili un iHwiii nigo6nacti G!/ citkosoi o6macti G ;

fo (X )=0, j=m,m +m,, fO(an,j’ynl,j):O! J=m,m +m,,

n,j! ynlyj

fo (X ¥0)=0 j=0,m+m, (X ,y,;)=0 j=0,m+m,

Xi,O = Xi,m1+m2’ yi,O = yi,n11+m2’ I :rnl’
Xi,O = Xi,ml+m3 ' yi,O = yi,m1+m3’ I = nl’ n; (253)
of” of”
(EJ (3Xn,j + Xn—2,j - 4Xn—l,j ) - (Ej (3yn,j + yn—z,j - 4yn—1,j) =0,
n,j n,j
j=0m +m,,
af* af*
E(Xo,j ) YO,j)(4X1,j _3X0,j - X2,j) _E(Xo,j ) YO,j)(4y1,j _3y0,j - y2,j):01

j=0,m +m,,

o, j of
- (3an,j + X 2] _4Xn1—1,j)_[_oj (3yn1,j T Yo -2 _4ynl—l,j) =0,
( % Jo. XK o

j=m +1im +m, -1,

of of
(on (4Xr11+1,j - anl,j - Xn1+2,j +) _(a_;j (4ynl+1,j - ynl,j - ynl+2,j) =0,
g M.

j=m+1m +m,-1. (2.54)



Tabnuusa 2.13

CTpyKtypa o6nacti G/

GL’ /'L, A Jo n, om, m_ Ap_ | Ap, | Ay | Ay,

G 0 m, noom, 0 Ap, Ay,

G n, m n, - m 0 Ap, Ay,

fo 0 0 A, m, 0 Ag, Ay,

GV n 0 n, - om 0 Ap, ! Ay,
D'E' 0 m —1 n, 2 0 Ag, Ay, Ay,
E'F' " m, -1 1, 2 0 Ag, Ay, Ay
E'B', | n—1 0 2 om, 0 Ag, Ag, Ay,

A', B, 0 m +m,—1 : n 2 my +im, /_\éa, Ay, o Ay,
B'C, ", m +m -1 i n, 2 m, + i, Ap, Ay, o Ay,

dopMynu s 3HAXOKEHHs HeBigomux BenmumuuH QF, Q. Ta Q;

OJIEPXKY€EMO Ha TiJICTaBi yMOB “KOH(OPMHOI MOIIOHOCTI” eleMeHTapHUX
CITKOBHX YOTUPUKYTHHUKIB IBOX 00JacTeil:
* O *
Q. =mAyy, Q- =mAy,, Q =MAy;, Ay, =7Ap, Ay, =7,Ap,,
Ay, = (nlysA(”l + n274A(02) / (nl + nz) )
1 ip+no—1 jo+my—1 g

ij
o= halily (2.55)
" ongm, Z(I) JZJ' vy

\/( ij+H | 1)2 +(yi,j+l_yi,j )2 +\/(Xi+1,j+l_xi+l,j )2 +(yi+1,j+l_yi+1,j )2 !
:\/( I+lj Ij) +(yi+1,j_yi,j)2 +\/(Xi+1,j+1_xi,j+l)2 +(yi+1,j+1_yi,j+1)2 !

ne 1=14, a xomnonentu Bextopa (ij, j5,Ny, M) BUOUpAOTHCA i3

CTOBMLIB 2—5 BimnoBigHOTO MifoGnacti G/ psjka tabn. 2.13.



3afaBIM KUIBKICTB BY3JIiB po30uTTs obnacti G, n, n,, m, m,,
M, napaMmeTpu &, &,, &;, IO XapaKTEpU3YIOTh TOYHICTH POOOTH
IropuTMy po3B’si3aHHS BignosimHOi (2.50)—(2.51) pi3HHIEBOI 3amadi,

MMOYATKOBI HAOIMKCHHS KOOpAWHAT I'PpaHUYIHUX ByBJ'IiB Xéoj), y(()oj) , Xr(ll0 )j ,

y,(f')j , Xr(]of yr(]oj) (Tak, m00 BUKOHYBaIHCH YMOBH (2.53)) Ta mOYaTKOBI

(0)

HAOJIMKEHHS KOOPJIMHAT BCiX BHYTPIIIHIX BY3miB (X,

yi(’oj)) , 3HAXOJJMMO
3a popmyioro (2.55) mouarkosi Habmwkenus Bemmund QF, Q. Ta Q.

Jamni yTO4HI0EMO KOOPJMHATH BHYTPIILIHIX BY3JIiB (X,(kj) , y,(kj)) 13 3aJJaHOI0

2.5

2.0t--

15F---t-mm -

Q

Lol

0.5f-—-t---d---d----

0.0
0.1 02 03 04 05 06 07 08 09 1.0
2

Puc. 2.16. I'paghix 3anexcnocmi wykanux

sumpam 6i0 NomeHyiany KepysanHs

TouHiCTIO & (K— HOMep 3araimbHOI iTepalii) 3a JOMOMOrok0 iTepariiHuX

cxem (2.56) Tumy “xpect” B KOXHi 3 migobmacreit G mpu

i=i,+1i,+n, -1, j=j, +1 j,+m, =1 (tabn.2.13):



% = o ( Ap x| 2 Ap x| Y Ay U et Ay x k- ),
i, ] Ilj i+1, ] i,j-1 |{J+l}
- Al//+ - Aqur

4, A _ _ A _ A -
|(k1) ' (_(0 |( k1 ? A yl(-:fl i) l// |(k1—11) t—— v l( l;J}r)l} (2 56)
7 Ag Ag,

ne {j}=+. J: J ? J_O Mo M_ — mapaMeTp KOPEKIii iHIEeKCiB,
J-m., )=+ Mg,
BBEJICHUH I BpaxyBaHHA “pO3ABOEHHS’ JiHii po3ainy nepetokiB ABC
npu nepexofi Big obnacti G, go G,
[Ticns mporo “minmmpaBisieMo” TPaHWYHI BY3JIH, PO3B’S3YIOUH
HAOJNIMKEHO CHCTeMy piBHAHb (2.54). SIkmo BeauuuMHA 3MIIICHHS

TPAaHMYHUX BY3JiB 33 TpPOBEACHY K-Ty 3arajbHy iTepauito

_ () _ y (k1) k) _ (k 1) :
S—n?ya}x\/(xiyj =X ) (y ) ( (i,]) — iHgEKCcHM KOOpIMHAT

TpaHUYHHUX BY37IiB) OlIblIa 32 &,, TO MOBEPTAEMOCH 10 YTOYHEHHS
BHYTpIIIHIX By3JiB. B iHIIIOMY BHUIAAKy 3HAXOAMMO HOBI HAOJIMKCHHS
BenmunH Q. , Q. Ta Q, 3a hopmymamu (2.55). SIkio HaHGLIbIIA i3 3MiH
3a a0COJIIOTHOIO BEIMYMHOIO IIYKAHUX BEIWYMH 32 OCTAHHIO IPOBEICHY
iTepauito Oulblla 3a &,, TO 3HOBY IOBEPTAEMOCS 10 YTOYHEHHS

BHYTPILIHIX BY3IiB, B MPOTHJIEKHOMY BHUIMAAKY — OOUMCIIOEMO HEB’A3KY
“KOH(OPMHOCTI” OTPUMAHO] CITKH & =4/, + 3, , ne &,, 5, — HEB’A3KN

anpokcuMallii piBHsHb (2.49) B G

o, = max ‘74 (Xi+1,j - Xi—l,j) - (yi,j+1 - yi,j—l)‘ '
(i)l Je?

0, = max ‘7’| (yi+1,j - yi—l,j)+ (Xi,j+l - Xi,j—l)‘ .
(e ol

1=



Skmo mnoTpiOHO MiABUIIMTH CTYHiHb TOYHOCTI HaOIMKEHOTO
PO3B 53Ky (3MEHIIUTH HEB’SI3KY O ), 30LIBIIYEMO MapaMeTPH PO3OHTTS
obmacti n;, n,, m, m,, M, Ta po3B’A3yeMO 3a1adyy HOBTOPHO (IIpU
bOMY HEOOXiJHO 3BakKaTW HA ONTHUMAJLHICTH CIIBBIJHOIICHHS MK
HUMH, fgKa  JOCIATa€ThCsd  LUIIXOM  ONTHUMI3amii  BIAMIOBIOHUX
¢dbyukmionanis tuny Pimana).

Bumie onrcannii anropuTM YHCEIIBHOTO PO3B’I3aHHS MTOCTABICHOI
3aja4i peasri3oBaHui y BHUIIISAI KommbloTepHoi mporpamu uis [IK IBM
PC/AT, mo BHKOpHUCTOBYe HaOlp MyJNbTUMENIHHUX iHCTpYKHid SSE
npouecopiB Pentium 111 Ta Athlon XP. [Inst nepeBipku HOro KOPEeKTHOCTI

MMpoBCACHA cepiﬂ YUCCJIIPHUX eKCHCpI/IMCHTiB Ha TCCTOBOMY anKnaz[i
mpu L, ={x+iy: x=x.(t)=-2+cos(t), y=yV.(t)=sin(t), 0<t <27},
L' ={x+iy: x=x(t)=4cos(t), y=y (t)=4sin(t), 0<t<2x},
Ly ={x+iy: x=x,(t)=1+cos(t), y=yY,(t)=sin(t)/2, 0<t<2r},
@. =0, @ =1. JInd 3HaX0)KeHHs 3HAYEHHS MOTEHIIANy KepyBaHHs @y,
IpH SIKOMY JOCATacThes piBHiCTH BHTpar Q) Ta Qg , YHCEJIbHO 3a

ITOPUTMOM, OTNIMCAaHUM BHIIle, OyJia PO3B’si3aHa MPOMIXKHA 3a/lada TpU

Pi3HUX JOIyCTUMHX 3HAUEHHAX MTOTEHI1aly KEpyBaHH.

Pesynbratn o6uncnens s N=50, ¢ =&, =&, =10 naBeneni B
tabn. 2.14 (n, n,, m, m,, m, BuOWpanucs 3 yMOBH HaWOiNBIIOL
rmoAibHOCTI TOOYmIOBaHOI CiTKM A0 KBaapartHoi). I'padik 3amexHOCTI
BUTpAT Bi ¢, 300pakeHuit Ha puc. 2.16. Jlani, BAKOPUCTOBYIOUH METOJ
oAy Bimpizka mortoaM, Ha mpoMikky [0.6,0.7] Oymo 3Haiimene
HIyKaHe 3HAUEHHS IMOTEHLialy KepyBaHHA ¢, ~0.64875. Ilpu npomy
Oynu oTpumani HactynHi pesymbrati: QP ~ Q) ~0.6375, Q. ~5.4394 .

BinmoBigna quHaMiuHa ciTka 300pakeHa Ha puc. 2.15.



Tabnuuya 2.14

Pe3ynb'ra'm p03anyHKiB ana pi3HMX 3Ha4eHb HOTEHLI,iany KepyBaHHA
@y N1 iN2i My my : ms Qf Q; Q: o
015: 8 142 :283 2 {118 :0.004: 2.205 : 5.314 | 0.523
0.20: 10 :40:268 i 2 {101 0.012:2.018 : 5.358 | 0.311
030i{15135{ 272 4 83 10.081  1.656 | 5.431 : 0.350
040{ 2030273 10 | 66 i 0.200 : 1.327 { 5.469 | 0.395
050:25i25:274{ 17 | 51 {0.349 :1.025 ;5480 : 0.414
0.60:30:20:273{ 26 | 38 {0.527 ;| 0.750 : 5.464 | 0.407
070135115271 37 { 25 {0.746 | 0.503 { 5.419 : 0.266
0.80: 40 {10 267 : 50 | 14 {1.006 : 0.286 { 5.338 | 0.167
090:45:{ 5 {260 67 5 11.3450.109 | 5.197 { 0.240
09547 3 {251 86 3 11.7330.054 | 5.073 | 0.462

Bumeonncana Meroauka 3BeAEHHA KIIOYOBHX 3a1ad 0
pO3B’sI3yBaHHS cepii MPOMDKHHMX 3agad MOXKe OYyTH 3 YCIIXOM
3aCTOCOBaHA 1 JUISl 1HINMMX BHIAAKIB (OpPMyBaHHS TeHii y TPU3B’SI3HUX
obnactsx. [Topsiz i3 TUM, IEPCIEKTUBHOIO BUAAETHCS TOOYA0BA OKPEMHUX
(onTHMaNbHUX 3 TOYKH 30py MiHiIMi3awii HEOOXiTHOTO Ul OTPUMAaHHS
PO3B’SI3KIB MAIIMHHOTO 4Yacy) ajlrOPUTMIB ISl PO3B’S3yBaHHS BHIIE
OKpeCIeHUX 3a1ad 0e3 HeoOXiTHOCTI PO3B’s3aHHS cepii 3aaad TOro Xk

MOPSIIKY CKIIAZHOCTI, 110 1 BUXiHA.



2.2.3. llpukaaau noOya10BH AJIrOPUTMIB PO3B’SI3yBaHHS 3a1a4
Yy TPHU3B’SI3HUX 00J1aCcTAX AJIsl Pi3HMX BHMIAAKIB (POPMYBaAHHA

Teuil

PosrnsiHemo 3ajmady moOyJOBHM Ta pearizaiii aaropuTmy

PO3B’A3aHHA 3aJay 13 HEBIAOMHM KEpPYIOUUM IMOTEHLIAIOM ¢, Y
TPU3B’SI3HUX  OOJACTAX, OOMEXKEHHX  EKBINTOTEHIIaJbHUMHU
JIHISIMM, 32 YMOB MIHIMyMY HEpeTOKy BiJ KOHTypy L, mo L, 1
BIJICYTHOCTI TEpeTOKy Bix KOHTYypy L, mo L'. Jng 1mporo
pO3MIISIHEMO B JESAKI TPU3B’SA3HIA KPHUBOJIHINHINA  00sacTi

G,, Z=X+Ily, OOMEXeHI 3aMKHEHMMHU TIJAaJKUMH KOHTYpaMmu
L, ={x+iy: x=X,(t), y=V.(t), 0<t<2x}, L' ={x+iy:
x=x'(t), y=y'(t), 0<t<2z}, L,={x+iy: x=X,(t), y=y,(),

0<t<2x}, mpouec pyxy YacTHHOK (30kpema, GuIbTpamii y
MOPUCTOMY IUIACTI, PyXY 3apsSKCHHX YaCTHUHOK Yy TMPOBIAHIN

IJACTUHINl Ta 1H.), SKUH OMUCYETHCS 3a JOTIOMOTOIO PIBHSHHS

pyxy v=xgradep (3axoH J[lapci um 3akoH Owma) Ta pIBHSHHS
uepospusHocTi  divo=0, ne v=(v,(xY), v,(X,y)) — WBHIKICTH
PyXy YaCTHHOK; x — Koe(dimieHT mpoBimHOCTI ((PinapTpalii TOIIo);
p=p(xy) — motermian moms (o|, =¢., 0. =¢". ¢|, =0,
go‘ L=0» ~—0<@, <@ <@ <+oo) 'y BHUIAIKY BIICYTHOCTI
neperoky 3 L, mo L (puc.2.17). 3Ha4eHHs MOTEHI{any
KepyBaHHS LIYKaTUMEMO 3a YMOBHM MiHIMYMy HEpeToKy Bix L, 10
L, (puc. 2.18).

BeiBmu ¢yukiito Tedii y =y/(X,y) (KOMIUIEKCHO-CIIPSHKCHY



o0 @=¢(X,Y)), 3AIHCHUBIIN YMOBHI po3pism AB=AB,=AB, i
BC = B,C, = B,C, B30BX BIANOBIAHUX JIiHIH Tedii, 110 MPOXOIATH
yepe3 TOYKY pO3Aily MOToKiB B=B =B,=B, (puc.2.18),
OTPUMY€EMO OLIBIII 3arajibHy 3a/1a4y Ha KOH(OpPMHE Bi10OpaskeHHS

®=w(z) yTBOPEHOI TpU LBOMY OJIHO3B’S3HOI  0OjacTi

Gf =G, \(ABUBC) Ha
G; By
|
|
i
i
L apBiC
-
Gi—1—1G3
—
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Puc. 2.17. @izuyna obracmos ma 0061acmob KOMRAEKCHO20 NOMEHYIATY 05
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Puc. 2.18. Disuuna obracms ma obracms KOMIIEKCHO20 ROMEHYIANY 05
sunaoxy 2.6



BIJIMTOBITHY o0JacTe KOMILUIEKCHOT'O MOTEHITIATY
G,=G,UG2UG U UDB/UBB,, 1e G.={o=¢+iy:

Q. <P< @y, 0<y <Ql}, Gl ={w=p+iy:
0. <p<@, —Q<wy<0}, G[iz{a)zgoﬂl//: O, <Q<@,
—-Q; <y <0}, DB/ ={o=p+iy: ¢, <p<g@, y=0},

BB, ={w=¢+iy: ¢o=¢, -Q.<w<0} (tyr D', B - obpasu

touok D, B,), 3 HeBigomumu BuTpaTamu Q°= ﬁ—vy dx +v, dy,
A,D

Q= j —V, dx+Vv, dy Ta HEBIZIOMHMM IOTEHIIAIOM KEPYBAHHS @, .
AD

0=V Plan =00 Plas =0 9|ec, =9

Py =Wy Ylac =—Q, W\DBfO, W\AQBfo- (2.57)
BianoBiany iif HemOBHY 0OEpHEHY KpaloBYy 3a/1auy Ha KOH(QOpMHE

BijoOpaxeHHs z=z(w)=X(p,w)+iy(p,py) obmacti G, ma G’ i
pIBHSHHS i JIMCHOT X = X(@,w) 1 ysaBHOI Yy=Y(p,y) YacTuH

¢byHKuii Teuii z = z(w) 3anumIeMo y BUTIISIL:

X, =Yy X%, ="Y,, (p¥)eG,, (2.58)
f.(x(@..w), Y(o..¥)) =0, -QI<y<Q],
f (x(e"w), y(@" ¥))=0, -QI<y<0,
fo(X(20. %), Y(@0,)) =0,  0<y<Ql, (2.59)

X(@,-Q)=x(2.Q)).  Y(@-Q)=y(@.Q). e.<9<q,
X(%‘Q:):X((P:O), y((D,—Q:)= y((pvo)’ Do S@S(D*,
Ax =0, Ay =0. (2.60)
3ayBakuMo, W0 LIO 3a7ady Jalli JOMOBHIOBATUMEMO LIE I BUMOTaMu
BuKOHaHHs piBHsaHb Jlammaca min dymkuiit X(@,w), Y(@,w) Ha oGumsox

obpaszax «OeperiB» minii posminy meperokis ABC  jna Bpaxysamms i
«pO31BOEHHSD NpH Tepexoi Bix obnacti G, mo G, .

PiznunieBi anamorm piBHaEb (2.60), ymoB (2.59) Ta



NOJATKOBUX YMOB Ul TPaHUYHUX 1 MPUTPAHUYHUX BY3MIIB Yy

CITKOBIM obacri G, ={(o.v;)}, hi (S
{(0*+i'A(01, i=0,n -1
2 . ., —
¢0+(|—n1)'Ag02, I=n,n,

=(p—@.)In, Agp, =(¢ = @)/ Ny,

_:{—QIH-A% i=0m -1
Col-m)-Ay,, j=mm
Ay, =QIIm, Ay,=Q°/m,, n=n+n,, m=m +m,, n,n,,m,m,eN,
3alIeMo y BI/II‘J'IHI[i:

A A A A
X((/)i,l//) a’t =2 — Xt ? X j + Wxij—l"' wxiﬁl !
Ay 7 Ay, T A T A,

- +

A A A A
Y((Di,l//) a” ( (pY.lj Al/(f yi+1,j+%yi,jl+iyi,j+1j’(2'61)

Ap=(Ap_+Ap,)]2, Ay =(Ay_+Ay,)]2,
0{=2A¢)AI/IEA§01A(D+1+AV/1Al//+1j, ne sHauenns A@ , Agp,, Ay_,

Ay, BuGuparotses 3 Tabm.2.15 sanexwo Bin Hanexnocti Bysna (¢,y/;) Tii
ey . A~ . . . .
uy iHmii migo6nacti G, citkosoi o6nacti G/ ;

fO(an,j'ynl,j):O’ j=m,m,

f,(%; ¥,;)=0,  j=0,m, f*(xnj,yn.) j=0m,,
Xo=Xim Yio=Yim: =0,n
Xio=Xm: Yio=VYim, = _n (2.62)
of (X, , Y, )
——njonts (8%, + X0 = HXo) —
of (X, 4 Ys 1) )
_+(3yn,j+yn—2,j_4yn—1,j):01 J=0,m,

. (%54 Yo,
RLoVoi) 4, 3, ) -
] %



a1:*()(,"y,') - A -
_$(4y1,j_3yo,j_y&j):0, J=0,m,
a":O(an,j’ynl,j)

oy

(3ynl,j + Yo 2] —4yn1_11j) =0, j=m +1m-1. (2.63)

(3Xr11,j + X, 2] _4an—1,j)_

(%, 51V )
OX
dopMyau IS 3HAXOKEHHS HEBigoMux BenwuuH Q°, Q. i
@, OAEPKYyEMO Ha MiACTaBl YMOB «KOH(OPMHOI MOAIOHOCTI»
€JIEMEHTAPHUX CITKOBUX YOTHPUKYTHHUKIB IBOX 00JIACTEH:
Q =mAy, Q'=mAy,, ¢, =0, +nAg,
Ayi=1rAp, Ay, =7Ap,  Ag=y;(9" —.) ] (Ny, +Nyy;) (2.64)

1 i +np -1 jo+mh—1

n=
nomo i

1=y i=io

Vi

3 \/(Xi,j+l_xi,j)2 + (yi,j+l_yi,j)2 + \/(Xi+l,j+l_xi+1,j)2 + (yi+1,j+l_yi+l,j)2

Vi~
J \/(Xi+1,j_xi,j)2 + (yi+1,j_yi,j)2 + \/(Xi+l,j+l_xi,j+1)2 + (yi+1,j+1_yi,j+1)2

ne | =1,3, a KOoMIOHeHTH BekTopa (i), j,, Ny, M,) BHOUPAIOTHCS 3i

CTOBIIIIIB 2—5 BiAmoBigHOrO Migo6macri G/ psuka tadm. 2.15.

Tabnuys 2.15
Tlapamempu cimxoeoi obnacmi

G7il, iy Jy n, M, w Agp Ag, Ay Ay,
G 0 m o m, 0 A:(/v‘ Ay,
G’ 0 0 ", m, T O Agp, Ay,
GY n, 0 oy m+1 im, A, Ay,
D'B 0 m, —1 H, 2 0 Ao, Ay, Aw,
BB [m-t 0 2 om0 Ap  Ap, Ay,
AB, 0 m-1 . A 2 m A'@W Ay, | Ay,




3agaBIIM KUIBKICTB BY3JB N, Nn,, m, M, po30UTTs 00aacTi

G,, mapaMeTpu &, &,, &, 110 XapaKTEePU3yIOTh TOYHICTH POOOTH

w!
ITOPUTMY PO3B’sA3yBaHHs BianoBigHOi (2.59), (2.60) pizHuULIEBOT
3ajadi, MOYAaTKOBI HAOMM)KEHHS KOOPIMHAT TPAaHUYHUX BY3IIB

X, o), x©, y (tak, mo6 BukoHyBamuch ymosn (2.62)) Ta

MMOYAaTKOBI HAOMMKEHHS KOOPJAMHAT BCIX BHYTPINIHIX BY3IiB

(3,

y'?), BusHagaemo 3a Qopmymamn (2.64) TOYaTKOBi
HabmmkeHHs BenmuuuH Q), Q) 1 ¢, . ani yTOYHIOEMO KOOPAUHATH

(k)

BHYTPIIIHIX BY3JIB (X

,¥) i3 3amanoro Toumictio & (ne k -
HOMEp 3arajibHOi iTeparfii) 3a JOMOMOTOK0 ITepallifHUX CXeM

(2.65) THmy «xpecT» y KOXHiM i3 migobmacreii G!7 mnpu

i=i,+1 iy+n, -1, j=j,+1 j, +m, -1 (qus. Tabu. 2.15):

() :al‘( Agp w0 Agp XKD o Ay w0 Ay x(k-1) j,

i,] Al//7 i-1,j Al//+ i+1, ] A¢7 i,j-1 A(0+ i{j+1}

G (A0 wn AP wn AV 4 AW
) =t Syl oyt Sy Sy 2
Ay Ay, Ap. Ap,
Ap=(Ap_+Ap,) ]2, Ay =(Ay_+Ay,)12,

a= 2AgoAl//[A(p'lAgoj1 +Al//_1Al//+_1j,

I’ J# J+my,

m_ — mapaMeTp KOpEKIlli 1HIEKCIB,

ne {j}={

j-m_ j=j+m,,
yYBEIEHUH 7151 BpaxyBaHHS «PO3JIBOEHHSD» JIIHIT PO3/LTY MEPETOKIB
ABC mnpu nepexoni Bix obnacti G, 10 G, .

[licms  1pOro  «miAMpaBISEMO»  TpaHWUYHI  BY3JIH,

pPO3B’s3yI0YM HAOIMKEHO CHUCTeMYy piBHAHB (2.63), Hampukian,

MetoaoM HeroToHa. SIKIO BeMurHA 3MINIEHHS TPAHUYHUX BY3JTB



3a MIPOBE/ICHY k -Ty 3arajbHy iTepartito

2 2
_ () _ (k1) ) _ kD Py ;
S_n}a}x [x” — X j +(yi'j =Y J (tyt (i, j) IHJIEKCH
KOOpJAMHAT TPaHUYHUX BY3JTiB) € OUIbIIOIO, HIX §&,, TO

MOBEPTAEMOCH /10 YTOYHEHHS BHYTPILIHIX BY37TiB. B iHImOMYy
BHUIAIKY 3HAXOIMMO HOBi HaOmmkeHHs BennunH QY, Q) i ¢, 3a

dbopmynamu (2.64). Skmo HaiOLIbIIA 31 3MiH 32 a0COTIOTHOIO Be-
JUYMHOIO IIYKAaHUX BEJIMYUH 33 OCTAHHIO MPOBEICHY ITEpaIliio €
OlnbLIOI, HIK &, TO 3HOBY IIOBEPTAEMOCA JIO YTOYHEHHS
BHYTPIIIHIX BY3JiB, Y NPOTWIEKHOMY BHIAAKYy — OOYHCIIOEMO
HEB'S3KY & =+/8; + 05, «KOH()OPMHOCTI» OTPUMAHOI CITKH, 1€ J,,
8, — HeB’A3KH anpokcuMmani piBHsaHb (2.58)y G, :
0, = max
(i.1)<G;

0, = (m)z)e(, 7 (yi+l,j - yi—l,j)+ (Xi,j+l - Xi,j—l) | .

SIK110 MOTPiOHO MiABUIMTH CTYIIHB TOYHOCTI HAOIM>KEHOTO

7Ky = %) = Vi = Yija) | '

PO3B’A3KY (3MEHILIMTH HEB’SI3KYy O ), 30UIbLIyeEMO MapaMeTpu

po30uTTs obnacti n, n,, M, M, i po3B’sI3yeMO 3a/1a4y MOBTOPHO.
Sxmo koHTYpH L, Ta L' HE € eKBIMOTEHI[IAJIbHUMH JTiHISIMHA

(manmpukinan, komu ¢, =@, (M), 1e M — Oiyda TOYKa BiIMTOBITHOTO

KOHTYDY, ¢, (M) — Majo3MiHHa HeNepepBHO AMpepeHLiioBHA Ta

nepioanyHa (yHKIIis), 6e31mocepelHb0 CKOPUCTATUCh TIepeBaraMu
3ampoIIOHOBAHOTO HAMH ITIXOAY HE MOKHA (BIAMOBiIHA 00JacTh
KOMIUIEKCHOTO TIOTEHINIAy HE € KAHOHIYHO0). Y 1bOMY BHUIIAJIKY
MOXJIMBUM € KOMOIHOBAaHHMH MiJXiJ 13 BHKOPHUCTAHHIM METOIY

CKIHUYCHHHX €JIEMEHTIB 1 METOJy MaXOPaHTHHX OO0JacTei



I'. M. Ilonoxis.

Onucanuii BUIllE ANTOPUTM YHCENBHOIO pO3B’SI3yBaHHS
copMyIIbOBaHOI 3aadi peaii3oBaHUN y BUIJIALI MPOTPaMU s
I[IK IBM PC/AT. [ins mepeBipku HOTO KOPEKTHOCTI MPOBEICHO
CEepir0 YMCEIBbHUX EKCIIEPUMEHTIB Ha TECTOBOMY MPHUKIIAII, KOJIH

L, ={x+iy: x=x,(t)=—2+cost, y=y,(t)=sint, 0<t<2x},

L' ={x+iy: x=x"(t)=4cost, y=y"(t)=4sint, 0<t<2x},

L, ={x+iy: x=X,(t) =1+cost, y=y,(t)=sint/2, 0<t<2xr},
¢,=0, 9" =1. OCHOBHI pe3yJbTaTH pO3B’SA3aHHS Ili€l 3amadi
(3HaueHHs TIOTEHIIaly KEPyBaHHS 1 TEPETOKIB) JUIsl PI3HUX
3Ha4eHb N, HaBeIeHO B Tabi. 2.15 (mpu upomy m, i m, BuOHpanu
3 yYMOBM HaWOUIbIIOl TOAIOHOCTI MOOYIOBaHOI CITKH J0
KBJIpaTHOI, n, =2).

OTpumaHy AMHAMI4HY CITKY y BHOAIKY N, xN, XM xm, =
=80x2x428x96 300paxkeHO Ha puc. 2.19, 1e MyHKTUPHOIO JiHI€I0
BUJIUJIEHO «3aCTiiiHy 30HY» (00JacTh BEIMKUX HEB’SI30K PIBHSAHB
Komri - Pimana B OKOJI1 0c00JIMBOT TOYKH

B=B =B,=B;: §,;>0,=0.05). Posmomin  mBHAKOCTI  Ha
HallOmk4ii 10 KOHTYpy AA, eKBINOTEHLIambHIM  JiHIT

300pakeHo Ha puc. 2.19.



Puc. 2.19. Ilobydosana ounamiuna cimka

Pezynomamu uucnosux pospaxynxis

Tabnuys 2.16

n m m, Do Q/ Q: o

5 33 6 0.854 0.942 5.570 0.255
10 61 12 0.895 1.030 5.454 0.195
15 89 17 0.912 1.012 5.394 0.192
20 115 24 0.926 1.098 5.339 0.162
40 219 50 0.958 1.205 5.234 0.131
80 428 92 0.981 1.122 5.245 0.093

Po3B’s130k chopmynboBaHOT 3a1a4i 3 KEPYBaHHSIM 3BOJIUTHCS
710 pO3B’sI3yBaHHS BiAMOBiAHOI BUpomKkeHol (mpu G, — B, i=1,3)
3aadi Ha KoH(pOpMHE BinoOpaxkeHHS oOjactell, 300pakeHUuX Ha

puc. 2.17, mo BKIIOYAE 3HAXO/KCHHS THUX 3HAUEHb MapaMeTpiB

?y, Q°, Q! , siKi 3a0€3MeUyI0Th HOTO ICHYBAHHSI Ta €JMHICTb.
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Puc. 2.20. Po3nooin wseuoxkocmi ¢hinempayii 6300624

exeinomenHyiani

Posrnssnemo Temep B JesKkiii TPU3B’SI3HIM KPUBOIIHIAHIN
obmacti G, (z=x+iy), oOMeKeHiil 3aMKHCHUMHU TJIaIKHMH
KOHTypamu L. ={x+iy: X=X (t), y=Vv.(t), 0<t<2xr},
U ={x+iy: x=x(1), y=y (), 0<t<2z}, Ly={x+iy: x=x,(t),
y=Y,(t), 0<t<2z}, npouec QuabTpamii y BUNaAKy BIACYTHOCTI
nepetoky 3 L. B L, (muB. puc. 2.21). Ilpuuomy 3Ha4yeHHA
MOTEHIlIaly KEpPyBaHHS IMyKaTUMEMO 3a YMOBH MAaKCUMyMY

nepetoky Big L. mo L (mus. puc. 2.22).
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Puc. 2.21. @isuuna obracme ma obaacms KOMHAEKCHO20
nomenyiany 0as NPOMINCHO20 BUNAOKY
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Puc. 2.22. @isuuna obnacme ma ob6aacms KOMNIEKCHO20
NOMeHYiany 01 KI0Y08020 BUNAOKY

AHAJIOTIYHO 10 TOTMEPEIHHOT0 BUMAAKY, BBIBIIN (DYHKIIIIO
teuil w=w(X,y) (KOMIUIEKCHO cHOpsbkeHy 10 @ =¢(X,Y)),
3miicHUBIM yMOBHI po3pizu AB=A1B3=A;B: ta BC=B3C1=BC>
B3/7IOBXX BIJAMOBIIHMX JIHINA Teuli, IO TPOXOJIATH Yepe3 TOUYKY
po3ainy norokiB B=B1=B>=B3 (auB. puc. 2.22), npuxogumo 10

OibII 3aranbHOI 3a7madi Ha KoH(opMHE BimoOpakeHHsS o = w(z),



YTBOPEHOI MPH IIbOMY, OIHO3B s13HO1 obmactTi G? =G, \ (AB U BC)
Ha BIJITOBIJIHY 00J1acTh KOMILUIEKCHOT'O MOTEHITIATY
G,=G,UG UG UF'B UB', B, (G, ={w= =p+iy:

P, <P<,, —Q:<1//<O}, Gl={w=p+iy: g <p<¢p, QU<y<
<0}, Gl ={w=p+iy: g,<p<g’, 0<1//<Q;}, F'B'={o=p+iy:

0.<p<@, w=0}, B B ={o=p+iy:p=¢, -Q <y<0}, ne

F'B' — oOpa3u Todok F,B,) 3 1BOMa HEBIJOMUMH BUTpaTaMu
Q, = [Jj —v,dx+uv,dy, Q= [ﬁ —v,dx +v,dy Ta  HEBIIOMHUM
C,F C,F

KEPYIOUMM MOTEHIIAIOM ¢,

*

C1Cz - ¢) !

O =Wy, ¢)|A1A2 =@y ¢|Ble =@ @ (2 66)

Oy =V Ve ="Q, ¥l =0 vl =Q
AHaJOTIYHO [0 TMONEPEeTHBOTO BIAMOBIAHY I HEMOBHY
oOepHeHy KpailloBy 3amayy Ha KOH(GOpMHE Bi0OpakeHHS
z=2(w)=x(p.w)+iy(p.y) obmacti G, Ha G_ Ta PiBHSAHHSI 1A
nivicHoi X =X(p,) 1 yaBHOI y=Yy(p,iy) yacTuH ¢yHKIIi Tedil

Z = 7(w) 3amuIIEeMO Y BUTJISIIL:

X,=Y,, X, ==Y, (ov)eG,, (2.67)
f. (x(e.), ¥(p. ) =0, QI <y <0,
f (x(0" ), y(@ w)) =0, —Q. <y <Qy,
fo (X(20,¥), Y95, %)) =0, 0<y <Qy, (2.68)
X(0,~Q) =x(9.Q), Y(@.-Q)=Y(9.Q), @ <@<¢,
X(0,~Q) =x(9,0), y(p,~Q)=Y(p,0), @ <p<g,
Ax=0, Ay=0. (2.69)
3ayBakxuMo, 110 Ul BpaxyBaHHs “‘po31BoeHHA” diHii ABC



pO3Illy MepeToKiB Impu mepexoni Bix obsacti G, mo G,, naHy
3ajady JAajgl JONOBHIOBAaTMMEMO I€ ¥ BUMOraMM BUKOHAHHS
piBasHb Jlammaca mis dyskmin x(e,v), Y(e,w) Ha 00UABOX
obpazax “OeperiB” gaHoi JiHil.

AJNTOPUTM YHUCENBHOTO PO3B’S3aHHS IMOCTABJICHOI 3a/1adi.
PiznuneBi ananoru piBHSAHB (2.69), ymoB (2.68) Ta momaTkoBUX

YMOB JUI TPaHUYHUX Ta MPUTPAHUYHUX BY3JIiB y CITKOBil 00iacTi
G, ={(e, ’l//j)}a Ac

{ 0. +i-Ag, i=0,n -1, {—Q:+j.Ay/1, j=0,m -1,
o = . ) V= ) .
@y +(i=n)-Ap,, i=n;,n, J (J—m)-Ay,, j=m,m,

Ap =(p, —@.) Iy, A(p2=((p*—(00)/n2, A‘//le:/mm A'/’zzQ;/mz

,n=n+n,, m=m +m,, n,n,,m,m, € N, 3a[UIIEMO Yy BUIJISIi:

a4, Ap Ag Ay Ay
X;=X.y)=a '(_7Xi71,j +A_W+Xi+1,j +A_Qxi,j—1+A_QrXi,j+1) ,

4, Ap Ag Ay
y i y(q)ill//j):a '(A_I/Lyi—l,j +A_l//+yi+l,j t— A¢7 yij a7t yl J+l) (2 70)

Ap=(Ap +Ap,)12, Ay =(Ay_+Ay,)]2,

a=20pAy (A At + Ay Ay Y), ne 3HaueHHS Ag , Ag,, Ay,
Ay, OepyTbes 3 Tabiu. 2.17 B 3aJIeXKHOCTI BlJ] HAJIEKHOCTI By3a
(¢,,y;) Tiit unm inmiit migo6nacti G citkoBoi obmacti G ;

fO(an’ynlj):O' j:ml’m’
fo (X% Y,;)=0 j=0m f(x,;,¥,)=0 j=0m
Xio =Xim Yio=VYim izj, Xio =Ximo Yio = Yim i=mi(2-71)

of J of e
- (3Xn,j + X2 _4Xn1,j)_[_j (3yn,j t Yoo _4yn—1,j) =0, j=0m,
[ ay nj aX n,j

of. .
8y —(x 0,j yOJ)(4XlJ Xo,j _Xz,j)_a(xo,jvyo,j)(4y1,j _3YO,J‘ - yz,j):Q j=0m;,



RN SR R B A A A
~Yoi2;) =0 j=m +1m-1. (2.72)
Tabnuysa 2.17
Iapamempu cimkosoi ooracmi
G7 /L i Jo ", m, m, Ap_ Ap, Ay Ay,
G:-j 0 0 n m, 1 i A@I Al;l/l
Gﬂi" n, 0 n, m, 0 Ap, Ay,
Gi 7 n, m, n, m, 0 Ag, Ay,
F'B, | n m-1 n 2 0 Agp, Ay, Ay,
B\ B | n-1 0 2 mo 0 Ap  Ap, Ay,
B, C', n m—1 n, 2 0 A@g Ay, Ay,

Dopmynu TS 3HAXOHKEHHSI HEBIJOMUX BenndnH Q,, Q. Ta
@, OIEpPKyeEMO Ha IMifcTaBi yMOB “KoH(opmHOi momiOHOCTI”
€JIEMEHTApPHHUX CITKOBUX YOTHPUKYTHHKIB JIBOX 00JIaCTEH:
Q=mAy,,  Q=MAy,, @, =¢ -NAp,, Ay =pAg,,
Ay, =100, Ap =19 —@) (g, +0,7), (2.73)
P ijo°++n”o"‘;}i\/(xivj+1_xivj)2 (Vi) +\/(Xi+1,j+1_xi+1,1)2 (Y iapaYins)

Moo 1,5 \/(Xi+1,j_xi,j )2 +(yi+1,j_yi,j )2 +\/(Xi+1,j+l_xi,j+1)2 +(yi+1,j+1_yi,j+1)2

ne 1=1,3, a xomnoHeHTH Bekropa (iy, j,,N,, M, ) BUOHpAIOThCS 13

BIIIOBIAHOrO ITi100J1aCTI G('uy psinka Tabmui 2.17.
3agaBUIM KUIBKICTh By31iB po30utTs obmacti G, n;, n,, m;,
m,, HapaMeTpu &, , &,, &, , IO XapaKTEePU3yIOTh TOYHICTh POOOTH

QITOPUTMY PO3B’sI3aHHs BiAMoBimHOI (2.68)-(2.69) pizHHIIEBOT



3a7a4i, MOYATKOBI HAGNMKCHHS KOOPAMHAT FPAHMYHAX BY3IiB X
c Yol X,y (rak, mo6 BukoHyBamuch ymoBu (2.71)) Ta
MOYaTKOBI HAOMM)KEHHS KOOPAMHAT BCIX BHYTPIIIHIX BY3JiB
(x9,y\9), smaxommmo 3a ¢opmymamm (2.73) mOYATKOBI
HabmmkeHHsT BemmumH Q), Q. Ta ¢,. Jam yTouHIOEMO
Koop/MHaTH BHYTpimHixX By3mie (X, y') i3 3amaHoro TouHicTIO
g, (k — HOMep 3arampHOi iTepalii) 3a JONOMOTOIO iTEpalliiftHUX

cxeM (2.74) tumy “xpect” B KOXHIH 3 mimoOmactedt G” mpu

i=i,+1i,+n, -1, j=J,+1 j,+m,+m, —1:

) =) e T e S S,
- Ay, Ag_ Ap,
I(kj) e ( y(k—l) y(k—l) Ay ke e Ay y&D ) (2.74)

i-1,j Al// i+1,j A(D i,j-1 A(D I{j+l}

Ap=(Ap_+A0)]2, Ay =(Ay_+Ay,)]2,
a=20pAy (A Ap + Ay Ay ), e {j}= o +((i— jo)modmy) .
[Ticns uporo “mignpaBisieMo” TpaHUYHI BY3JH, PO3B’I3YI0UH
HAOJIMKEHO CUCTeMY piBHSIHB (2.72). SIKuio BenwuuHA 3MIIICHHS

IpaHUYHUX BY3JiB 3a TPOBEACHY K-Ty 3arajpHy iTepariito

S="?"J}XJ( X xSV (v —yE) () - inneken

KOOp/AMHAT TPaHUYHMX BY3IiB) OlblIa 32 &,, TO IOBEPTAEMOCH 10

YTOYHEHHS BHYTPINIHIX BY3JiB. B 1HIIOMY BHIaIKy 3HAXOJAMMO
HOBi HaOmmKeHHs BenmnunH Q, Q. Ta ¢, 3a Gopmynamu (2.73).

Sxmo Haibinpma i3 3MiH 32 aOCOJIOTHOIO BEIMYMHOIO ITYKAHUX



BEJINYMH 32 OCTAHHIO [IPOBEJCHY 1Tepallito OLIbIIa 32 &, , TO 3HOBY

MOBEpTaEMOCS /10  YTOYHEHHS  BHYTpIIIHIX  BY31TiB, B

IPOTHIIC)KHOMY BUNIAJIKY - 00YHCITIOEMO HEB’S3KY
“KOH(OPMHOCTI” OTPHUMAHOI CITKH & =+/8; +6;, ne &, &, —

HEB’sI3KU alnpoKcUMaliil piBHsAHb (2.67) B G, :
6 = (ir?)‘i‘é, |7| K =X ) = Vijo — yi,j—1)|’

0, = max ‘7| (yi+1,j - yi—l,j) + (Xi,j+l - Xi,jfl)"
(i.1)eG,

k1o noTpiOHO MiABUIIUTH CTYMiHb TOYHOCTI HAOIMHKEHOTO
pPO3B’SA3KYy (3MEHIIUTH HEB’SI3KYy O ), 30LIBIIYEMO TMapaMeTpu
po30uTTst obsacti n, n,, m, M, Ta PO3B’SI3yeEMO 3aaady
MOBTOPHO  (ONTHUMANBHICTH  CIIBBIIHONIEHHS MK  HHUMH
JOCATAEThCST AHAJIOTIYHO JI0 MOMEPEIHHOTO BHIMAJAKY IUIIXOM
onTHUMI3aIlii BIAMOBITHUX (PYHKITIOHATIB TUITY PiMaHa).

Tabauys 2.18
Pesynomamu uucnosux pospaxymxie

N ng i m | m ® Q Q. o

200 2 | 116 ¢ 55 | 0.099 | 2479 | 5.215 | 0.063
30 | 4 178 81 | 0.118 | 2.392 | 5.236 | 0.042
40 | 6 240 | 108 | 0.125 | 2.364 | 5.243 1 0.032
60 | 9 364 | 161 | 0.132 | 2.329 | 5.252 | 0.022
80 | 13 | 486 | 214 | 0.135 | 2.318 | 5.255 | 0.017

JInsi mepeBipKM KOPEKTHOCTI BHILE OMUCAHOTO aJITOPUTMY

Oyia mpoBelieHa cepis YUCeTbHUX EKCIEPUMEHTIB Ha TECTOBOMY



npukinaai, komu L, ={x+iy: x=x.(t)=-2+cos(t), y=y.(t)=sin(t)
, 0<t<2x}, L ={x+iy: x=x(t)=4cos(t), y=y (t)=4sin(t),
0<t<2z}, Ly={x+iy: x=x,(t)=1+cos(t), y=yY,(t)=sin(t)/2,
0<t<27}, @.=0, ¢ =1. OCHOBHI pe3yJbTaTH pPO3B’A3AHHS

MOCTaBIEHOI 3adadi (3HAYCHHS KEPYKUOoro IMOTEHI[aIy Ta

HepPETOKIB) JJIsl PI3HUX 3HA4YCHb N, HaBeaeHi B Tabm. 2.18 (n,, m,
Ta M, BHOMpaIHCS 3 YMOBH HaiOL1b1I0i MOAIOHOCTI MOOYAOBAHOT

CITKHM JI0 KBaJPaTHOI, & =&, =&, =107).

G

0.1

»

55 35 <15 05 25 V¥

Puc. 2.23. Ilobyoosana ounamiuna cimxaPuc. 2.24. Po3noodin

WeuUoKocmi

OTpumaHa AMHaMi4HA CiTKa y BHIAAKY N, XN, XM xm, =
=6x40x240x108 300paxkeHa Ha puc.2.23, ne NTyHKTUPHUMHU
JiHISIMU BUIUIeHa '"3acTiiiHa 30HA" (00JIaCTh BEIMKUX HEB’SI30K
piBasHb Komri-PiMana B okomi ocoOmmBoi Touku B=B1=B,=Ba:

6,;>06.=0.02 ). Po3noaisn mBuakoCcTi Ha HAWOMMOKUYIA IO KOHTypa



C1C; exBinmoTeHiaNbHIN JiHIT 300pakeHuit Ha puc. 2.24.

2.2.4. Heniniiina ¢inpTpania y BHOAAKY TPU3B’SI3HUX MOJEJIbLHUX
o0Jacreit

PosrnsiHemMo HenmiHiWHMI cTalioHapHUH mnpouec QimbTpamii B
NesKii TpU3B’A3H1I KpuBOMiHIiHIN obnacti G, (puc. 2.25a), oOMexeHii
3aMKHEHMMHU  IJIaAKUMU  KoHTypamu L, ={z=x+iy: f,(x,y) =0},
L'={z:f"(xy)=0}, L,={z:f,(X,y)=0}, skuif omucyerbcs 3a
JIOTIOMOTO10 PIBHSIHHSA pyXy v =k - grad ¢ (3akon Jlapci uu 3akoH Oma)

Ta piBHAHHA HepospuBHOcTi divo =0, ne v=(v,(X,¥),0,(X,y)) -
MBUJKICTh PyXy YaCTHHOK, K = (Krs xy,0, ,goy))2x2 —  TEH30p
npoBigHOCTI ((PimbTpariii TOmO), SKWA Tae MOXKIHUBICTH BPaXxOBYBaTH
HEOTHOPIAHICTh CEePENOBHINA, HOTO aHI30TPOIHICTh Ta CXHJIBHICTH JIO
¢dinprpaniinux gedopmartiii; @ =@(X,y) — kBasimoteHmian mons (
ol =0 0l.=0" 9 =0 ~0<p. =g <9 <+x).
BBiBim ¢yHkiro teuil 7 =/ (X,Y) (KBa3iKOMIUIEKCHO-CIPSDKEHY
10 @=@(X,y)) Ta 3MidCHHBIIM YMOBHUH po3pi3 I' B3JOBX OjHIET 3
niHid po3aimy Tedii B G,, OTpUMyeMO OuIbIl 3arajibHy 3ajady Ha
KBa3iKOH()OpPMHE BiOOpakeHHS @ =®(Z) YTBOPEHOI MpH LBOMY
onHO3B’s3HOT  obmacti  G!=G,\I" Ha BimnosimHy  061acts
KBasikoMIUIeKcHOro noreHuiany G, =G, UG2 UG} UG UH"H', U
UH'.F UH":H's, G, ={w: ¢, <¢<¢)H,O<(//<Qg}, Gl ={w: g, <p<¢’,
0<;z/<Q§}, Gl ={w:p.<p<g,,—Q <y/<0}, G, ={w:p,<p<¢’,

—Q:<z//<0}, H'H ={w:0=0,, —Q:<(//<O}, H.F ={w:9, <p<¢',y=0},



H.F ={o:¢, <p<¢',y =0}, H'zH’3={w:¢:¢H,0<W<Q§}, o=p+iy
(tyr F', H'; — obpasu Toyok F, H,) 3 HeBizomMumu mapamerpamu-

BuTpaTamMu Q, = m—z)ydx +ody, Q= m—z)ydx +v,dy Ta noTeHmiagOM
L L.

@,, y Toull po3airy Teuii H :

Kll(xi y’@xlq)y)g)x +K12(X’ y,(ﬂx,¢y)(0y :l//y’ ¢|L,S = q)""

K2 (%Y, 0,0,)0, + K2 (XY, 0,0,)0, =—v,, o|.=¢,
Ve == Wlawe =0 Vlue, = ol =00 9|, =0u. @79
0 |H; ©
|
G, | G
B/ :Hz’ F’
0— == |- ——
A, |
G, | G
|
. |
S 7 A (o
o=¢. ¢, 9
a o

Puc. 2.25. @isuuna obnacme (a) ma 10nosiona iti ob1acme K6aziKOMNIEKCHO20
nomenyiana (6)

BignoBimny iii HemoBHy oOepHEeHy KpaloBy 3adady Ha
KBa3ikoH(popMHe BinobpaxeHHs Z(w)=X(p,y)+1Y(p,y) obmacti G,
Ha G i piBHsHHS mns AilcHOT X = X(¢,y) 1 ysBHOT Y = Y(¢,)) HacTuH
XapakTtepucTuuHol QyHKUil Tedii Z = z(®) 3anuimemMo y BUTIISI:

oy L0V LOX DY i 10y 10x ox _ox
oy oy oy oy’ oy oy Gy’ (py) G, (2.76)
Ay LY LKy 1Y 1OX)OX OV I =XV, =X, Yo

Yoy Joy oy oy’ oy oy dp’



f.(x(e..,¥),Y(0..y)) =0, —QI <y <0,
fo (X(20,¥), Y(95,¥)) =0, 0<y <Qy,
f (x(0"y),y(9".w)) =0, -Q <y <Qy,
X(0,~Q.) =x(9,0), Y(9,—Q.)=Y(9.,0), o.<@<g¢,,
X(0,0)=x(0,Q)), Y(@.0)=Y(p,Q;), @, <0<q,,
X(0,-Q)) =x(9,Q;), Y(p,-Q)=Y(@.Q)), ¢4 <p<9’; (2.77)

ol 1 o[ 1
%{F(Xw + Klzxu/)j'i'%(ﬁ(l(" Xl// — K'le‘p)) = 0,

ol 1 o1
%[F(yw - Kﬂylﬂ)j +%(F(K v ~|—K‘12y(/))} = 0,

K =Kk"Kk7 — kP (2.78)

3ayBakMMO, IO IF0 3aJady [Jajl JOTMOBHIOBATHMEMO e if

BUMOTaMH BUKOHAHHS piBHAHB (2.78) ms oy X(o,w), Y(p,w) Ha

006uaBOX 00pazax “Geperis” miHil po3miny mepetokis I' mis BpaxyBaHHS
ii “posaBoeHHs” mpu nepexoxi Bix obmacti G, no G, .

PiznunieBi anamoru piBHSHB (2.78), ymMoB (2.77) Ta q0maTKOBHX
YMOB JUIS TPaHWYHUX Ta MPUTPAaHUYHHUX BY3MiB Yy CITKOBiil oOmacTi

G, ={(p.v,)}, ne
¢*+i'A§D, i:O,n _]3
(pi:{ S S Ap=(py—9.)/n,
o, +({—-n)-Ap,, i=n,n,
:{—QIH-A%, j=0m -1,
(j_ml)'AV/Zv jzml,m,

Ay, =Q;/m, Awy,=Q;/m,, n=n+n,, m=m+m,, n,n,,m,m,eN,

Ap, =(9" —py) /N,

Vi

3aMUIIEeMO Y BUTIISII:

1 (A A Kij[ A A
o v 4 i,j % %
Xij = ] [KT(A_XHLJ' +_Xil,jj+T£Uxi,j+l+Exi,j1}"’

ij \2P: Agp_ K + -



Ay | 1 1 Ap [ Kija Kija
+ { - ]X(Xi+l,j_xi1,j)+4AW[ TR} J(Xi,ju_xi,u)*

11
4Ap Kiaj Kij K1 Kija

12 21 12 21 12 21
+1 Kig,j  Kija X +1 Kij  Kija x 1) Ky Kijja y
4| 1 11 LT | L 11 LI ] L 11

Kt Kija i-1,j Kija

1 Klf . K.Zl.
XX i-1,j i, j+1 X
i+L,j-1" | 11 a1 MLy |
4 Ky K

i,j+1

4 1 Ay Ay Kl Ap Ap
--=Z3-%——~ V. +—’J P . +
yl,j ] [Kizi [ ‘ (D yl+1,J A§07 yl—l,jJ K'izi [Al// y|,1+1 Al// yl,]—l

+AW[ S 2]; jx(ym,j_)’i1,1)+4AAglo//[Ki’j+l_Kiéi1](yi’j+l_yi'j1)+

2 2
4Ap Kiaj Kiaj K Kija

12 21 12 21 12 21
+£ Kija  Kiaj y N 1) Ko Ky y 1) 6 K y
22 22 L1 T | T2 i-Lj-1" 4| 22 22
4\ K; 4 Kija K 4 Kija K

i,j+1 i+1,]
1 Ki1,2‘+1 Kiz—ll,'
Xyi+1,jl_Z(K2; - 22J Yiju | (2.79)

i+l Koy

o=V X .o —X .

ne Kir,sj :K,rs(xi'j , yiyj, y|,1+1 yl,]—l — i,j+1 |,11},
2Ay - 3; 2Ay - J;

Ap=(Ap +Ap.)/2, Ay=(Ay +Ay,)/2,

o = 280Ny (A~ Mg+ 16 Ay Ay ) 1,

Apt “Ip -1y g 22

£y =2808v (80 Mg 4 Ay Ay )

3 s = X0 ) Viger = Vi) = i = %50 Viwj = Vi)
" 4dAy -Ap '

a 3HaueHH1 A¢@ , A@,, Ay , Ay, Bubuparorbca 3 Tabm 2.19 B

3a1exKHOCTI Bijt HanexkHocTi Bysna (¢,y;) Tilt un imwmiit nino6nacri G”

citkoBoi obmacti G/ ;

f*(xo,j’yo,j)ZO, J =0,m1,



fo(Xoﬂj,yoﬂj):O, j:m1+]sms f*(xn,jayn,j)zoa j:Oa_m,

Xio =Xims Yio = Yimo i=n,n, Xio =Xim> Yio=Yim> i :Tnﬁ (2.80)

(4X1,j =3y j — %y )(ngj (Xo,j+1 - XO,j—l) - K(ilj (yo,j+1 - yo,j_l)) + (4Y1,j -

=3Y0; = Yo )Xo (Yo = Yo,0) = Koy (Ko i = %0,,0) =0, j=0,m;,
(4% — 3% j — X2, )(KS,Zj (Xo,js1 = Xo,j-1) — K(z),lj (Yojsr = Yoju)) + 4y -
3o, = Yo )X (Yo jor = Vo) = Ko (o s = %0,2)) =0, j=m +1m,
(3%n,j + Xn2,j — MXng)j )(Kﬁ,zj (Xn,js1 = Xnja) = Kﬁ,lj (Ynjsr = Ynja)) + BYnj +
oo = M) % (0 Yajia = Ynga) =Ko (o =%, 1)) =0, j=0.m. (2.81)

DopMynH JUTsl 3HAXOIKCHHS HEBIIOMUX BEITHINH Qg , Q Ta oy
OCPXKYyEMO Ha IIJACTaBi yMOB “kKBasikoH(popMHOI momiOHOCTI”
€JICMCHTAPHUX CITKOBUX YOTUPUKYTHHUKIB JBOX 00JIACTEH:

Oy =0, +NAp, Q =myAp, Qf=myAg@,

A¢_¢*_¢*( 7/2 + 7/4 J
1 s
2 Ny, tNyy Ny, tNyp,

ol g il
1 ig+ny =1 jo+my—1 ai i + ai+1j
= it B Y iy (2.82)
n,m, o =i ai’j +ai'j+l

ne & :\/(Xim %)+ (Yias =¥

— — 2 _ _ 2
a ; :\/(K.lj(yi,ju_Yi,j)_’(}l,zj(xi,j+1_xi,j ) +(K‘i?}(yi,j+1_yI,J)_KI?JZ(Xi,j+1_Xi,J ) )

;_’5_ — 5" [Xi,j + Xi+1,j + Xi,j+1 + Xi+l‘j+1 yi,j + yi+1,j + yi‘j+1 + yi+1,j+1
L= ) )
4 4

yi+1,j+1 + yi,j+1 - yi+l,j - yi.j Xi+l,j + Xi,j - Xi+1.j+l AN

ZA(//'ji‘j ZAly'ji,j



4Al// Ap — (%, it X = X — Xi,j)(yi+1,j+l Y~ Vi — yi,j)_ (Xi,j+1 +

Xy — X — Xi,j)(yi+1,j+1 Vi~ Yija— yi,j)) , 1=14, a xomnouentn

BEKTOpa (i('), j('), n('), m(')) BHOMpAIOTECA i3 CTOBINIB 2-5 BimmosizHoro

migo6macti G('UV psiaka ta6;1.2.19.

3ajaBIy KiNbKicTh By3IiB po30ouTTs obnacti G, (n, n,, m, m,
, M), mapameTpu &, &,, &, WO XapaKTEpH3ylOTh TOYHICTH POOOTH
QITOPUTMY pO3B’si3aHHS BignosimHoi (2.77)—(2.78) pi3HHIEBOI 3amadi,

MOYaTKOBI HAOMKEHHS! KOOPAMHAT IPaHUYHHUX BY3JIiB Xéoj), yéoj) , Xr(llo)j ,

0 (0 (0)
Yo.i+ Xnj (Tak, mo0 BUKOHYBaauch yMoBHU (2.80) Ta modaTKoOBi
HaOMIDKEHHS KOOPAMHAT BCIX BHYTPIIIHIX BY3JIiB (XI 7 (0))
3HaxoauMo 3a hopmynamu (2.82) moyaTkoBi HAOMMKEHHS BelMuuuH Q) ,
(k) (k)
Q. Ta @, . lami yTOUHIOEMO KOOPJMHATH BHYTPIlIHIX BY3iB (X[, Y; | )
i3 3aanoro TouHicTIO & (K — HOMep 3aranbHOI iTepallii) 3a ZOITOMOTOkO

iTepaniitnnx cxem (2.83) Tumy “xpect” B KoXHiil 3 migo6macteii G

npu i =1, +1i,+n, =Jj,+1 j, + m, —1 (au. Tabm1.2.19):
W —at| L [—A‘” i+ A j [ 20 o A0 j
K (Ao, Ap_ " K \Ay, Ay_

|+1 j i-1,j K, j+HL

12 21 12 12 21
+l Siaj K |k 1 1 Ku 11 | j |y (kD) 10 Kby Kjja (kD)
2l o1 T i+1{j+1} 11 i-Lj-17 4| 11 11 i+1,j-1 7
4 Kitgj  Kij+ 4 .11 Kij1 4 Kitgj  Kij1

12 21
_Lf Ky Kiga |en
11 11 i-1{j+1}
A K, Kia

Ay | 1 1 kD) kD), AQ | Kiju Kija |,k kD)
+4A¢)( T JX(XM,] X‘“)+4Ay/ 11 _Kiuj_ (Xi,{ju} X|1—1)+




1 L
(k) -1 (k 1) (k-1) L] (k-1) (k-1)
y _ﬂ K (A@ yl+1j yl IJJ K'sz(Al//+ yl{]+1} yl] lJ

LAyl 1 1 <(k )k 1)) Ap | Kiju  Kija ( (k-1)

(k-1)
% 2 y|+11 yllj 22 22 yl{1+1} ylll)
AN\ Ky Kigj Wy K. K
12 21 12 21 12 21
1 Kijun i j yD +1 Kija K |,k 1] Kija Kiaj y&
al 22 T 2 {3 T, 22 T 22 L1 T, 22 T 22 i+1j-17
4 Kij+  Kisj 4 Kij1 Kiaj 4| -1 Kinj
12 21
_1 Ki s _K—lj yd
22 i-1{j+1} |*
4\ Kjn i—l,J
. ) 1# Jp + My, . .
ne {j}= M_ — mapaMeTp KOpEKIll 1HIECKCIB,

j_mfa j=j0+moa
BBEJICHUH AJISl BpaxyBaHHS “‘pO3ABOEHHS” JiHil po3IiTy NEPETOKiB MpH
nepexozi Bix obnacti G, 10 G,
[licna mporo “migmpaBnsieMoO” TpaHUYHI BY3JIH, PO3B’SI3YIOUH
HaOmmKeHo cucTteMy piBHAHB (2.81). Slkmio BenwdmHA 3MIMICHHS

rpaHMYHUX BY3JIiB 3a TpoBeaeHy K -Ty 3aranbHy  iTepariro

S= maxe(” 6Oy —y® I e (i) - inmexen

KOOpJMHAT IPaHUYHUX BY3IiB, OlnblIa 3a &,, TO IOBEPTAEMOCH O
YTOYHCHHS BHYTPIIIHIX BYy3JiB. B iHIIOMY BHIAAKy 3HAXOIAMO HOBI

HaOmkeHHs BeanunH Q;, Q)

*

Ta ¢, 3a ¢opmynamu (2.82). Sxumo
HaHOIbIIA 13 3MiH 3a a0COJTIOTHOIO BEIMYMHOK NIYKAHWX BEIMYWH 32
OCTaHHIO IIPOBEJIEHyY ITepallilo OiblIa 32 &;, TO 3HOBY ITOBEPTAEMOCS J10

YTOYHCHHS BHYTPIMIHIX BY3/diB, B MPOTHWICKHOMY BHIAIAKY —

O0YHCITIOEMO  HEB’SI3KYy  “KBa3iKOHQOPMHOCTI”  OTpUMaHOi  CITKH
S=\/0} +68., ne &, &, — HEB’SI3KM ampoKcuMaliil piBHsHbL (2.76) B
G

P



Tabnuys 2.19
Cmpyxmypa cimkosoi obnacmi G,

G711, i J, n, m, m. . Ap | Ap, | Aw_ | Ay,
GY 0 m, noomy,+1 o m, Ap, Ay,
Gj? B m ", m, 0 Ap, Ay,
G 0 0 molom+lom, Ag, Ay,
G n, 0 n, m, 0 Ap, Ay,
n -1 0 2 m, 0  Agp, | Agp, Ay,

H', F' n, m -1 n, 2 0 Ap, Ay, | Ay,
H',H', | n-1 m, 2 n, 0 Ag  Agp, Ay,

H' C', n, m—-1 | n, 2 m Ap, Ay, | Ay,

Skmo moTpibHO MiABHUINHUTH CTYIIHE TOYHOCTI HAOIMKEHOTO

PO3B’s13Ky (3MEHIIUTH HEB’SI3KY O), 30IIBIIYEMO MapaMeTpu po30UTTS
obmacti n;, n,, M, M, Ta po3B’A3yeMO 3a/1aqy IIOBTOPHO.

Omucanuii  BHUINE  aITOPUTM  YHCEIBHOTO  PO3B’S3yBaHHS
TTOCTaBJICHOI 3a7adi peanizoBaHui y BHUIIAAl nporpamu mis [IK IBM
PC/AT. KomnbioTepHa 30DKHICTH Ta  KOPEKTHICTh  aITOPHUTMY
TIePEBIPSITNCS HA TECTOBOMY TIPUKIIAII:

L, ={x+iy:x=x,(t)=—4+cost,y =y, (t) =sint,0<t < 27},

L' ={x+iy:x=x"(t)=8cost, y = y"(t) =8sint,0<t < 27},
L, ={x+iy:x=x,(t)=4+2cost, y =y, (t) =sint,0<t < 2r},

1+£J¢)X+(py 0.1 qox+(0y
0.15¢,/¢’ +qoy 1+2¢,/@? +(py

0. =0,=0, @ =1 nxn,xmxm,=10x28x117x161, ¢ =¢, =&, =10",

k(X.Y,0,.0,) = =0.01

B pe3yJIbTaTi pPO3B’si3aHHA SKOTO Oyla OTpHMaHa IWHAMIYHA CiTKa



(puc. 2.25a), moTeHWian TOYKH pO3AlIy NOTOKiB ¢, =0.2608 Ta

3HaueHHs BUTpaT Q; =4.2111 i Q; =3.0640.

ANTOPUTM peajli3oBaHWi y BUIIBIAI MPOTPAMHOTO KOMILIEKCY,
SIKU 3a0e3reuye poOOTy SK B aBTOMAaTHYHOMY TaK 1 B JiaJIOBOMY
peXHMMax, 30KpeMa, J03BOJSE 3YNUHATH TMPOIEC OOYUCIICHh 3a
HETIOBHOTO BHWIKOHAHHS ‘“‘yMOB 3YIUHKH 13 BHUBEICHHSIM JIJITHOK
o0u1acTi, 1e HEB SI3KM OLIBIII 3a 3a1aHi.

Y  Bumagky i30TPOMHOTrO  OJHOPIJHOTO  CEpeAOBHINA i3
BpaxyBaHHSIM JIMIIE B3a€MOBIUIMBY XapaKTEPUCTHK CEPEJOBUINA Ta
MPOILECY JUIS MOJICTIOBAHHS SBUIL TUMY CyQo3il 3py4YHO pO3IIISIaTH
cupomeny ¢opMy 3amucy koedimieHta GimbTpamii y BHIIAMIL:

k=x(p,,p,). e no3BoNAe 3HA4YHO CHPOCTHTH (GOPMYTH s

00YHNCIIEHB.

B manomy Bunaaky gopmynu (2.75) 3aMiHIOIOTECS Ha

0 0 0 0
K(¢x’¢y _(/]:_V/a ( x> Py %Z_a_yx/’

oy 9 =0, o.=¢",

Ve, = Q0 Ve =0 Voo, =% ol =00 0l =04 (283)
ObepHena kpaiioBa 3ajada Ha KBa3ikOH(QOpMHE BimOOpaXKeHHs

2(w) = X(p,y) +iy(@, ) obmacti G, ma G! i piBHAHHS MM AiHCHOL

X=X(p,r) 1 ysaBHOI Y =Y(@,y) 4YaCTHH XapaKTEPUCTHIHOT (PYHKIIT

Tedii Z = z(®w) 3anucyIOThCs Y BUTIISI:

LY Loy o Ay 1K (e (28)
Joy Jowy oy O¢ Joy Joy ow op

f* (X((P*s W)’ y((PMW)) = 05 _Q: < \V < O: f() (X((PO>W)> Y((Poa\l/)) = 0’ 0 < W < QS;

f (x(@"¥),y(@".y¥)) =0, -Q <y <Q,



X((D, _Q:) = X((D, 0)7 y(§0> _Q:) = y((D, 0)’ (0* < gp < §0H 5
X(0,0) =x(0,Q;), Y(2,0)=Y(0,Q;), @, <@<g,,
X(0,—Q) =x(0,Q;), Y(@,—Q)=Y(@.Q), ¢y <p<ep’; (2.85)

O loy Lo ax) o 1oy 1ox
op Joy Joy Op) Oy

O r oy Loy, 0 1y 1Y) g e
op Joy Jowy op) ow\ Joy Jowy Ow
g Y Xy
O0p 0y Ow O
Pisuunesi ananoru piBusaus (2.86), ymoB (2.85) Ta momaTkoBHX

YMOB JUIsi TPaHMYHUX Ta TPUTPAHUYHUX BY3IIB y cCITKOBIA oOmacri

G, ={(¢,,\;)} nabysaroTh BUTIAY:

X =X@.w) =0 | K A_wxi—lj +A_l/jxi+1j T K MXi j-1 +MX
‘ ST A T Ap, Ay 7 Ay,
(i — K1 )AY (K11 % 1) A
><Xi,j+1) + ! 2hp : (Xi+1,j - i—l,j) #(Xi,jﬂ _Xi,j—l) )
- a| Ay Ay Ap Ap
Vi =Y(p.y;)= ai,} '(Ki,} A_Qyi—l,j +myi+1,j TG (U Yija +A_%X
(Ki_+11,' _’(i__ll,')A‘// (K 1 — K j)AQ
XY i) J 4hp J (Vi) = Yiaj) +T(Yi,jﬂ = Vi) |
& = ZACDA‘//(KijAfo:lAQ:l + ’(i,jAl//:lA 7]
Ap=(Ap +Ap,)/2, Ay=(Ay_+Ay,)/2, (2.87)

ne 3HayeHHd A¢@ , A¢,, Ay , Ay, BuOuparoThcs 3 Tabm2.19 B



3aNeKHOCTI Bij HaexHOCTI By3na (¢, ;) Tilt um inmii minobnacti GY

citkoBoi obmacti G/ ;

f*(XO,PyO,j):Oa J =0,m1,

fO(XO,jayO,j):Oa J :m1+lJm9 f*(xn,jayn,j)zoa J :Oama (288)

Xio=Xim> Yio=VYim 1= Xo=%Xps Yio=VYim. 1=0.0;

of, of, .
E(Xo‘jayo,]‘)(‘]'xu _3Xo,j _Xz‘j)_&(xo)jayo)j)(4y1,j _3y0‘j _yz,j) :O: J :O7m17

of* of”
E(Xn,j: yn‘j)(sxn,j + Xn-z,j _4Xn—1,j)_§(xn,j > yn,j)(3yn,j + yn-z,j _4yn—1,j) =0,

o,

of
oy (Xo,i > yO,i)(4X1,i - 3X0,i - Xz,i) _6_)(()(Xo,i > yo,i)(4y1,i _3y0,i - yz,i) =0,

i=m+1lm, j=0,m. (2.89)
. * *
q)OpMyJ'II/I JJI1 3HAXOMKE€HHS HEB1JOMHUX BCIINMYHNH QO y Q* Ta @y
3aJIMIIA0THCS TUMU XK CAMUMM K 1 3arajbHa cxemMa AJITOPUTMY.

VY TOUHEHHS] KOOPIMHAT BHYTPIIIIHIX BY3IIiB (Xi(f‘j), yi(fj-)) i3 3a1aHOI0

tounictio & (K — HoMmep 3arampHOI iTepalii) MPOBOAUTBCS 3a

IOTIOMOT0r0  iTepariiiaux cxem (2.90) tumy “xpect” B KOXKHIN 3

nigobnacreit G mpu i=i,+Li,+n, -1, j=j,+Lj,+m, -1 (mms.
1a6:1.2.19):



X9 =gt it Ay XD + Ay XD |1 i Ap XD Ap X |y
’ ST A T Ap Ayl T Ay,
-1 -1 (k-1) (k-1)
(Ki+1,j _Ki-l,j)A‘// (k-1)  (k-1) (Ki.{j+l} —Kija )Ap (k-1) (k-1)
+ A Xy — X )t i+~ X)) |
@ Ay
A A A A
® _ -1 | 1] AY (k) WV (k- [N(EN @ k-
Yiijf =& '(Ki,j A_go_yi—l,j +A(p+ Vi }—i_’(i,j Ay Yija + Ay, yi,{J+1}}+
(K — K )AY ey weny, Ky ~KGDAR
RGEY Rt kv _ ey, gy 7K, D _yky | (2.90)
4A(p (y|+1,] yl—l,] ) 4A'// (yl,{ﬁl} y'»J*l

e oy =200Ay (kAP AP + K AYTAYT), Ap=(Ap +Ap,.) /2,
: o J# Jo+ My,

Ay =(ay + Ap,)/2, {J}={. PR - g
J_m75 J:JO+m0>

KOpeKLil IHICKCiB, BBeNeHUIl MUl BpaxyBaHHS “pO3MBOEHHS” IMiHIT po3midy

nepeTokiB mpu nepexoi Big oomacti G, no G, .

KommbrorepHa 30DKHICTH Ta KOPEKTHICTh alrOPUTMY  JUIS
CITPOIIEHOT MO MEePEBIPSITHCS HA TECTOBOMY MPUKJIIAII:

L, ={x+iy:x=x,(t)=—2+cost, y =Yy, (t) =sint,0<t < 27},

L' ={x+iy:x=X"(t) =4cost, y =y (t) =4sint,0<t < 27},

L, ={x+iy:x=x,(t)=1+cost, y=y,(t)=sint/2,0<t < 27},

?.=0,=0,0" =L x(X,Y,0,,0,) =1+¢, |p? + goi ,&=0.01
nxn,xm xm, =10x 26x110x146, g, = &, =¢, =107,
B pe3yNbTaTi PO3B’S3aHHA SIKOTO OyJIM OTpUMaHI TOTEHI[A] TOYKH

posminy mortokiB ¢, =0.2799 Ta 3HauenHs Burpar Q; =4.1097 i
Q, =3.0792.

Buiie onucani anroputMu i3 IeSKUMH MOJUQIKaLisIMU MOXYTb



OyTH TOMMpEHi TaKoX 1 Ha iHIN BUMAagKd (opMyBaHHS Tedii, L0

BH3HAYAIOTHCSA  CIIBBUIHOIICHHSAM MDK  BEIIMYMHAMH  TPAHUIHHX

HOTCHIANB @,, @ , @,.

2.3. Komn’rotepHe MoaejqoBaHHs (iabTpaniiHuX mnpoieciB y
rPyHTAaXx

2.3.1. Oco0auBOCTI mporpaMHoi peajizanii YMCJIOBHX AJITOPUTMIB
MOJeJIOBaHHA (QIbTpamiifHUX MpoueciB y MOPHUCTHX cepegoBHINAX

JIJIS1 0araTo3B’SI3HUX o0JacTei

3amayi, M0 pO3TIAAATUCS y MOMEPESAHIX PO3AUIAX 3BOAITHCS JO
PO3B’SI3yBaHHS HEOTHOPIAHUX 3a CTPYKTYpPOIO Ta BEIUKHX 32 00’ €MOM
CHUCTEM HEJIHIMHUX Ta KBa3UNHIMHWX pIBHSIHB, OOCAT SKUX BHMAarae
SIKHAWOUTBIIOI  ONITHMI3aIlii aJTOPUTMIB Ta TMporpamM. 3  METOIO
MiJBUIICHHS OOYHCIIOBAIbHOI €()EeKTHBHOCTI 3alpOTIOHOBAHHUX BHIIIE
QITOPUTMIB 1 MPOLICYP HAMU JOCIIKYBATHUCS, 30KpeMa, Taki IMUIsaxu: 1)
BUOIp CXEM OIUCY TPaHUIb MOJCIBLHUX 00JacTel (SBHOI, HESBHOI,
napaMeTpuyHOi TOIO); 2) BUOIp METOAIB PO3B’SI3yBaHHS BEIHMKHX 32
oOcsiroM cucteM anreOpaiyHUX pIiBHAHB — pPI3HUIEBUX aHAJOTiB
BUXITHUX KpaloBUX 3ama4y Ha KOHPOpMHI (KBa3ikoH(POpPMHI)
BiTOOpaskeHHS JJI CUCTEM eNINTHYHUX PiBHAHB; 3) BUOIp mMporpaMHUX
3ac00iB  Ta CHEIiaIbHUX METOAWK oOpraHizamii oO4YHCIIeHb IS
JIOCSITHEHHSI MAaKCHUMAallbHO MOJXKIIMBOTO BHKOPUCTAHHS TOTEHITATY
cydacHHX mainstream mporiecopis.

B pesynbraTi mpoBeAeHNX JOCHIKEHb Y IbOMY HANPSIMKY HaMH
BUSIBIIGHO, 110 BHUKOPUCTAaHHsS MapaMEeTPUYHOTO 3aJaHHA TPaHUIHUX
miHid y Bursimi L ={(x,y):x=x (t), y=y (), t[0,27)} 3amicTh ix
HesBHOTO 3afanHs L ={(x,y): f (X,y) =0} (OinblI 3py4yHOrO JJIs OMUCY

TCOPCTUYHUX BI/IKJ'Ia)_'[OK) J03BOJIAA€E 3MCHIINTHU KIIBKICTE HCBiZ[OMI/IX y



CHCTEMI: 3aMICTh 3HAXO/UKEHHs JBOX KOOPAMHAT (X j,Yj ;) KOXHOI 3

IPAHUYHUX TOYOK HEOOXiIHO 3HAWTH Jmine onauH mapamerp t ;. Ilpu

IbOMY  PIBHSHHS HAJSKHOCTI By3Jla TpaHWIl o0macTi BHUAY

i_ 0,40,
Lk(xiglj'yifyi)zo’ Re( i’ ylo+nkj)_0’ =+l +m -1
BHUKJTIOYAIOTHCSA 31 CKJIAMy CHCTEMH, a pPIBHIHHS OPTOTOHAIBHOCTI
aLk(XO-vYO-) aLk(Xi0j|yi0j)
ay (4XI8+1J 3XIE] i0 +2,j)_ kéX e
0 k( |°+nk j'y||9+nk J)
><(4ylo+1J y| ’ y0+2 J) ) dy ( i+, | +Xi|9+nk—2,j -
k(|°+nkj’y|°+n )
_ _ k0 _
4Xil9+nk —l,j) OX (3yig+nk,j + yiEJrnk —2,j ylg+nk —1,j) =0
R A i W | 3aMiHIOIOTBCS Ha PIBHAHHS
oty ) o) _
T(Xigﬂ'j - X(tig,j))+ t— (y 041, Y(tig’j)) =0 (w1 By3MiB, IO
3HAXOJAThCS Ha JIBUX TPaHUYHHUX JIHIAX O0JIACTI KOMILIEKCHOTO
MOTEHIaly) Ta
RK(to, ) Nto, )
i N i i’ o _
(X(tigmk,j) ~ X0 ) +T(y(ti£+nk,j )- yiE+nk—1,j) =0

(m1st BY3JiB, IO 3HAXONATHCS HA MPAaBUX TPAHHYHUX JIiHISX 00IacTi
KOMIUIEKCHOTO TIOTeHIiany), Ae X(t) Ta §(t) — QyHKIii, 0 BU3HAYAIOTH
BiJIOBIHY TPaHUYHY JIIHIIO.

Ha erami yToOuHEHHS KOOpAWHAT BHYTPILIHIX BY3JiB JUIS
PO3B’sI3yBaHHS BiJIITOBIIHUX CHUCTEM anreOpaiyHuX pPiBHSHB JOIUIBHIIIE
BUKOPUCTOBYBAaTH 0araTtociTKOBMH itepauidHmii meton [22,27],
3anporoHoBanmid 'y 1961 pomi P. II. demopenko (saxuii 1 Ha
CHOTOIHIIIHIN JeHb 3IHMIIAETHCS YU HE HAWOUIBIN “IIBUAKAM TIpH

PO3B’sI3yBaHHI BETUKHAX PO3PIHKEHUX CHCTEM aireOpaidHuX piBHSHB,



110 BUHUKAIOTh NPU AMCKPETU3aLil PiI3HOMaHITHUX 3aJa4 MaTeMaTHYHOI
¢dizukm).  30Kpema, BHUKOPHUCTAaHHS  HABITh  3BHYaiiHOrO V-
0araTtociTKOBOTO KpOKY JIO3BOJISI€E 3HAYHO IIABUINWTH IIBHIKICTH
30DKHOCTI Y TIOpPiBHSIHHI 13 BHUKOPHCTAHHSM 3BHYAWHHUX ITEpaIiifHUX
METOIB TaKUX 5K, HaNpWKIam, Merox 3eimens uu meron SAxobi. Kpim
TOTO, 3MEHIIMTH Yac POOOTH 3arajbHOTO aJIrOPUTMY BIA€THCS
MPOBENEHHSIM JIMIIE JEKiIbKOX (30Kpema, OfHi€l) iTepaliii ertamy
YTOYHEHHS BHYTPILIHIX BY3JIiB.

CyTTeBe TpPUCKOPEHHS BHUKOHAHHA MPOrpaM  pO3pPaxyHKY
(GiNBbTpalifHUX TOJIIB MOKHA 3IIMCHUTH 32 PaxyHOK SKHANMOBHIIIOIO
BUKOPHUCTaHHS OOYMCIIIOBAJIBHOTO MOTEHIANy Cy4acHHX Mmainstream
MPOIIECOPiB HAa OCHOBI 3aJy4eHHS TEXHOJOTIH MapaielbHUX O0YHCIICHD
MMX, SSE, SSE-II Ta SSE-IIl. BuxopucraHHs cydYacHHX
BEKTOPH3YIOUNX KOMITIJIITOPIB JO3BOJSE TMiABHIIUTHA TPOTyKTHBHICTH
po0OTH mporecopiB 0e3 yCKIagHEHHsI MPOrpaMHoi peasizalii aaropuTmy
Pi3HOTO POy BCTaBKaMH MAIIMHHO-OPIEHTOBAHOTO KOy, SIKi, SIK BiIOMO,
CYTTEBO 3BYXKYIOTh MOXKJIMBOCTI TEPEHECEHHS TaKOTo KOAYy Ha iHIII
obunciroBanbHi Tatdopmu. Jas 32x-06itHoi mmatdopmu PC Oinmbin
MPIOPUTETHUM, Ha HAIll TIOTJIA, € BUOIp B SIKOCTI 0230BOT'O KOMITIIISITOpA
Intel® C++ Compiler for 32-bit applications, v 8.1, skuii 103BOJISIE
obupatu THIT TIpoIIecopa 3 MOMIXK yCixX MojeNeil oTHOWMEeHHOI KOMMIaHii
Ta BUKOPHCTOBYBATH AJTOPUTM aBTOMATHYHOI BEKTOpPHU3alii BHXiJHOTO
Koay mporpamu. BigzHaummo, 110 Mpu BUKOPUCTaHHI 3raJlaHOTO BHUIIIE
KOMITUISITOPa TpPU  KOMIT FOTEPHOMY MOJICIIOBAaHHI JJO3BOJIMJIO HaM
OTpUMAaTH TPUCKOPEHHS BHUKOHaHHA airoputMy y 5-10 pa3iB B

MOPIBHSHHI 13 BUKOPUCTAHHSM TPAIUIITHUX KOMITIJISITOPIB.

2.3.2. PesyabraTH po3paxyHkiB (inbTpauniiiHux mnpoueciB |y
NOPHUCTUX cepedoBHINaxX 0e3 Ta 3 BpaxyBaHHAM JedopManiiHuX

SIBMIL, iX aHAJII3 TA NOPIBHAJIbHA XapAKTEPUCTHKA



3 MeTOI0 MEepeBipKH aAEeKBATHOCTI 3alpOIIOHOBAHUX MOJEINEH,
JOCTOBIPHOCTI OTPUMYBAaHUX Ha iX OCHOBI pe3yJbTaTiB AOCIiIKEHHS
BIANOBIAHUX TPOLECIB  3IIHCHIOBAJIOCS TOPIBHSAHHSA  Ppe3yJbTaTiB
0araToynMcenbHUX  YHCIOBHX  EKCIEPUMEHTIB 3a  pO3poOIeHHMHU
QITOpUTMAMH 3 pe3yjbTaTaMH  BIOMHX  aHANITHYHHX  Ta
EKCTICPUMEHTAIILHHUX JIOCHI/HKEHB, 8 TAKOXK HATYPHUX CIIOCTEPEIKEHD IS
cepiit TECTOBUX MPUKIAIIB.

30KkpemMa, po3riAgaBcsl BUMAIOK 11€aJIbHOTO TOJS, TOPOIKEHOTO
JBOMa OCOOJIMBUMH TOYKaMH — BHTOKOM (z=-1) Ta BTOKOM (Z=1)

OJHAaKOBHUX IHTE€HCUBHOCTEH Q, KOMILJICKCHUH HOTCHLIiaJ'I SIKOro Mae

BUTJIS;
0= oY) +i-wy) =2z +1)-inz-1) = 2 2L
2 2 27 7z-1
bi (< (p(x,y):zgln — TMOTEHITia] IMBHAKOCTI, w(X,y) -—
T

dbyHKIiA Teqii.
Jlerko 0auynty, 110 EKBINOTEHLIANBHUMH JIHIIMH ¢(X,Y)=¢, €
2z

B 2\/5 ZeE(p0

KOJIa 3 LIEHTPaMH y TOYKax (X,,0) Ta pamgiycamu I, = =

Pe3ynmbrat po3B’s3yBaHHS TECTOBOTO MpHKIaxy mpu Q =100;

(1+«/§)2 +1

O e

+cos(t), V«(t)=sin(t), t=[0,27) — BHYyTpimHIN



(1+J10_1)2 +100

KOHTYp (cBepioBuHa); Y (t) =10sin(t), x" ()=~ +10cos(t)

t=[0,27) — 30Ha BIUIUBY; . :zgln(1+x/§), (0*:—|n£
T

(1+ Jw_l)z ~100

1+\/101J -

10

Q
2

HO6y,Z[OBaHI/IM HaMH aJIr'OpUTMOM Ta 3a OTPUMaHHUMHU aHAIII THIHHUMU

dbopMmynaMu TPaKTUIHO iACHTHYHI (SK BHIHO 3 puc. 2.26 By31H 000X

JUHAMIYHUX CITOK BI3yaJIbHO CIIBIAJAIOTh; TpPU IOMY TOXHOKa

3HAXOJ[)KCHHS NTOBHOI BUTpaTH ckiagae 0,063).

Puc. 2.26. Ioeanvre noe,
nopoodiceno2o eumokom L = -1 g
emowxon =1

JonaTkoBi  MOKIIHMBOCTI
pO3pOOJIEHUX  aNrOpUTMIB  Ta
mporpaM  MPOLTIOCTPOBaHI  Ha
puc. 2.27-2.29, ne npencTapieHi
IUHAMIYHI CITKM UII BHIIAJKIB
X« (t) =cost+a , Y« (t) =sint,
X (t) =10cost , y'(t) =10sint,
e =0, ¢ =100, k=1 (TyT a —
napamerp, 1o JI03BOJISIE
MOJISJTIOBATH 3MIIIEHHS LEHTPY

KpYIJI0i CBEP/UIOBHHH BiTHOCHO LICHTPY 30HH BILIHMBY).



T S~

Puc. 2.27. Ocecumempuunuii 6unadox Puc. 2.28. Ceeponosuna y kpyeogomy

posmiwenns ceeponosunu (o0 =0) nracminpu o =5
UmncnoBi xapakTepHCTUKM PO3B’SA3KIiB 3a4ady, a caMme MapaMeTpH
pPO30OUTTS CiTKM N, M, KITBKOCTI 3araJibHUX iTepaliii anroputMy nNiter,
. Ay .. . .
BIJTHOLLICHHS v (xoH(oOpMHI iHBapiaHTH), MOBHI BUTpaTH Q Ta
@

mBuakocTi V(A) pyxXy piaMHH Yy TOuaTKoBid Toumi A(X«(0), Y« (0))

po3pi3y BUXimHOI 00NacTi A Pi3HUX 3HAYCHDb MapaMeTpa o HaBeIeHi y
Tabm. 2.20.

Tabnuys 2.20
Pesynomamu pospaxynkie ginempayitinozo
noas ons eunaoxky “Ceeponoguna y Kkpyeosomy niacmi’’

a N m Higer ¥ (0] v(4)

0.0 40 109 169 1.0015161 272.91313 42.078704
1.0 40 109 644 1.0059480 274.12084 43.536920
2.0 40 111 603 1.0013998 277.88843 45.170836
3.0 40 113 598 1.0077947 284.70200 47.999598
4.0 40 118 601 1.0019847 205.58548 52.114187
5.0 100 312 4420 1.0017561 312.54789 57.914013
6.0 100 340 4427 1.0004788 340.16280 67.664687
7.0 100 390 4449 1.0013003 390.50713 87.465704
8.0 100 513 4494 1.0008144 513.41778 147.22649
8.5 100 697 4563 1.0008695 697.60601 268.88791




900

800
700
600
500
0 1000 2000 3000 4000 5000
Puc. 2.29. Ceeponosuna y kpy206omy Puc. 2.30. 3mina noenoi eumpamu
naacminpu @ =8 nio yac imepayitinozo npoyecy

3anexnocti Q ta V(A) Bin « 300paxeni Ha puc. 2.31 ta 2.32.
3MiHy 3HAYeHHs HeBimomoi BuTpatd Q mia yac iTepalliiiHoro mporecy

PO3B’sI3yBaHHS 33/1a4i IPH « =8 MpoimocTpoBaHo Ha puc. 2.30.

00r---—- I [ TTTTTTYITTC o 300p----- [ [ [ Tt |
1 1 1 1 1
600 + Q:Q(a) ___:_ _____ ____: 250 V:V(OL) "":‘ """ r "":
. . | | i i | |
L L L s T T CTTT Y A
T A A S S |
A N N4 NN Baes B A Y
400 f=====bmmmm okl
i i i i i 1001----- P P ro=Ar----- i
L ' L L i i i ' i i
300 -—--- === T T [ | 50 fo—ccok s mm——=T o Fo-——- Fo--—- |
I I I I I I I I I I
I I I I I I I I I I
200 1 1 1 1 | 0 1 1 1 1 |
0 2 4 6 8 10 0 2 4 6 8 10
Puc. 2.31. 3anexcnicms nognoi eumpamu Puc. 2.32. 3anexcuicms weudKkocmi na
610 posmiyenns c6eponosuHU Y c6epOnosuHi 6i0 PO3MilyeHHA OCMAHHLOT
KPY21060My NAACMI y Kpyerosomy naacmi

B pesynbrari mpoBeAeHHMX HAMH CHEIliATbHUX JTOCHIIKEHBb
npoOJeMH IMOYaTKOBOTO HAONIKEHHS BHSBICHO, MO WOTO HETOYHE
3aJ]aHHsl TPU3BOJIUTH JO JIOCUTh BEJIHMKHX 3MiH IIYKAHUX BEIHYUH Y
MpoIIeci iTepalifHOro po3B’sI3yBaHHs 3a7adi Ta CyTTEBOTO 301IBIICHHS

KUIBKOCTI iTepamiii ajsi OTpUMAaHHS 3alaHoi TOYHOCTI HaONMKEHHS



po3B’si3Ky 3azavi. Ilpm HaaMipHOMY BiOXWJIEHHI IOYaTKOBOTO
HaOMIDKEHHS B IIYKaHOTO PO3B’SI3Ky, 1HKOJHM CIIOCTEpiraaocs
CTATYBaHHS TPAHUYHUX TOUOK CITKH B OJHY Ha KO)KHOMY 3 BiIIOBITHHX
TPaHWYHUX KOHTYpPIB 00JIacTi, SKE€ BHUSABISAETHCA Y Bi3yadbHOMY
CIOTBOPEHHI TpaHMIli o0macTi B mporeci poOOTH anroputMy. Taki
pe3ynabTaTH MOXKHA IHTEPIPETYBAaTH SIK pPe3yJbTaTH PO3B’SI3aHHS HE
3aJ1aHoi, a JIesAKOT i CYNMyTHHOI 3a1a4i Ha 3HAXOKECHHS XapaKTePUCTUK
Tedii y BHYyTpIiIIHOCTI po3pi3y (HeBimomuii mapameTp Q mpu upomy, SK i
CIiJl LUBOTO OYIKyBaTH, NOPIBHIOBAB HYNIO). SIK MpaBHIO, YHUKHYTH
Taknx “HeOaxaHWx~ e(eKTiB CIIOTBOPEHHS MOCTAHOBOK 3aJlay Iif 4dac
POOOTH aNrOPUTMY BIIAETHCS IUIIXOM 301TBIIEHHS TApaMETPiB PO3OUTTS

CITKH N, M, i3 30€PEIKECHHSIM ONTUMAJIBLHOTO CITIBBITHOIICHHS MiK HUMHU.

Gt o

\\_‘_/./
Puc. 2.33. Exinmuunuii pesepsyap y Puc. 2.34. Eﬂi”m”‘lHlfﬁ pesepsyap
Kpyeosomy naacmi npu o =0 Y Kpyeosomy naacmi npu o =5

R 1240 T = === —mmmmmmmmmm oo

1
N B I
I
o 1200 +--==-A4-f - P
y RN !

1160 +-f—---=Mp--------

1120 HF--------

1080 f---------

- -~ rfF-r-——=—r~-—7%

R st SR,

1040

T 0 400 800 1200



Puc. 2.35. Eninmuynuii pezepgyap y Puc. 2.36. 3mina nosnoi eumpamu
Kpyeosomy naacmi npu o =8 nio yac imepayiino2o npoyecy

Pesynbratu po3B’s3yBaHHS cepii TEOMETPUYHO CKIIAHININX 3324
(% (t)=acost, y.(t)=sint, x (t)=10cost, y'(t)=10sint, ¢. =0,
@ =100, x=1), B IKAX 3aMiCTh CBEPJIOBUHH PO3IJISAAABCS EIINTHIHUIM
pesepByap, npezacrasieni Ha puc. 2.33 (a =1), 2.34 (a=5),2.35 (a =9
), 2.36, 237, 238 Tta y BimmoBimHi#i Tabmumi 2.21. Pe3ymbraTn
pO3paxyHKiB, 300pakeHi Ha pwuc.2.36, HAOYHO MIATBEPIKYIOTh
3aTyXawuuil XapakTep KOJUBaHb 3HAYCHHS LIYKaHOI HEBIIOMOI BUTpATH

IiJ] 9ac poOOTH aIrOpUTMY.

1200 7----- [ [ [ [ | 250---—- [ [ T aiy S |

1 1 1 1 1

1000 - Q:Q(a) ___:._____:._ ___: 200 L V:V(a) ,,,,:, ,,,,, L ,777:

i i i | | i i i i i

I I I 1 1 1 1 I 1

800 ===~ T T el ol | 150 p=---~ T rTTTTo iy i

I I I I I I 1 1 ] ]

1 1 1 1 1 1 1 1 1 1

600 ===~ T rTT oA T Tt i 100 ===-~ T T o [ i

1 1 1 1 1 1 1 1 1 1

1 1 1 1 1 1 1 1

400 F==---- T rTTe i i S0T--== ek rTTTTo T T i

1 1 1 1 1 1 1 1 1

I I I I I I 1 1 ] ]

200 ; ; ; ; : 0 ; ; , , |

0 2 4 6 8 10 0 2 4 6 8 10

Puc. 2.37. 3anescnicmo nognoi Puc. 2.38. 3anexcnicmo weudxocmi 6

sumpamu 6i0 napamempis KpauiHit npagiti mouyi pesepsyapy 6io

eninmu4Ho20 pesepeyapy napamempié 0CmMaHHb020

Tabnuys 2.21

Pesynomamu pospaxyukie ginempayitinoco
noas 0ns eunaodxy “Eninmuynuil pezepgyap y kpyeogomy naacmi’”
o n m Niter 4 Q V(A)

1.0 | 50 | 136 @ 254 | 1.0033079 | 272.89975 | 42.328284
20 50 | 165 | 284 | 1.0037443 | 331.23563 | 50.033917
3.0 50 | 195 | 317 | 1.0015640 | 390.60996 @ 57.591556
40 { 50 | 227 | 300 | 1.0004089 | 454.18566 | 66.226574
50 50 @ 262 | 283 | 1.0021256 | 525.11382 @ 81.671091




6.0 i 50 | 303 | 485 | 1.0031748 | 607.92391 : 97.436911
70 50 : 355 | 667 | 1.0011558 | 710.82060 :@ 119.09577
80 50 : 426 | 862 | 1.0006952 | 852.59235 @ 157.05766
9.0 | 50 | 548 | 1144 | 1.0010486 : 1097.1493 '@ 249.11876

Ha puc. 2.39-2.41 300pakeHi quHaMidHi CITKH, MOOYIOBaHI AJIs
cepii BumankiB “Kpyria cBepajoBHHA y YOTHPUKYTHOMY ImiacTi” (
X (t)=cost+a, X (t)=10(cost+0.1cos3t), VY« (t)=sint, y"(t)=10(sint—0.1sin3t),
e =0, ¢ =100, xk=1) mpH pi3HUX 3HAYEHHIX Mapamerpa o , AKUH
BHU3HAYAE MOJIOKCHHS CBEPUIOBUHH Y TUIACTI.

UYucnosi pe3yibTaTH pO3paxyHKiB HaBeaeHo y Tabmumi 2.22. Ha
puc. 2.42 mpoumocTpoBaHa 3MiHA 3HAYCHHS MOBHOI BUTPATH i3 4acoMm
pobotu ajaroputMmy, a Ha puc. 2.43-2.44 — 3aj1e:KHOCTI IIOBHOT BUTPATH
Ta MaKCUMallbHOT  IIBHJKOCTI
pIIMHA HAa CBEPUIOBHHI  Bif

napamerpa « .

Puc. 2.39. Ocecumempuunuii sunadox  Puc. 2.40. Ceeponosura y npimoKymHomy
posmiugenns ceeponosuru (o =0) naAAcmi i3 32NA0ACeHUMU Kymamu

Y NPAMOKYMHOMY HAACMI
Tabnuys 2.22
Pesynvmamu po3spaxyrxie gpinempayitinoco
noas ons eunaoky “Ceeponosuna y npamokymuomy naacmi’’

(04 n m Niter 7 Q V(A)




00 50 | 138 | 227 1.0053233 | 277.46923 | 43.374814
1.0} 50 | 139 | 1055 | 1.0029468 | 278.81922 | 45.631689
20 50 | 141 | 970 1.0033456 | 282.94347 | 47.174747
30 50 | 145 | 944 1.0005924 | 290.17181 | 49.988440
40 50 | 154 | 960 0.9776947 | 301.12997 @ 53.410942
50 50 | 158 | 910 1.0034381 | 317.08643 | 60.278202
6.0 100 | 340 | 3966 | 1.0005053 | 340.17182 | 66.299757
7.0 100 | 375 | 1326 | 1.0020168 | 375.75631 | 77.693905

[lpuknan rizpoguHaMiuHOi CiTKH, MOOYIOBaHOI y ENINTHYHOMY
miacTi 3 ypaxyBaHHSAM  aHi30TPOIHOI HPUPOAM  CEpPENOBHILA,

300pakeHuii Ha puc. 2.45.
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Puc. 2.45. Ceeponosuna y eninmuyHomy aHizomponHomy niacmi
Pesynprar po3paxyHky ¢inbTpauifHOro mojst IS TPU3B’SI3HOI

obmacti (EMNTUYHUA Ta KPYIJIMHA pe3epByapH y KpyTJIOMY ILIACTi)

300paxkeHuii Ha puc. 2.46.




Puc. 2.46. Eninmuunuii ma xpyanuii pesepgyapu y Kpyaiomy niacmi

Ha puc. 2.47 300pakeHi pO3paxyHKOBI IHWHAMIYHI CITKHA IS
cucremu “Kpyria Ta eminTu4Ha CBEpIUIOBHHM Y IJIACTi” MpPU Pi3HUX

3HAYEHHSIX KEpyK4Yoro IMOTEHIiajla ¢, Ha eJINTUYHOMY KOHTYpi
(Bumazku (a)—(e) BIOPSAKOBaHI 32 3pOCTAHHAM 3HAYCHHS ¢ ; HOTEHIIaI

Ipyroi CBEpIJIOBHHU MpPHHMAaBCA PIBHUM HYIO, a MOTEHIad 30HH

BIUIMBY — OJMHHII). 3HA4eHHS BEIMYMH NEPETOKIB IpU PIi3HUX
3HAYEHHAX KEPYIOuoro MoTeHILiany HabedeHi y Taom. 2.23 (Q:, Q) Ta
Q, — BenuumHa mepeTokiB L. » L, L. —» L, Ta Ly — L BiamosiaHo), a

rpadiky 3aJI)KHOCTSH IMOBHMX BHUTPAT BiJ KEPYHYOro IOTEHIATY

npoimocTpoBani Ha puc. 2.48.

a) ¢y =05 6) ¢, =0.6



0) ¢, =09

e) ¢, =0.95

Puc. 2.47. JQuuamiuni cimxu npu pisHux 3HA4eHHAX NOMeHYiany KepyeaHHs
Tabnuys 2.23
3uauenna enuyun nepemoxie npu pisHUX 3HAYEHHIX Kepyodo20 NomeHyianry
07151 BUNAOKy “Kpyana ma eninmuyHa c8epoio8UHU Y Kpyeaomy niacmi’

Po Q Q Q

0.3 4.04618127 0.00045305 2.09780982
0.4 4.05861365 0.02114897 1.73638254
0.5 4.07092870 0.09799301 1.36716228
0.6 4.05993931 0.20678807 1.02055556
0.7 4.02175839 0.34645410 0.70094236
0.8 3.94595805 0.53016214 0.41607785




0.9 3.80313894 0.79561584 0.18142087
0.95 3.67703122 0.99514852 0.08831913

OTpumMaHi pe3yabTaTH YUCIOBUX CKCIIEPUMEHTIB IiATBEPIKYIOTH
(akT 30UTBIICHHA BEIMYHHA TEPETOKY L. > L, Ta opHOYacHe

3MEHILEHHs IBOX IHIIMX IIPY 301IbIIEHH] BEIUUHHU ¢, .
5 —_—_——e— e ————

2.____

0.2

Puc. 2.48. 3anescnocmi noguux sumpam 6io
Kepynuo20 nomenyiana Ha eainmuyHoMy KOHmypi

OcCoONMMBOCTI  KOMIT'IOTEPHOTO  MOJENIOBAHHS  HEJIHIMHUX
MPOIIECIB MPOUTIOCTPYEMO Ha MpUKIanax (GuUIbTpaliifHUX MpOILEeciB i3
ypaxyBaHHAM Cy(O3iHHMX SBHIL y TPYHTI, 10 BiAOYBalOTHCS Mil Ii€l0
3BOPOTHOTO BIUIMBY XapaKTEPUCTUK TIPOIECy HA XapaKTePUCTHKU
cepenoBuia (BiMOBIIHI MOJENI Ta aJrOPUTMHU MOOYJAOBU JAMHAMIYHOI
CITKM 1 3HAXO/PKEHHs TOBHOI BHTpaTH HaBelIeHI Yy MOMepesHix
naparpadax). 3 METOI0 NOPIBHAHHS Pe3yJbTaTiB pOOOTH 3 pe3ybTaTaMu
JOCTiKEHb, TIPUBEJACHUMH B [45], B sikocTi obOnacti (inmpTpariii Hamu

oOpana oOxacTe Onu3bKa OO0 ocecuMeTpuyHOi (auB. puc. 2.49 Ta

puc. 2.50): L ={(x, y): x=a cost, y= b*sint} , L :{(x, y): x=a.cost—x?,



y=hsint}, x)=2,a.=1 b =1a =8 b =8).

JlunamigHa CiTKa Ta PE3yJNbTaTH PO3PAXYHKIB JUII MOACII
Ky | <lgs,
K= ne u — TapaMmerp, IO XapakTepU3ye
Ko+ p(l=lg), 12 lg,

CTYIHb BIUIMBY I'paJli€HTIB NOTEHLIANy Ha KoediuieHT dinpTpanii, x,—

Kxoedinient pinprpanii Henedopmosanoro cepenosuma; | =,/p% +p,’

— BEJIMYMHA [II0Y0T0 TIpaji€eHTy HOoTeHuiany; |, — KpUTUYHE HOTO

p

3HaueHHs (x,=1, wu=1, Il =025) 300paxkeHi Ha puc. 249 Ta

puc. 2.51.

VY BUNAAKYy HEBpaxyBaHHS B3a€EMOBIUIMBY T'paji€HTa HAropy Ta
koedimienTa ¢inpTpanii (x=1) oTpuMaHO TOBHY BHTpaTty Q,=3.12,
HOro X BpaxyBaHH 3a BUIIE BKa3aHUM 3aKOHOM BHKJIMKAO 301IbIICHHS
po3paxyHkoBoi BHUTpath Q mo 3.21. Ha pumc. 2.51 BigmoBigHO
MYHKTUPHUMH, TOYKOBHMH Ta KUPHUMH JIHISIMH 300pakeHi 3aJIeKHOCTI

I =1,(X), k=x(X) (xeT) na moyarkoBux (k =0, k=1) iTepamisx i Ha
cragii crabimizamii mpouecy (1, x,, ).

JuHamiuHa ciTKa Ta pe3yJabTaTH PO3PaxyHKiB Ui MOJAENi

omucaHoi y  §2.1.4(M =1), sKa  ONHUCYeETbCA  3AJICIKHICTIO

Ko I<I9,
K=|kp+pu(l=1)(1=15), I <1<, Ae l¢, 13 |j — KpUTHYHI 3HAYEHH:
K, >

rpamieHTy Hamopy (3aTpuMku CyGO3iHHHX YaCTHHOK, IX BHMHBY Ta
TTIOBHOTO BHUMUBY) IIPH Ig =02, 1,=03, I; =0.3618, «, =1, K =1.2,

4 =20 300paxeni Ha puc. 2.50 ta puc. 2.52.
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Puc. 2.49. Ceeponosuna 8 enin-
MUYHOMY 0epopMiBHOMY NOPUCTOMY
naacmi (Mooenb i3 0OHIEI0 30HOI0
30ypenHs)

0.451
0.4
035
03
0.25
0.2

0.15

Puc. 2.50. Ceeponosuna @
eninmudHoMy 0epopMieHOMY
nopucmomy niacmi (Mooenw iz 08oma
30Hamu 30ypeHHs)

I X

530
Puc. 2.51. Po3noodin epadienma nanopy ma koe@iyicuma @inempayii 6300801ic
pospizy T 6 erinmuynomy degpopmisHomy naacmi (0OHa 30Ha 30ypeHHs)

-0.8 -06 -04

k=1

[Ipu

HaMUu OTpUMAHO TIOBHY

i ‘Xw kp g
0.2

-0.8 -06 -04 -02 0

BUTpary Q, =3.120,

BpaxyBaHHS K SBUII THUIy CcyQo3ii 3a BHIIE BKa3aHUM 3aKOHOM

BUKJIMKaJIO 301abmenHs Q g0 3.188.
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Puc. 2.52. Po3noodin epadicnma nanopy ma xoegiyicuma ginempayii 63006
pospisy T 6 erinmuunomy oeghopmisnomy niacmi

Ha puc. 2.52 myHKTHpHUMH Ta CYyLUTBHUMH JiHISIMH 300pakeHi
sajexxHocTi | = 1(X), x=x(X) (xeT') BignoBigHO Ha moyaTkoBiii (k =0
) iTepariii i Ha cramii cTabimzartii mporecy (1, «, ).

AHai3 OTpUMaHUX pe3yibTaTiB YHCIOBHX CKCIECPUMEHTIB
T10Ka3aB iX MOBHY Y3TO/KEHICTh y FPAHUYHOMY BHIAIKy HpU Xo — 0 i3
OTPUMaHMMHU aHAIITHYHO pe3yjbTaTaMH poOiT [45], mo miaTBepaKye
aJIeKBaTHICTb MOJEJII.

Bigznaunmo, 1mo po3poOsieHi Ta peani3oBaHi HaAMU AJITOPUTMH
T03BOJISIIOTE ©(DEKTHUBHO OTPUMYBATH 1 1HIII XapaKTEPUCTUKH TPOIIECIB,
30KpeMa, HaMU BCTAHOBJICHO 3aJIeXKHICTh (PibTpariiitnoi BuTpatu Q Bif
dbopmu 30HU BIUIMBY (€JIiMca) TIpH PO3paxyHKy mporiecy Qinbrparii mo
Hel Bi CBEpIUIOBHHHM y BHNAAKY MBO3B’sI3HOT oOnacti ¢imprparii. A
came: npu (QikcoBaiii mwiomi o6nacti ¢inbTpanii S = zab = zRZ
(BHyTpimHOCTI efirnca 3 ocsiMu a, b ) 3HaiaeHo 3anexHicTh Q =Q(5),
ne S=alb (a=R,-v6, b=R,/\6). Pesymrpratnm umCIOBHX
po3paxyHkiB mpu r,=0,05M, R, =50M, x=1 M/m0o0y, nxm=200x192,

£=10"° maBeseni Ha puc. 2.53 Ta y Tabn. 2.24 (Q, — 3HAUEHHs TOBHO
BUTpaTH Npu & =1), 30KpemMa, MpH CIHIBBIAHOMICHHI oceit eminca 2:1
OTpUMaHO 301NBIICHHS 3HAYCHHA IIOBHOI BUTpAaTH y TMOPIBHSHHI 13

BUNIAIKOM & =1 mpuOau3Ho Ha 2,26%.

Tab6n.2.24. Pe3ynsmamu po3paxyHKie
ona cucmemu ““‘Ceeponoguna 8

PEY]

eﬂinmuqHOMy njaacmi
8 Q Q/Q

N &N O 2NEA 1 NOOR




1,044 000,

1,03 1

1,02 1

1,01

0,99
0,0 0,5 1,0 1,5 20 25

Puc. 2.53. 3anesxcnicmo ginompayitinoi
sumpamu 6i0 popmu 301U 6NAUEY

[ToTpiOHO TaKOX MiAKPECTUTH TIEpeBard pPO3POOJICHUX HaMU
METOMIB 1 aTOPUTMIB IIPH PO3B’A3yBaHHI OIJbII MIMPOKUX KJIACIB 3a11a4
I obnacTel, OOMEXKEHHX JiHISIMUA Tedil Ta EKBIMOTCHIIAJTLHUMU
JIHISIMH, 30KpeMa, KOJHM 30BHIIIHIH KOHTYp (iIbTpamiifHoi 006jacTi €
HenpoHWKHUM.  OcTaHHI €  BaXJIMBUMH TPH  MOZETIOBaHHI
dbimpTpamiitaux mporeciB y HadTOTra3oBUX IUIACTaX, B SKUX I
MIPOJIOBXKEHHS TEPMiHY EKCIUTyaTallii IITYyYHO CTBOPIOIOTHCS ITOAATKOBI
BIUIMBU. B sKocTi mpukiany, Ha puc. 2.54 Ta puc. 2.55 cxeMaTHYHO
300pakeHi JMHAMIYHA CiTKa Ta JBa BapiaHTa MNOOYJOBM o0OJacTi
KOMILIEKCHOTO TIOTEHIITy JIJIsl OJJHOTO 3 BHIIQJIKIB (POPMYBaHHS Tevii,
MOPOJKEHOI JIBOMa BHYTPIIIHIMH JiHISIMA piBHOTO IOTEHIialy -
CBEp/JIOBUHAMH (HATHITAJILHOIO Ta EKCIUTyaTalliifHOo), y TUIacTi i3
HETPOHUKHOIO 30BHINIHBOI0 CTiHKOKW. CXxeMaTHuHe 300pakeHHst 00acTi
¢inprpanii, miHIA Tewil Ta BigNOBIAHOI 007acTi KOMIUIEKCHOTO
MOTEHINANy /sl OUTBII CKJIaJHOTO BHIIAAKY 13 BPaxyBaHHSM BILTUBY
JOJTATKOBOI ~ TPEThOI  CBEPJUIOBHHHU-TICPEXOIUIIOBaYa HABEICHI  Ha
puc. 2.56.
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Puc. 2.54. J[gi ceeponosunu y niacmi iz HeNPOHUKHOW 306HIUHBLOIO CIIHKOIO 3
PO3pi30oM 830082iC OOHIET 3 KT PO30iTYy NOMOKIG
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Puc. 2.55. J[gi ceeponosunu y niacmi iz HeNPOHUKHOW 306HIUHbLOIO CIIHKOIO 3
pospizamu obaacmi 83006ic 060X AiHill PO30iTy NOMOKIE

o

Puc. 2.56. Tpu ceeponosunu y niacmi iz HenpOHUKHOIO 308HIUHBOIO CIIHKOIO



PO31J1 3. KOMIIVIEKCHE MATEMATHNYHE
MO/JIEJTIOBAHHSA BATATO®A3HOI ®LIBTPAIIIL B
HA®TOI'A3OBHUX IIVIACTAX

Ha cporomHimHiii JO€HP MOCHTH YacTO JUIS IIPOTHO3YBAaHHS
MPOIIeCiB, M0 BifOyBarOTHCS B HATOra30BUX IJIacTaX BUKOPUCTOBYIOThH
JleTalIbHI PocTopoBi Mojeri. [IpoTe 00’eKT MOAETIOBaHHS B KOXHOMY
BUNAJIKy € YHIKaJbHUM, 3 Maj0 BHMBYCHHMH OCOONHMBOCTAMH HOTO
OyZOBH Ta 3 JOCHUTH BEJIIMKOIO MOXMOKOI BH3HAUYEHHMH TI'€OJOTIYHUMHU
Ta (QiTbTpaliiHUMH TapaMeTpaMH, IO B CBOIO 4YEpry MNPHUBOAMTH [0
HEaJIeKBaTHOTO OITMCY, 3TiTHO 3 BHOpPAaHNMH MOJEJSIMH, TPOIIECIB, IO
BiOYBalOTbCA TPH CYMICHOMY pyci JAekiibkox pinguH. Tomy Ha
MOYAaTKOBOMY  €Talli  NPOEKTYBaHHS JOMIJBHO BHUKOPHCTOBYBATH
MaTeMaTH4YHI MOJeNli MPOIeCiB MEHIIoi MPOCTOPOBOI PO3MIPHOCTI 3
MEBHUMHU MOJU(IKAIliIMHU, 10 JO3BOJISUIM O BiJICITIIKOBYBaTH OCHOBHI
eeKTH TPOTIKaHHS MPOIECY 3 MOAATBIIOI0 SKCTPAMOIIAIIEI0 HA MOJEI
Oinpioi posmipHocti. [IpoTe, sk MOKa3ye MpakTHKa, OJHOBUMIPHOTO
HaOMDKEHHsST 4YacTO HEJOCTaTHBO, OCOOJIMBO KOJIM TPUXOIUTHCS
JOCTPKYBaTH XapakTep (QiIbTparmiifHol Tedii B CHCTEMi CBEP/JIOBHH Ta
po3paxoByBaTH TeMNH iX oOBomHeHHs. [Ipwm yMoOBi, 1m0 TOTYXKHICTBH
PO3pOOITIOBaHMX TUTACTIB 3HAYHO MEHIIA iX MPOTSHKHOCTI TIO JIOBXKUHI, a
eKCIUTyaTalliifHi 1 HarHITalbHI CBEPAJIOBHHH JOCKOHANI 1O CTYIIEHIO i
XapakTepy pO3KPUTTS IUIacTa, (UIBTPAII0 MOXHA PO3IJISIIATH  SIK
TJIOCKY, a BiJINOBIIHI 3a/1a4i K JBOBUMIpHI.

Y 1upoMy po3mimi po3po0JCHO HOBY METOIUKY JOCIIIKESHHS
nporieciB OaratodasHoi ¢inbTparii B TOPU30HTAIBHUX, CXHJIBHUX JIO
nedopMmartii HadTOra30BUX IDIACTaX, OOMEKEHUX EKBIMOTEHI[IaIbHUMHU
miHisMU Ta diHisMHA Tedii. ChOopMOBaHO HOBI THIH MOAETHHUX 3a1ad
MaTeMaTHuyHOi (Di3MKH, pO3pOOJIEHO HYHCIOBI METOMU 1 alTOPUTMHU iX
pO3B’sI3aHHS, SIKi peaTi3oBaHi y BHIVIAAI TAakKeTiB Tporpam it

MOJANIBIIOT0 KOMIT FOTEPHOTO MOJEIIOBAHHS. 3amponoHOBaHO MiaXiJ 10



YHICIIOBOTO PO3B’S3aHHS BIJINOBIMHUX OOCPHEHHMX KpalOBHX 3ajad Ha
KBa3ikoHpOpMHI  (KOH(GOPMHI) BimOOpaKEHHS, IO aBTOMATHIHO
BHpINTye TpoOiieMy MOOYIOBH TiIPOAWHAMIYHOI CITKH, BiIITyKaHHS

TOYOK «IPU3YITUHKW» Tedii Ta Pi3HOTO poay (DUTTpaIliifHuX mapaMeTpiB.

3.1. BuxopuctanHs MeTOAy KBa3iKOH(OPMHHX BigoOpa:keHb 10
HOCJTiI7KeHHs HeTiHIifHUX mponeciB BUTiCHEHHS

IIpu po3pobui pomoBum HadTH Ta ra3zy JOCUTH YacTo
MPUXOANUTHCS PO3TISIIATH 3a[adi, B SKHX PiHMHA BBOIUTHCSA B MOPUCTE
cepenoBuIIe (TIACT-KOJIEKTOP) ad0 K BUBOAUTHCS 3 HHOTO YEpe3 JyKe
Maiy obnacte (cBepmioBuny) [30,31, 135]. TIpu mpoMy He0OXigHO
aJIeKBaTHO BPaxOBYBAaTH CITIBBIIHOIIEHHS MiX pO3MipaMH IUIacTa Ta
paaiycamMu CBEpAJIOBHH, IO HE 3aBXIU BIAETHCSA NPH BHUKOPUCTAHHI
pI3HOTO POAY CITKOBHX METOHiB. TakoX, Ba)KIMBOKI IMPOOJIEMOIO €
mobyoBa JIiHil po3aity aBox pimuu (Bomu, HadTH) [87, 111, 117, 156]
Ta mependayYeHHs i MOJOKEHHS B Pi3HI MOMEHTH 4acy. 30Kpema, B yac
MPOPUBY BOJU JI0 EKCIUTyaTallifHOT CBEPJIOBUHU, IO JO3BOJIUTH
MPOBECTH BIAMOBIAHI Aii, M[0/I0 YHUKHEHHS MEepeq9acHOr0 OOBOJHEHHS
MPOAYKINi eKCIUTyaTallifHuX CBEpJJIOBHH Ta ONTHMI3YBaTH TIPOIIEC
Ha(TOBUIOOYTKY.

PizHi aBTOpM mpoOneMy BiANIYKaHHA TOJOXEHHs JiHII PO3IiTY

(Aky B mopanpmIoOMy no3Hayatumemo [°,) BHpilIyBaJu MHO-pi3HOMY,

BIJIIIITOBXYIOUKCH BiJl TUX 4H iHIIMX npumyiness [111, 135, 162]. Tak, y
OLTBIIIOCTI BHUIMAMKIB, BBIBITH PIBHSIHHS JIiHII pO3IiTy B HesBHIN (opmi
S(X,y,t)=0, BOHM NPUXOAWIH JO [JCAKOrO PIBHAHHA 11 PyXy
o5, o5 dx osdy

—+ =0, ge moxigHi KOOpAHUHAT X, no uacy t
ot oxdt oy dt P y Y

OB sI3aHi 3 KOMIIOHEHTAMH WIBHAKOCTI (inbrpauii v,, U, TaKAMH



. dx o, dy v, .
CHIBBIHOMICHHSIMH — =—*, ——=—- ¢ — MOPHUCTICTh CEPEIOBHUIIA
dt o dt o

[31, 109, 156, 157, 193]. BUKOpHUCTOBYIOUH ITIEPETBOPEHE PIBHSIHHS
o%ﬂ?-grads:O (3.1

3HAXOIUJIOCS HOBE TMIOJIOKEHHS TPAaHUIll PO3AUTYy 3a eleMEHTAPHUMH
TIePEMIIIICHHSIMH B3JIOBXK HOpMajel 10 1i MONepeaHhOTO TIOJIOKCHHS.
BpaxoByroun To#t (hakT, mo piBHAHHSA (3.1) € piBHIHHAM KOHBEKTHBHOTO
repeHocy Ta (pi3udHy MpUpOIy camoro mporiecy [16], 3rimHo 3 SIKOIO
YaCTHHKH TIEPEHOCATHCS, B 3aTaJIbHOMY BHITAKY, HE B3JIOBXX HOpMaJei,
sk Oyyno 3a3HadeHo B pobotax [198, 207, 208], a B3AOBK TpaekTOpiit

pyXy piIMHHM — JiHIH Teuii, TOMy HOBE MOJOXKEHHA I, CIia mIykatu 3a

TIePEMITTICHHSAMH caMe B3JIOBX JIIHIH Tedil.
TakuMm uymHOM, 100 PO3B’SA3aTH 3amady Ha  BiANTyKaHHS

HOJIOKEHHS JIiHIT po3auty I', HeoOXiZHO po3B’sA3aTH JBI (B 3arallbHOMY

BHITAIKy B3a€MOIIOB’s3aHl) mim3amadi: 1) 3amady Ha MOOYIOBY MOJIS
MIBUIKOCTI U Ta TiAPOAMHAMIYHOI CiTKW; 2) 3amauy sl PiBHSHHS

KOHBEKTHUBHOTO TIEPEHOCY BIAHOCHO MOO0YIOBAHOTO TOJIS IITBUIAKOCTI.

3.1.1. MeToau KOMILIEKCHOT0 aHAJNi3y MOOYIOBM TiApoIuHAMiYHHX
ciTOK Ta TOCHIIKeHHS eBOJIONil rPaHNIi PO3AiTy Pi3HOKOJIBOPOBHX
piaun

PosrisHeMo MojenbHy 3amady Ha €BOJIIOLIIO (PyX) TpaHHUIl

posainy I', mBox pimun y mracti G, (Z=X+iy), oOMmexeHOMy

z

HETIPOHWKHUM 30BHIIIIHIM KOHTYPOM L, KOHTypaMu HarHiTanpHOi L. Ta

excrutyataniiinoi L cepmmoBuH (muB. prc. 3.1) B [emio crporieHiit
MOCTAHOBI[, BBaXar4W, 0 3a (I3UYHUMU Ta MEXAHIYHUMH
BJIACTUBOCTSIMHA  PIIMHU  HE  BIAPI3HAIOTHCA, TOOTO BOHH €
«pizHOKOIEOpOBHMIY [109, 135, 210].
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Puc. 3.1. @izuuna obracms pinempayii ma 6ionosioua it obracmo
KOMNJIEeKCHO20 K8a3inomeHyiany

Sk Bimomo [135, 185], npu pyci rpaHui po3iy moje MBUAKOCTI
B3arajli Kakydd 3MIHIOETBCS, aje y 3B’S3Ky i3 3pOOJIeHMM BHIIE

HPUITYIIEHHAM (IIPO «Pi3HOKOIBOPOBICTHY PiANH) 3MiHA HOJNIOXKEHHS [,
HE BIUIMBAa€ HA 3MiHy MBUAKOCTI U, ToOTO O(X,Y,t)=0(XY,1,) (me
O(X,y,t,) — mose MBHUAKOCTI B JESKUH MOYATKOBHII MOMEHT 4acy {,).
Toni, 3amaya Ha TOOYAOBY TigpOJMHAMIYHOI CITKH (30KpeMma,
3HAXO/KEHHS IO IIBHAKOCTI O) € CTallioHapHOK 1 MOXe OyTh
pO3B’si3aHa HE3AJIESXKHO BiJ 3agadi KOHBEKTHBHOrO mepeHocy. Jaii,
BUKOPHUCTOBYI0YH (3.1), BU3HAYaeMO MOJIOkKEHHs rpanunil I, 31 3MiHOIO
qacy.

Jns MaTeMaTHYHOI IOCTAaHOBKM 3ajaui QuIbTpamii piguH y
MOPUCTOMY CEPEIOBHILI 3alMLIEMO PIBHSHHSA HEPO3PHBHOCTI Ta
PIBHSIHHS pyXy

divo=0, o =k-grade,
ne k=Kk(x,y) — xoedimieHnt ¢inprpamii, @ =@(X,y) — KBa3inmoreHmian
uBuAKoCTI Binbrpanii v = v, (X, y) +i-v,(X,Y).

Awnanoriydo, sk y [56], BBiBImM QyHKIi0 Tewil yw =w(X,Y),
KOMIIIEKCHO CIIPSKEHY JI0 @ Ta 3ificHUBIIM yMOBHI po3pisu [, I

obnmacti G, B3#OBX JiHIIl po3Ainy Tedii, 110 BU3HAYAIOTHCS TOYKAMU



«npusynuEku» 1otoky A=B=(x,y;)eL, C=D=(x},y))elL Ta
toukamu  A=B=(x.,y.)elL., C=D=(x,y)el, s3amaua Ha
mo0Oy 0By TiAPOAMHAMIYHOI CITKM, BiAIITYKaHHS (QUIbTpalliiHOl BUTpATH,
nonoKeHHst To90K (X5, Yo), (X, y9), (X, ¥.), (X,y) ta inmmx
XapakTepHUX  QUIBTPAlifHAX MapaMeTpiB  3BOOUMO 1O  3ajaadi
KkBasikonpopmHoro  BimoOpaxenns — @=(z)=@(X,y)+iy(Xy)
[56, 142, 143], yTBOpeHOi TmpH IBOMY OXHO3B s3HOI  OOmacTi
G’ =G, /(I.UT") Ha BiANMOBiNHY NPIMOKYTHY 0GIACTH KOMILIEKCHOTO

kBasinorexnuiany G, = {a): p.<p<@, O<y< Q} :

5(P oy oy 0
k(x, , k(X —— (X, G?,
Y= ' (x, y)ay o Kev)e
¢I_=¢*,¢|L*=¢*vWIAD=0,w|BC=Q,
v(X5,¥5) =0, v(x,y) =0, (3.2)

e o(Xy)= \/Uf (X, y)+ ui(x, y), Q= [ﬁ—uydx +v,dy - HeBimoma
L.

BUTpATa.

I'pasnna I, , monokeHHs AKOI B IOYAaTKOBHMI MOMEHT 4acy t=t,
e Bizomum S(X, Y,t,) =S5(x,y) =0 (30xpema, moxkna npuiinstu ', = L.

), BU3HAYAETHCA PiBHAHHM (3.1) 3 BiAMOBITHUMU YMOBaMHU:
s .
aaﬂ)-grads:o, s, =1, s(x, y,t)|t:t0 =0. (3.3)

B 3B’a13Ky 13 CKJIa/IHiCTIO TeoMeTpii 061acTi G! Ta TPUBIaIbHICTIO
BiANMOBiAHOI obnacti G, , OLIBII AOLIIBHUM € INEpPeXiJ 10 0OEpPHEHOro

KBa3iKOH(OPMHOTO BinobpaxenHs G, — G., 10 CHpONIye Ta B JesKiii

Mipi aBTOMAaTHU3Y€E TO0YIOBY TiIPOINHAMIYHOI CITKH.



Ob6epuena gmo (3.2) kpaiioBa 3amadya Ha KBa3iKOH(pOpPMHE
Bino6paxennss Z=2z(w)=x(o,y)+iy(p,) obmacti G, Ha G. Ta
piBHAHHA s gificHoi X=X(@,) i ysBHOi Y=Y(@,y) uactnn
(BUKOHAHHSA SKHX BHMaraTHMEMO 1 Ha po3pizax uisi BpaxyBaHHS iX
«pO3ABOECHH» NPH nepexoal Bijg obnacti G, 1o G, ) XxapaKTepuCTUYHOT

(dbyHKIIT Tedii 3anmuIryThCs y BATIISAII!
Y _OX O __ oY
v ké’l// 2 (p.w)eG,, (3.4)
E.(X(@.v) Y@ w)) =0, T (x(¢" . w),y(¢" . ¥))=0, 0<y <Q,
f(x(9,0),¥(9,0))=0, f(x(¢,Q).¥(¢.Q) =0, p.<p<¢p, (3.5)

X(0,0)=x(0,Q), ¥(@,00=y(».Q), p.<p<p, p<p<¢ , (36)
v(x(.¥),Y(@.¥)) =0, v(X(@.¥),Y(@.¥)) =0, ¥ ={0,Q},

SN (050 PG (S O S 28 I (S B
oy Oy ) Opl\kop oy\ Oy ) Opl\kop

o€ ¢, @ — 3HaYeHHI KBa3IMOTEHIIaTy B IIyKaHUX TOYKaX

«IPU3YTUHKW) (BIATIOBIIHO «PO3XOKCHHS» Ta «CXOMKECHHs» Tedii), f.
, f

BIJIIOBIIHO.

*

, f — dynkuii, mo BusHavaroTh KOHTYpH obmacti G,: L., L', L

3anuc piBHAHB KOHTYpIB oOnacTi G, Moxke OyTH NpeJCTaBICHO

SIK Y HeSIBHIN TaK 1 y mapaMeTpudHiil Gopmi, 0 € 3pyUHINIIM Y TEeIKUX

Bumnajkax. ToMmy, OyaeMo B TOJANBIIOMY KOPUCTYBATHUCS SIK HESIBHUM

Tak 1 MapaMeTpUYHUM IMpeAcTaBiIeHHAM KOHTypiB: L.={z: x=X.(r),

y=VY.(7), a. <t <pBy={z: f.(x,y)=0}, U'={z: x=x(7),

y=y (r), a <t<fYy={z: f°(x,y)=0}, L={z: x=x,(7),
Y=Y,(7), oy <t < B }={z: f(x,y)=0}.



Buxopucrapmiu BIAOBIAHI

dbopmynu epexoxy
j_xoy oxo  Jp_ 1o 0 _10 0 10 0

dp oy oy dp’ ox Joy' X Jowop Jopoy'
0__1ox 0 10 9p__1ox oy __ 1o
oy Jowop Jopoy’ oy  Joy' ox Jogp’
6_1// 1 ox

——, ymoBu (3.4) i dopmynu Is OOYUCIICHHS KOMIIOHCHT
o Jop

. k oy k

IMBHUIKOCTI1 Ux = s
J(p.w) oy

MNEpCIUIICMO TaK:

X
v, =— —, 3amaay (3.3)
T o) oy

B_ v @9
ot ok ¢
s(X(@e, ), Y(@.,w), 1) =1, s(x(o.v), Y(p,¥)t,) =0,

0<y<Q,p.<p<g, 3.9
e OTpuMaHe Au(epeHIaJbHe PIBHIHHS B YACTHHHHUX IIOXITHHX €

(haKTUIHO MPOCTOPOBO OJHOBUMIPHHM, ajpKe 3MiHHA I TyT DIirypye sk
napamerp.

Jnsa (3.8), 3anmmemMo BiAMOBigHE 3BWUaliHe IudEpeHITIATBHE

. dt  de .
PIBHAHHA _k = —(20 , IHTCTPYIOYHU IKE 3HAUJACMO Yac
o 1%

t=0(p,7%,) = [ ok (X@.7) Y@ 7 )G (3.10)

HPOXOUKEHHS YACTUHKOIO PiAMHYU LIISAXY Bifl TOUKH (., /,) 10 ODKydoi

Touku (@, ¥,) B3IOBXK HiHii Tewii w(X,Y)=y,, 1e ¢. <p<@ , o -
TIOPHUCTICTh TPYHTY.



BukopuctoByroun (3.10), 3HaXoauMO Yac TMOYATKy Ta MOBHOTO

00BOITHEHHS TPOAYKINI eKCIUTyaTaIlifHOI CBEpIJIOBUHU BiATIOBIIHO
Ol p) = min O(p".yp), (p,p) = Wg}ggﬁ(%w) :

st 3amucy pizHULEBOro aHajory 3agadi (3.4 — 3.9) sxilficHumo
noOyyoBy citku y obmacti G,, Bysmu (¢ ,y;) sAKOi BH3HAYAIOTHCS

HAaCTYIIHUM YUHOM:

Q. +iAg,, 106 A(p,zg_go*,
n+1
. s P9
g =19+({—-n-DAg, T8 Agp = =
n,-1
F+(i-n-n)Ag, 138 Ag =22,
n, +1

1L,idi=1n,
I={2,id¢i=n+Ln+n, y,=jAy, Ay=Q/m, j=0m, (3.11)
3,id¢i=n+n,+L,n-1,
ae n=n+n,+n,+1; n,n,,n;, meN — mapamerpu po3OUTTA 001aCTI
KOMIUIEKCHOTO KBa3iNoTeHLiany, Ag,, Ay — KpOKHU CITKU.

VY 3B’a3Ky i3 3araypHIiCTIO 3amucy KoedimieHTa ¢inbTpamii (y
BIIMIOBITHUX PIBHSIHHAIX), IO € QYHKITIEIO BiJl KOOPAUHAT TOYKH 1 MOXKE
OyTn SK HENEepepBHOI0 TaK KyCKOBO-HETIEPEPBHOIO, HANPUKIAN, HPHU
Hepexoi yepe3 MeXy JBOX CEPEelOBHIN 3 PI3HUMH HOTO 3HAYCHHSIMHU

[38, 39, 120, 135], piBusnns (3.7) y cepenuni ciTkoBoi obnacti G, Ta Ha
pospizax I',, I anmpOKCHMyeMO BUKOPHCTOBYIOUM METOJ CKiHUCHHHX

o0’emiB [23, 25, 32, 187]. Meron ckiHueHHHX 00’eMiB 3a0e3medye
BUKOHAHHS  PI3HUIICBOTO  AHAJIOTy  3aKOHIB  30CpeKCHHS  Ta

KOHCEPBAaTUBHOCTI BIIIOBIAHOI PI3HHUIIEBOI CXEMHU:



Xivnj — %
7|2(ki,j+1/2 (Xijor = %) — Ki j2 (X — Xi,j—l))"‘#_
i+1/2, j
X=X
——L 2 2, 7|2(ki,j+1/2(yi,j+l - yi,j)_ki,ifl/Z(yivJ - yi,H))Jr (312)
i1/2,]
N Yij =Yg Yii Vi _0,
Kisya, Ki—y2,
i T X5 YijutVYij
ae X =X@.v;), Yi; =Y(@.v;) K =k( : 12 - 12 JJv
Xisg,j T X5 Yienj T VYij A . )
kiﬂ/z,j = k( 1 12 J , 1 12 J], 7 :A_ﬁ - KBa31K0H(1)opMH1
iHBapiaHTH.

[loGynoBana pisHuneBa cxema (3.12) y BUMAagKy OAHOPIAHOTO
cepenosuia (K =const) hakTuyHO € y3aralbHEHHSM BHKOPUCTAHOI Y
poborti [48], ansa 3amadi Ha kKoH(DOPMHE BiTOOpaKeHHs, MOOYI0BaHOT HA

T’ AITATOYKOBOMY TITA0JIOHI THITY «XPECT)», CXEMH:
X — 20+ 7|2)Xi,j + Xt 7I2(Xi,j—1 +% ;1) =0, (3.12")
Vi — 20+ 7’|2)yi,j Yt 7’|2(Yi,j—1 +Yi 1) =0

KpaiioBi yMOBH Ta YMOBM TMEpPIiOJAWYHOCTI 3 JTOAATKOBUMH
YMOBaMH{ 3B’SI3KYy TPaHWUYHUX Ta MPUTPAHUIHUX BY3JIiB (y BHIAAKY

k =const, yMoBH OPTOrOHAILHOCTI) APOKCUMYEMO TAKMM YHHOM:
f*(xoyj,yoyj):o, f (xn’j , yn,j)zo, j=0,m,

f(Xi,O’yi,O)zo' f(Xi,miyi,m)ZO’ izm’ (313)

Xi0=Xims Yio=Yim 1=0,n +1,

Xi0=Xims Yio=Yim 1= +0,,N;
(4%, = 3% ; = X0 )Xo jur = Xo0,j-0) + (4Y1; —=3Y0; = Yo, ) )Yoju1 — Yo,j0) =0,

(3Xn,j + Xn—2,j - 4Xn—1,j )(Xn,j+1 - Xn,j—l) + (3yn,j + yn—z,j - 4'yn—l,j) X



><(yn'j+1 - yn'H) =0, j= m (8Xi3 —3% o = X 5)(Xi,10 = Xig0) +
H(4Yi1=3Yi0 = Yi2)Viao = Yiro) =00 (X +% 00 = 4% 5 4) %
*(Kiam = Xicam) + GYim + Vim2 = 4Yim 1) Yiiem = Yiiam) =0,
i=n +1,n +n,. (3.14)
Hesinomy nosry Butpaty Q Ta 3Ha4YCHHs KBasilOTEHLialy ¢ Ta

¢ B TOYKax «MPU3YNHHKI» MOTOKY IIYKAEMO B IMPOILEC iTepamiifHOTOo

pO3paxyHKy 3a GopMyIaMu:

o.+ap __ ¢ +Pp
=MmA , = , = — ,
Q=mav. o= s =5
e G = 7(n +1) , B= 7a(n; +1) ,
7o(N; =) + 5 (n; +1) 7.,(N, =1 +y,(n, +1)
g & (30Kkpema, MOYKHA

l// =
7N +2) +7,(n, =1 + 75(ny +1)
BHKOPUCTOBYBATH TaKOX HacTymHi Qopmymu ¢ =g, +(n +1)Ayy,,
s 13 Ag, .
p=¢ —(N;+DAyy,, Ay = EZ—) Benmmunan kBa3ikoHGOPMHHUX
= N
IHBapiaHTIB y, OJEPKYEMO Ha MiJCTaBl yYMOBU «KBa3iKOH(OPMHOI

MoAiOHOCTI B MajoMy» BIANOBITHUX EJIEMEHTAPHUX YOTHUPUKYTHHUKIB

JIBOX 00JIacTel HACTYITHIM YHHOM:

1 n,m-1 ai i 1 m+n,-1,m-1 ai i
n= ' Vo T T .
m(nl+1) 1720 Kisyz, jyab m(n2 _l) iiemi10 Kivaz, jobh
1 n-1,m-1 a. .
Yo=———— T (3.15)
m(n —n-n ) i, j=m+ny,0 ki+1/2,j+1/zbi,j
e

a :\/(Xi+1,j_xi,j)2 +(Yi+1,j_ij)2 +\/(Xi+1,j+1_xi,j+1)2 +(yi+1,j+1_yi,j+1)2 :



by ; :\/(Xi,j+l_xi,j)2 +(yi,j+1_yi,j)2 +\/(Xi+1,j+1_xi+1,j)2 +(yi+1,j+1_yi+1,j)2 ;

K k(xi,j X X T X YigtYiaj tYijat yi+l,j+1j

i+1/2,j+1/2 = 4 ' 4

@opMynH UIS 3HAXOPKEHHS TOJSI MIBUAKOCTEH ampoKCHMYEMO
HACTYITHUM YHHOM:

(00y); = m(yu j+1 yi,j—l'xi,j—l_xi,j+l)’ i=Ln, =1,

3= Gni =% ) Vi = Vi) = = %50 Vienj — Via ) ,
. 4AypAg,

i=n+2n+n,-11=2,i=n+n,+1,n-1 =3, j=1,m-1;
(L,0y)i0 =0y )im k—(y|1 Yim-1r Xim1 _Xi,l) ,
2Ay d;

3 - Kivrm = Xiem)Yiz = Yima) = (i = X 0 ) Yieam = Yicam)
b 4A A, ’

i:l,_nlllzj.,i:m,lzg;
Ko, -
:m(yo,jﬂ_ - yO,j—l’XO,j—l _X01j+1) y I :1, J :Lm_l,

(Ux'Uy)O,j

3 (4 = %0 1) Yo jo1 = Yo i) = Ko s = X0, ) (Yo = Yo.i) .
o 2AyAg, '

nj

(Ux’uy)n’j:—ZAan,j(y”'”l_y”’j1’X”'j1 nm) =3 j=1m-1,

J _ (Xn,j - anl,j)(yn,jJrl - yn,jfl) - (Xn,j+1 - Xn,j—l)(yn,j - yn—l,j) ,
" 2AypAg,

ki,m
(Ux’Uy)i,m :m(yi,m - yi,m—l’xi,m—l - Xi,m)' I = 2,



J = (Xi+1,m - Xi—l,m)(yi,m - yi,m—l) - (Xi,m - Xi,m—l)(yi+l,m - yi—l,m)
. 2AyAg, ,

k o
,,0,)i0 zﬁ(ym ~Yio %o _Xi,l)' I=n+2,n+n, -1,
i.0

(%20 = Xi2.0)Yiz = Yio) = (X2 = %i.0)(Visro = Yiso) .

‘Ji,O =
2AypAg,
_ Kua - X —X
(Uxiuy)mﬂ,j _m(ym+l,j+l yr11+1,j—l’ n+1, j-1 nl+1,j+l)’
j=1m-1,
J _ (Xn1+2,j - an+1,j)(yn1+1,j+1 - yn1+1,j—1) _
) 28pA,
3 (an+1,j+1 - an+1,j71)(ynl+2,j - yn1+1,j) )
2ApAp, '
I(nlJrn2,j
(Ux’Uy)r;lJrnz,j = ZAV/JMMZJ (yn1+n2,j+1 - yn1+n2,j71’ Xn1+n2,jfl - an+nz,j+l) )
] _ (an+n2,j - Xr11+n2—1,j)(yr11+n2,j+1 - ynl+n2,j—1) _
n+ny,J ZA WA(DZ
B (an+n2,j+1 - an+nz,j—1)(ynl+nz,j - yn1+n2—1,j) ] :m ;
2AyAg,
ko,o
(03,0y)o0 = (V0 )om = 20y3,, (yO,l ~Yom-1 Xom1 XO,l) ,
3 - (%10 = %0.0)Yo1 = Yom1) — (X012 = Xo.m1) (V1o — Yoo) .
o0 2AyAg, ’
kn,O

(Ux!Uy)n,O = (Ux'Uy)n,m = (yn,l - yn,m—l' Xn,m—l - Xn,l)'

2Apd,



_ (Xn,O B Xn—l,O)(yn,l - yn,m—l) B (Xn,l - Xn,m—l)(yn,o B yn—l,O) .

‘]n 0
’ 2AyAp,

kr11+n2,0

= 2Al//\] (yn1+n2,l - ynl+n2,m—1' Xn1+n2,m—1 - Xn1+n2,l) ’

(Ux1Uy)n1+n2,m
n+n,,0

(leuy)thrnz,O = (UX’Uy)nﬁ”z’m !

] _ (an+n2,0 - Xr11+n2—1,0)(ynl+n2,l - ynl+n2,m—1) _
n+n,,0 2A V/AQJZ
_ (Xr11+n2 17 Xn1+n2,m71)(yn1+n2,0 B yn1+n2—1,0) .
2AyAg, ’
k +1,0
(06O ) npam = e Y11 = Yoame1 Xoam1 = Xoha1 )
x1Yy /n1+1,m ZAV/Jnﬁl‘o(m n+1,m n+1,m n, )

(Ux’Uy)m+1,o = (Ux'Uy)nlﬂvm '

3 _ (X120 = Xn+20) Yo 11 = Ysrma) 3
e 20pAp,
_ (an+l,l - an+1,m—1)(ynl+2,0 - ynl+1,0) . (316)
2AyAg,

Maroun pi3HHLEBY 3afady Ui iTepamiiHOrO  BiALIYKAHHS
TiApOMMHAMIYHOI CITKHM, KOJM BiJioMa TIJIBKH TeoMEeTpis o0nacti
¢inpTpanii (KOHTYpY TPaHULI Ta YMOBH Ha HUX), CIiJ 3a7aTh «IKiCHE»
MTOYAaTKOBE HAOIIKCHHSI PO3MIIIEHHS i1 BY3JIiB, K HA TPAHMIN Tak 1 B
cepeauHi o00jacTi, TOMy, IO MIBUAKICTh 301KHOCTI iTeparlifHOTO
HPOLIECY CHIIBHO 3aJIEKHTH BiJl HHOTO.

3ajaHHA I0YaTKOBOI'O HAOMIDKEHHA pO3MIIEHHS TOYOK Ha
KOHTypax oOJacTi HE BHKIMKAE TPYIHOLIIB, 0COOIMBO, KOJIU KOHTYpPHU
3aJaHi mapaMeTpu4Ho. Jlng moOynoBM TOYAaTKOBOTO HAOIMKEHHS
KOOpAWHAT BHYTPIIIHIX BY3I]iB, MOXXHa BHKODUCTATH OJUH i3

anreOpalyHUX YM BapialliiHUX METOJiB moOymoBH ciTok [2, 20, 33, 106],



Hampukian Meron TpancoiHiTHOT iHTepmomsauii  [32].  Ilpote,
BUKOPHCTAHHS TaKOTO pOAY METOHIB [UII TEOMETPHUYHO CKJIAJHUX
obnacTedf, JOCHTh YacTO TMPHU3BOIWUTH N0 HEOWKAHWX pe3yJIbTaTiB,
HaIIPUKJIA, B ISSIKAX MICIIX JIiHII CITKA MOXKYTh ITIepEeTHHATH cami cebe.
Jns yHUKHEHHS OO e(ekTy Ta IOKpaIieHHS IMOOYyI0oBaHOI CIiTKH,
JIOLJILHO BBECTH Koperyroui monpaBku [33, 103] Ha B3aemHe
PO3MILIEHHS BY3JIiB a00 K 341HICHUTH iX MOMPaBKy BPyUHY.

TakuMm YHHOM, aXrOpuTM HAaOMMKEHHS PO3B’SI3Ky OOEpHEHOI
mudepeHiianbHol 3aaadi (3.4)—(3.7) pi3HUIEBOO 3a7a4eI0 Y 3arajJbHOMY
BUMNANKY, sIK 1 B pobotax [71 —74], mobyayeMo HUIIXOM NOETAIHOI

napaMeTpu3alii BeIMUUHU )|, TPAHUYHHX Ta BHYTPIIIHIX BY3JiB CITKHU 3
BUKOPUCTAaHHAM 1imedl Omounoi itepamii [167], mna aHamMiTHYHOTO
oOIpyHTyBaHHS i#oro 30DKHOCTI. Ha mepmomy Kpowi anroputmy
3a7a€MO TeoMeTpuYHy KoHQirypamito ¢isuuHoi obnacti G,, mo
obmexxena komtypamu L, L., L, KimbkicT By3miB po3OuTTS
BIANOBIHOI 00JacTI KOMIUIEKCHOrO KBasinoTeHuiany G, (mapamerpu
n, Nn,, N Ta M) Ta mapaMeTpu HEOOXiJHOI TOYHOCTI POOOTU
alrOpuTIMy &, &,, PIBEHb KBa3IKOH(GOPMHOCTI O, BIIOOPaKEHH:.

IToTiMm 3amaeMo TOYATKOBI HAONIKCHHS IIIYKaHUX  KOOPIHMHAT
TPaHUYHUX BY3JIiB, Tak 100 BUKOHYBanwcs ymoBH (3.13), Ta koopauHaT
BHYTPIIIHIX BY3JiB T1APOIWHAMIYHOI CITKH 1, BUKOpUCTOBYIOUH (3.15),

3HAXOIMMO MOYATKOBE HAOMMKEHHs KBa3ikoHopMHuX iHBapianTiB

Ta  HEBiIOMHX  BEIMYHH P = (/L+—a~(p’ 70 =2" [i‘/’*
= 1+a 1+
o _ (¢* — ¢*)m ae
7O+ + 757 (n, ~1) + 747 (ng +1)
© . O(n, +1
6= 7o (n+1) b= 75 (ng+1) . TIpoBoauMO

7/§0)(n2 _1)+73(0)(n3 +1) e 7§0)(n2 _1)"'7/1(0)(”1 +1)



YTOYHEHHSI KOODAMHAT BHYTPIlUHIX By3miB (X ;,Y;;) 3a dopmynamu,
OTPUMaHMMHU IUIIXOM po3B’s3aHHA (3.12) (y BHmaaky KOH(OPMHOTO
. o

BigoOpaxenHs (3.12°)) BiAHOCHO X;; Ta Y;; (3 MCTOI NPUCKOPCHHS
MIBUIKOCTI 301KHOCTI BCHOTO TIPOIECY 1 €KOHOMIii MAITMHHOTO Yacy
BHKOPHUCTOBYEMO JIMIIE TICPIIUN ITEpaIlifHUN KpPOK, TIPH I[HOMY
BpPaxoByeEMO TMepiogWYHICTG InyKaHux ¢yHkuid). IlignpaBisemo
rpaHuyHi BY31M (32 yMoBM (ikcalil HaBKOJNMIIHIX TIpaHUYHHX Ta
MPUTPAaHUYHHX ), BAKOPHCTOBYIOUH Pi3HULEB] aHAIOTH YMOB THITy Korri-
Pimana (3.14). BukopucToBylouM 3Ha4YeHHS KBa3iKOH(QOPMHHUX

inBapianTiB (3.15), 3HaX0MMMO HOBE HaOMMXKeHHA BenmnunH Q, ¢, @,

AKIIO iX 3MIHa 3a OCTAHHIO HPOBEAEHY iTepauiro Ounblia 3a &, TO

MOBCPTAEMOCH a0 YTOYHCHHA By3J'IiB. Busnagaemo BCJIIMIUHY

S= max\/(x(" XK+ (v — yE™)?  amimenns Bysnis Ha rpanmui

3a mpoBezieHy K -Ty 3arajbHy iTepamiro, SKIIO BOHA Oinblia 3a &,, TO
HNEepexXoquMO /10 YTOYHEHHS BY3MiB. Y TIPOTHICKHOMY BHIIAAKY
OIHIOEMO CTYMiHb KBa3iKOHPOPMHOCTI & =+/57 + 57  OTPUMAHOTO
BiJOOpakeHHsI 00JIaCTi KOMILIEKCHOTO KBa3iMoTeHHiady Ha (i3uuHy
001acTh 13 po3pi3aMM B3JIOBXK JHIA Tewii, A€ O;,0, — HEB’A3KH

arpokcuMartii piBHsaHb (3.4):

n-1,m-1

o= maX | %n = %) = 7K Vi = i) |

n-1,m-1

0, = mja:)l( | (Viin = Vi) = 7K (% = %5 50) |,

1idei=1n,
I=42,108i=n+1n +n,,

3id¢i=n+n,+1n-1



SKmo 6 > 0., TO 3MIHIOEMO KUTBKICTh BY3JiB PO30MTTA 00jacTi

G, Ta MOBTOPIOEMO KPOKH alTOPUTMY, IHAKIIE 3a1ada po3B’s3aHa i3

@
HEOOXiHOI0 TOYHICTIO. Y BHNAAKY KOH(POPMHOTO BimOOpaKeHHs

CHNIBBIJHOLIEHHS MDK Iapamerpamu N, N,, N, M HaMaraemMocs

BHOWpaTH Tak, 100, MO-TIEpINe, BHUKOHYBAJIWCS YMOBH PIBHOCTI YCiX
TppOX KOH(OPMHMX IHBapiaHTIB 1, MO-Apyre, y, =y, =y, ~1, mo 3
TE€OMETPUYHOI TOUKH 30py € YMOBOIO OJIN3bKOCTI CITKH A0 KBaAPATHOI.

B 3B’s13ky 3 rinepbomniunicTio piBHsAHHA (3.8), BUHHKae mMpodiema
MOB’s3aHa 3 BHOOPOM CXeMH HWOro ampokcumariii. Tak, Hampwkianm,
cXeMaM TMepIIOro MOPSJIKY TOYHOCTI BIACTUBA IHTEHCHBHA 4YHCIIOBA
mudysis, OO0 TPUBOAWTH JO CIIOTBOPEHHS pO3B’SI3Ky Ta HOTO
HedizmuHocTi [191]. Cxemu X APyroro MOPSAKY B AEAKHX BHITaIKaX
JIO3BOJISIIOTH OTPUMATH 33JI0BUIBHI PE3YJbTATH MPHU JOCTATHHO TIIATKUX
(YHKISX, TPOTE CTAIOTh HENMPHIATHUMH JJI1 337ad 3 TPaHHISIMU
pozniny [211].

BpaxoByroun Tol ¢akt, mo piBHaHHA (3.8) € OJHOMIpHUM

rinepOoniyHuM i rpanunsd I', He 00OB’SI3KOBO NPOXOAUTH Y€PE3 TOYKU
TiIpOAMHAMIYHOI CiTKH, TOOTO KPOK IO ¢ JUI1 HHOTO HE CTaluil Ta B
3araJbHOMY BHMIIQJIKy BIIMIHHMH BiJl KPOKY IO ¢ CITKOBOi obmacti G,
o0y yeMO DI3HMLEBUH anroput™ BimmykanHs I',, BHXoxasuu 3 inei

METOAY XapaKTepUCTUK, HACTYHNHMM 4YUHOM. BukopucroByroun (3.10)
3amumeMo  iTepamidiHy  QopmMynry Ui 3HaXO/DKCHHS — 3HAYCHHS

KBa3IMOTEHILATy @ = (., B3IOBX 3a[aHOi JIHII Tedii, IO BIANOBIAE
IIyKaHOMY IIOJIOKEHHIO TpaHMIi po3ainy [, y BiANOBiAHMHA MOMEHT

gacy. [l Mboro KpoK IT0 9acy BBa)KA€MO CTAJIUM 1 piBHUM At,a1o ¢ —

2

. v .
3MIHHUM. 3HAYCHHS BCIUYHMH V =—k B TOYKax, 10 HEC CIMBIAaJarOThb 3
O

BY3JIaMH TiIpPOJWHAMIYHOI CITKH OOYHCIIIOEMO 3 BHKOPHCTAHHSIM



JMiHIMHOI 1HTEPHOMALIl MO iX 3HAYEHHSIM Y HAaBKONMIIHIX By3Jax

Vig — Vi
S i+l i (5 ~ -
Vi = —(qoi~ -, ) +V;, @ 3HAYCHHSA (- 3 BUKOPMCTAHHAM HACTYIIHO]
Pi1 — P,
iTepauiiinoi Qopmymu @ =@, +Atv, |, ne iHgekc |1 Biamosigae

IIyKaHOMy MojoKeHHI0 [',. JInsd 3HaXo/KEHHS IIOJOKEHHS TIpaHuIli
pO3AUTy piAMH BUKOPHCTOBYBAaTUMEMO HACTYIHY MpoUeaypy il
iTepaliiHOr0 HAONMKEHHS. 3a 33aJaHiM TI0YaTKOBUM HAOJIMKCHHSM

nonoxeHHsa I', B MOMeHT wacy t=t;, 3HaXoAMMO HOBE ii IOJIOKEHHS,
301IBLIYIOYH Yac Ha BEJTMYMHY KPOKy At Ta MOpiBHIOIOYH HOTO 3 4acoM
Kopekuii t, (mepexii uepe3 XapaKTEpUCTHUKY), SIKIIO BIH MEHIIMH TO
KOPEryeEMO TIOJIOKEHHSI TPAaHUIl PO3IUTYy 3a 3HAMIEHOI0 iTepaliiHOI0
(GopMyII010 1715 BETMYUHH (- , B IPOTUIIEKHOMY BHIAJIKy HOBTOPHOEMO
ueil kpok amropurmy. Yac kopekuii f; 3HaXOAUMO 3 PpI3HHULIEBOIO
ananory ¢opmymu (3.10) mpu cramomy kpoui A¢@, 3a (opMyNor0

2
+%’Z{e t, =0, v =U—ik, i=1n, 1=13. Tak sx ¢pyHKIis W
OiK;

Via

t =t

i i-1

BXOJUTh Y DIBHSHHS, K TapaMeTp, BiAMOBIAHWIA idl iHIAEKC | s

CTIPOLICHHS 3aKCiB OyB OMYyIIECHHH.
BukopucTtoByroun po3poOieHuil anropuTM NPOBEAEMO YHUCIOBI

pO3paxyHKH s ofHopigHoro mmacta mpu ¢, =0, ¢ =1, k=1,
0=05, nxn,xn,xm=6x35x6x112, &£=10". PiBHsHHS KOHTYpiB
obnacti G, 3ammiiemMo y napameTpuyHiii GopMi HACTYITHUM YHHOM:
X. (t) = 0.3cos(t) + ., - X" (t) =0.3cos(t) + X,
y. (t) = 0.3sin(t) + ¥., y () =0.3sin(t) + ¥,
X, (t) = 2(cos(t) +0.1cos(2t)),
Yo () =2(sin(t) - 0.1sin(2t)),



ne (%, V.), (X', §) — KoOpAMHATH LIEHTPIB BiJNOBIIHO HATHITAJILHOI
Ta eKkciuryaTamniiinoi ceepminosud, 0 <t < 27 . Ha puc. 3.2 300paxxeHo 1Bi
riIpogvHaMiuHi CiTKM Tpu (PiKCOBAaHOMY TOJIOKEHHI HArHITAIBHOI
CBEpJUIOBHHHM Ta 3MIHHOMY TIOJIOKCHHI EKCIUIyaTalliiHol (IuB. pHC.
3.2a—3.20), ne TMOTOBIIEHI JIiHIi BiATOBINAIOTH TOJOKCHHIO TPAHUII
pO3AlTy PiI3HOKOJIHOPOBHX PIAMH y BiJMOBIIHI MOMEHTH 4acy, 30KpeMa,
B Yac MPOPHUBY BOAM /10 EKCILTyaTal[ifHOi CBEP/UIOBHHH, 1[0 CTAHOBHUTH
s kokaoro 3 umazakie 0.185 Tta 0.283. SIk MoXHA TOMITHTH MpH
PO3MILIICHHI CBEPIUIOBHH 300pa’keHOMY Ha puc. 3.20 JiHiS po3AlTy
MPOCYBAETHCS 3HAYHO TMOBUIBHINIE, a 4Yac MPOPUBY Ta TIOBHOTO
3aBOJIHEHHA IUIacTa 301JbIIYEThCS IO BIAHOUICHHIO [0 BHUIAIKY
300pakeHoro Ha puc. 3.2a.

a ”rr-t_ s

f_
Q=2.159 [T B
»=0.139, 5 = 0.857, ¢=0.142,p=0.867
tay = 42.114,t,,,. =0.184, tmax = 50.787, tyy =0.282,
% =-06,% =06,¥. =y =0 % =-06,% =06, ¥.=0,§ =06

Puc. 3.2. T'iopoounamiuni cimxu ma ninii po30iny pi3HOKOIbOPOGUX PIOUH
0151 PI3HUX MOMEHMIE Y4acy 8 NIACMOSIU CUCMeMI «HASHIMAbHA ma

eKCNYamayitina c6eposio8UHIY

TakuM YWHOM, 3MIHIOKYM TIOJIOKCHHS  ©KCIUTyaTalliiHol
CBEpUIOBMHHU, MpH (IKCyBaHHI HAarHITalbHOI, MOXXHA 3a0€3MEYUTH
ONTHMaJbHI YMOBHM €KCIUTyaTalii IUlacTa 3a MiHIMQJIbHUX 3arpar

komrtiB. Ha puc. 3.3 300paxeHO 3aJIeKHOCTI YACTKU BHTICHSIOUOI



pimuan  (Bomm) Q, 'y 3arampHii  QinbTpauiiiHiii  BuTpati Q
eKCIUTyaTamiifHoi CBEPAJIOBHMHM Bill dYacy, MJIsS OIMMCAHWUX BHUIIAIKIB
pPO3MIlLIIEHHSI CBEpPAJIOBMH, JAe Tpadik 1 BianmoBigae BUMaIKy
300paskeHOMY Ha puc. 3.2a, a rpadik 2 BignoBigHo Ha puc. 3.20.

Sk Bigomo [48], npu Bukonani ymou Q,/Q >90%, moxanbiia

eKCIUTyaTarlisl CBEpUIOBHHHA CTa€ EKOHOMIYHO HE BHTIIHA 1 HEOOXimHO 11
3YNUHUTH, a00 3K MPOBECTH BOAOI3oJsAWiiHI pobdotn. Ha puc. 3.4

IPOLMIOCTPOBaHO  3anexkHicT uvacy T;=®(p ,y;) TPOXOmKEHHS
YaCTUHKOIO MUISIXY BiJl HATHITATLHOI 10 €KCIDIyaTaIiiHOl CBEPIIOBUHU
BiJIHOCHO KOHKpeTHOi Jimii Tewii y; (J=0,m) nana Bunmankis

300pakeHHx Ha puc. 3.2.

B mpakTumi po3poOku pomoBUI HApTH 1 rasy AOCHTH YacTo
MPUXOIUTHCS MaTH CIIPaBy 3 HEOAHOPIIHUMH IJIACTAMHU-KOJIEKTOPaMHU.
Heonnopignicte  oOymoBieHa iCHyBaHHSIM B IUIacTi  II€BHUX
HETIPOHWKHUX, YW YaCTKOBO TPOHMKHUX BKIIOYEHb, SKi MOXHa
MPEJCTaBUTH y BUTIISAL XaOTHYHO PO3TALIOBAHMX T10 IJIOMII TIACTa JTiH3.
OxpiM  HeomgHOpigHOCTI y ¢opmi JiH3 BUAULIIOTH 30HAIBHY
HEOTHOPIAHICTh, TPH SIKIA TUIACT 1O CBOIM IUIONII CKIIATAEThCS 13
JEeKITBKOX 30H 3 pi3HOI0 mpoHukHicTio [37, 38, 130]. Takoro pomy
HEOMHOPIAHICT MOXe BHUHUKHYTH, HANpPUKIAA, MHCIAS KHCIOTHOL
00poOKM TpWBHOIITHOT 30HM CBEPAJIOBHH YU BHACTIAOK 3a0pyIHEHHS
nmop mig 4ac OypiHHS. JIOCUTH BaXKJIMBOIO MPOOJEMOIO TPHU LEOMY €
BCTAaHOBJICHHs BIUIMBY Ha BiJjady IUIacTa 3HAYEHHS BiJIHOIICHHS
KoeillieHTa TPOHMKHOCTI TPHUBHOIAHOI 30HM 10 KoedimieHTa
MPOHUKHOCTI BChOro Iiacta [37]. [IpoBenemMo 4nCIoBi pO3paxyHKH IS
BHIIAJKY KOJIM TJIACT CKJIAJAEThCA 3 JBOX 30H Pi3HOI MPOHUKHOCTI, 30HH
mIacta MoONHM3y CTIHKM CBEPUIOBMHHU SIKy IMO3HAYMMO D Ta 30HH

G, \ D . IIpu upomy koediuieHT (inbTparii NpeacTaBuMo y BUIIISII



k(x,y) =

1,(x,y)eG,\D,

ko, (x,y) € D={x,y: (x= %) + (y - ) <0.25},

a 1HII1 MapaMeTpH PO3PaxyHKY 3aJHIINMO 0e3 3MiH.
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60 80 100
Puc. 3.4. 3Baneoxcnicmo

uqcy T npPOX00ICceHHs

YaCcmuHoOK  6i0  HASHIMANbHOL
C8epONIOGUHU 00

eKCnIyamayiiuHoi 6IOHOCHO |



=0.210, 5 =0.894, 9=0123,7-0848,
0 = 44.586, 1, =0.256, 0 =41.933, 1, =0.171,
% =-0.6,% =06,§ = =0 % =-06,% =065 =y =0

Puc. 3.5. I'iopoounamiuni cimxu ma aiHii po30iny pizHOKOAbOPOGUX PIOUH y
BUNAOKY ICHYBAHHS 30HAILHOT HEOOHOPIOHOCMI

Ha puc. 3.5a-3.56 300paxkeHo iCTOpit0 MPOCyBaHHS JiHIl PO3ALTY
PIIMH BiJI HArHITATBHOT CBEPIUIOBHHH JO CKCIDIyaTalliiHOl, 32 YMOBH,
mo koedinieHT ¢inpTpanii K, B TPUCBEpANOBUHHIN 30HI pPiBHMIA
BignosigHo 0.3 Ta 2.7. [lng OIIHKK BIUIMBY 3MIiHH KoedimieHTa
¢inpTparii npuBUOIHHOT 30HU BHACHIIOK KOJIbMATAIlil Yi iHTeHCHUBiKarii
Ha 3arajbHy BHUTPATy CBEPUIOBHH 3ICTaBUMO 3HAUCHHS BEIMYHH
BinHomeHHs Q,/Q  ams 30HATBHO HEOJHOPIJHOrO IUIACTa Ta
omHOpiHOTO (MUB. prc. 3.6). lle nae 3Mory OIIHUTH HETATUBHUIA BIUIHB
KonpMaTalii a0 TexXHONOriuHy e(eKTUBHICTh (TpHpicT nedity)
IHTeHCU]IKaITii.
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Puc. 3.6. UYacosa 3zanesxcuicmo
YACMKYU  BUMICHAIOYOT piOuHU Y
3a2anvHill inempayiinii eumpami
ona naacma (1—- oowopionozo, 2—
HeoOHopionoeo, npu K, =0.3, 3-

neoonopionoeo, npu Ky =2.7)

Puc. 3.7. Tiopoounamiuna cimxa
ma JHIT po30iny ons
HE0OHOPIOH020 naacma

44 ¢=0.154,5=0.873,

tmax = 51.069, tyy, = 0.192,
% =-0.6,X =0.6,¥. =y =0



Jnst  peMoHCTpamii MOXIHMBOCTEH pPO3pOOJIEHOr0 ANrOPUTMY
IIPOBEIEMO TAaKOK PO3PAaXyHKH Y BUIIAJIKY, KOJIH B IUIACTI B OKOJI TOYOK

3 koopauHatamu (1,1) Ta (—1,—1) iCHYIOTh CHJIBHO Ta CJ1a00 MPOHUKHI

TJISTHKH BIATIOBITHO, a KoedimieHT QiTbTparlii BU3HAYA€ThCS HACTYITHOIO

1
1+\/(x+1)2 +(y+1)7°

(hopmyII0I0 k(x,y)=0.7-0.9

1
1+\/(x—1)2 +(y-1)?

TiApOAMHAMIYHY CITKY 3 TOOYIOBAaHUMH JIIHISIMH PO3ILTY.

Ha puc. 3.7 300paxkeHO BiONOBIAHY

3.1.2. MopenoBaHHsl HeJiHIHHUX MpoueciB BHUTICHEHHS 3a yYMOB
B32€MOBILIHBY XapaKTEePUCTHK npouecy Ha BUXIiIHI

XapaKTepPUCTHKHU cepe0BUINA

B n. 3.1 posrmsHyTO 3amady Mpo pyx TPaHUI PO3ALTY IBOX
PI3HOKOJILOPOBUX PIAHH, Yy TJIACTI, MO PO3POOISIETHCS HATHITAIBHOIO i
eKCIUTyaTalliifHOI0 ~ CBEp/IJIOBHHAMH.  BcTaHOBIIEHO, 1O  BOHA
posmagaeTbcst Ha OBl migzamadi: 1) 3amauy Ha  TOOYHOBY
TiIpoAMHAMIYHOI CiTKm; 2) 3amady Ui piBHSHHA KOHBEKTHBHOI'O
MEPEeHOCy BIAHOCHO MOOYJOBAHOTO TMOJIS IIBUAKOCTI. TakuM YMHOM, B
MOJANBIIOMY, PO3TJSIAI0YM BUMAJOK PyXy pPi3HOKONBOPOBHUX PiIvH
OyzeMo po3B’sI3yBaTH TIJIBKM 3a[ad4y Ha MOOYIOBY IIOJS IIBUIKOCTI Ta
TiApOMWHAMIYHOI CITKHM, TPH HEOOXIAHOCTI BKa3ylUW Ha OCOOJHBI
MOMEHTH B PO3B’s3aHHI BiIOBITHOI 3a/1a4i KOHBEKTHBHOTO TIEPEHOCY.

Takoxx ocoOmmBa yBara mpualIsiaca mnporecam GiabTpamii B
OTHOPITHUX Ta HEOJHOPIMTHUX IUIACTaX-KONEKTopaX, (QimbTparmiifHo-
€MKICHI XapaKTePUCTUKK SKUX HE 3MIHIOBAIMCS B Mpoleci (iibrparrii.
[Ipore, mpu cHOpy/pKEHHI Ta EKCIUTyarallii CBEpPJJOBHH B 4YaCTHHI

1acTa, 10 MPUISTAE 10 CBEPJIOBUHU, BiZIOYBAIOTHCS TEXHOTCHHI 3MIiHH



OpUPOAHUX (ITBTpAlifHUX BIACTUBOCTEH 1 (QOPMY€EThCS cCHCTEMa
HAaBKOJIOCBEPNIOBUHHUX 30H 3 OCOOJIMBHUMH yMoBaMu (imbTparii [115,
131]. Edexr 3MiHH (bimpTparmiitaIx XapaKTEPUCTUK
HaBKOJIOCBEP/VIOBUHHOI 30HH TP MAaTEeMaTHYHOMY MOJICIIIOBaHHI B
NEeSKAX BHIIAJKAX BPAaxOBYIOTh 3aBASKH  BBEACHHIO  KYCKOBO-
HEeTlepepBHOr0 KoedimieHTa MPOHMKHOCTI Y NPUIYLICHHI, IO TpaHHIi
30H Hepyxomi [38, 119, 135, 139]. OpgHak Takoro poay METOAMKA HE
BpaxoBY€ HENHIWHICTh (QinbTpalii, MoB's3aHy 3 3MiHAMH POHUKHOCTI B
NPUCBEPUIOBUHHUX ~ 30HAaX, 31 3MIHOIO  [JilOYMX  TPaJi€HTIB
KBa3iMOTEHIialy IIBUAKOCTI B IHMX 30HaX. Tak MpH NEpEeBHUILCHHI
TIIOYNMH  TPagi€HTaMHd AOMyCTUMOTO (KPUTHYHOTO) 3HAYSHHS [T
JAHOTO TPYHTY B MPIJIETIIiN 10 CBEP/AJIOBHHU 30HI BiI0YBa€ThCS BTpaTa
(binpTpariitHoOi MIIHOCTI TPYHTIB 3a PaxyHOK IepeMilleHHs IpiOHMX
fioro dgactnmHOK (cydosii), 1m0 3ymMOBIIOE 3MiHY KoedimieHTa
NpOHUKHOCTI. Takok, miAg [i€0 pi3HUX MeXaHi3MiB BiIOyBa€eTbCs
YTBOPEHHsI 1 HAaKOMHMYEHHS OCaay 3aBUCIMX YacTUHOK (3a0pyaHEHb)
PI3HOTO MEXaHIYHOTO YTBOPEHHS, SIBHIIEC MEXaHIYHOTO KOJIbMATaKy
[185], m0 MPU3BOAUTH A0 3MEHIICHHS KOe(illieHTa MPOHUKHOCTI 1
MTOPUCTOCTI CEPEeIOBHINA, BHACHIIOK YOTO 3pOCTA€E TiAPaBIIYHHAN OTIp
mIacta B okpeMux 30Hax [209].

B poborax [51, 56, 57, 71, 73, 202] mpoBeneHO MaTeMaTHYHE
MOJIETIIOBAaHHS HENHIHHUX TporeciB  ¢inpTpamii 3 ypaxyBaHHIM
cy(]o3iiiHuX SABUII 1 PO3pOOJICHO METOIMKY PO3B’SI3aHHS BiOBITHUX
HEJNIHIHHUX 33734 3 MCISOIEI0 PyXy BOJHM JO APEHU (CBEPIJIOBHHHU),
OTpPHMaHi CITiBBIJHOIIEHHS MiXK XapakTepUCTUKaMH Hele(OopMOBAHOTO
CEpe/IOBHINIA Ta CEPEHOBUINA, IO ACPOPMYETHCS B 3aJEKHOCTI BiJl
rigpomuHamivgHol nii  QimBTpalifHOrO TMOTOKY Ta KOHCTPYKTHBHUX
napaMeTpiB JpeHaKy.

Y npomy maparpadi moerHaHoO 1 y3araJbHEHO ifel 3ampornoHoBaHi
B 3rajaHux poborax Ta 1. 3.1, 30Kpema, NOOYJOBAaHO MOJENb

koedimienTa  QuIbTpallii, 1O  BPaxOByE  OCOOJMBOCTI  3MIiHH



(GITBTpalifHO-€EMKICHMX XapaKTEepUCTUK B OKOJiI HarHiTadbHOI Ta
eKCIUTyaTarliifHoi CBEPIJIOBMH B 3aJICKHOCTI BiJ 3HAYCHBL TIpajli€HTa
KBa3iMoTeHIliana.

Meroauka Kopekmii 3HadueHHsS KoedimieHTa (QimpTparii B
3aJIeKHOCTI Bijl 3HaYeHb TpanieHTiB | kBasimoreHmiany @ =@(X,Y)
(p. <@ < @) nonsArac y BUAUICHHI B MPUIETIMX 10 CBEPTIOBUH 30HAX
ninsHoK (puc. 3.8), B akuX K ONUCYETHCS HACTYITHOK MOIEILIIO:

B _ * a * [ *
ko =Ko +&B(lgs — 1g5)(las = 155), 1 > s, I, <0,
a ¢ ) s *
ko +&B(1=15)(1 =15 ), 16 <1 <154,1, <0,
_ ¢ 347 0
k(X,y,gax,goy)— ko, I < I5.0,<0aal I<lg, 1,>0 (3.16)

0 0 *
ko +ca(1-15), 18 <1<15, 1, >0,

4

- « 0 «
K=k +ea(l—15)0 > 15,1, >0,
ne Kk,— xoedimienT ¢insTpamii B He30ypeHid 30HI IuIacTa,

_ [ 2 2 : a 0 > ¢ i
| =/o; +¢, - BeNWYHHA TPajienty, a lg, g, lg, | - kpuruani

foro 3Ha4YeHHs, IPH IIepexoni 4depe3 AKi BigOyBa€ThCi BHMHUB
9aCTUHOK (B OKOJIi BiAIIOBIIHO HATHITAJIbHOI T4 €KCILIyaTaI[iifHOL
CBEP/UIOBHH), HMOBHHII BUMHB (KOIH Cy(DO3ifHHX YaCTHHOK Ha
NUISHIII yXe HeMa€), a TaKokX iX ocimaHHs (3aTpumka) [56].

ITapamerpu ¢, « migbupaioThca BHXOAAYH 3 (I3HMYHOTO

*

0
Ié6_|é6

* _ é * _ c
les éa)(léa Iéé)

3anexHocti koedimieHTa (imbTparmii Bil BeIWYHHH TpajicHTa, a

€KCIIEPUMEHTY, a 3 - i3 yMoBHU: K. =K | = a(

TAaKOX BiJ BEIMYMHHU KBA3ilOTEHIIiala ¢ B3J0BX ONHI€l 3 JIiHii
Tedii cxeMaTHIHO 306paxkeHo Ha puc. 3.9. (BigmosimHo 2, 6), ae |. -

3HaueHHS rpajieHTa | y feaki#t Toumi ¢@=¢. Takii, mo



Iw,(ﬁﬂ:,‘//o):o: P+ 0% O, P 1 Py € DOB’AIKM DPIiBHAHE

o . . a 0
[(p.w,) =, xonu |,; npuitmae BigmoBinHo 3Hagenus lg, 15, lg;,

l2s (apomiskn | ¢35,08 |, | 0 00 | [ 0605 |2 [ 00000 |0 [ 0000,
[¢ga,(p§6] HaJeXaTh BilIOBiIHO 10 30H BHMHBY, 3aTPUMKH,

IIOBHOI'O BUMHBY Ta He30ypeHOI 30HHU).
ciie aieao nesbypena sona B30 1167 48

B

6100 &%

ciiacaooei ee ciiéiraiTa aeiead
Puc. 3.8. Jlsi ceeponosunu y nracmi (i3 6UOiNeHHAM 30H GNAUBY KDUMUUHUX
3Hauenb epadichma)

BukopucTtoByroun  3amnporonoBany mozaenb  (3.17)  3MiHH
koedimienTa  ¢QinpTpamii, po3MIAHEMO B JeSAKid  TpHU3B A3HIN

KPHBOJIHINHIA 061acTi G, , 0OMekeHIl TppOMa ITaJKUMH 3aMKHEHHUMU
koHTypamu (mmB. puc. 3.8) L., L, L, mpomec dinprpamii, sxwmii
OIMCY€EThCS 3a JOIOMOTOI DPIBHSHHS PYyXY sz(x,y,gox,goy)grad(o
(zakon  Jlapci) Ta  piBHsHHS  HepospuBHocTi  divo=0, e
z;z(ux(x, y)o, (X, y)) - WBHAKICTH QuibTpamii, a @=¢(X,Y) -

KBa31IMOTEHI[IAJI BIIIOBIAHOIO IIOJIS.



K K
Ky ko

l]\—/ Ikﬂﬂ I @

* 03 6 1* 0 = 7 3 * 0 . *
I* Ik'p Ik‘p Ié6 1. Iéd Iéé (2 <0é5 q)xp ¢Kp O q)xp (péa (7

Puc. 3.9. Po3noodin koegiyicuma npogionocmi no 8i0HOuEHHIO 00 3HAUeHb
epadienmy (a) ma keazinomenyiany (6)

Amnarorivno, sk y m. 3.1, BBiBmmM QyHKIif0 Tedii =y (X,Y),
KOMITIEKCHO CHPSDKEHY 110 @ = qo(x, y) , Ta 3MIACHUBIINA YMOBHI PO3pi3H
I, T" obnmacti G

, B3IIOBXK JIHIA pO3Aioy Tewii NPHUXOAUMO 10O

Bi/INOBi/IHOT 3271241 Ha KBasikonopMHe BinoOpaxkenus G. — G,

op Ow op oy
k XY, X 1 _:_1k X, Y, X 1 T T 318
Xy, coy)ax Y XY, (pyay x (3.18)

(/)||_* =P (0||_* =9, l//|AD =0, l//|BC =Q,
U(X;,y;)zo, (X2, y2) =0,

(3.19)

e Q:Uj—uydx+uxdy, v(X,Y) =\/ux2(X, y)+0; (X, Y) -

BukopucToByroun hopMyin nepexoqy 10 001acTi KOMIIEKCHOTO

KBasimoTeHIianmy, cuctemy (3.18) mepenumiemMo y BUTIISII:
X X
k X'y,y_"”_l ﬂzﬂ , k X’y’y_y/'__’// ﬂ:_ﬂ,(320)
J J oy op J J oy op
npu 1OpoMy KpaiioBi ymoBu (3.19) s 3agmaui Ha oOepHeHe
KBa3iKOH(OpPMHE  BiZOOpa’keHHA G, >G’ CHIBMAagamOTh 3

BimoBigHUMHU yMoBamH (3.5)—(3.6) mans cuctemu piBHAHB (3.4).

Sk nacninok 3 (3.19) 3anumuemo piBHsHHS s aiiicHoi Re(z(w)) 1

ysiBHOT IM(Z(w)) "acTHH XapaKTepUCTHYHOT (BYHKITT Teuii:



-1
i k X’y,y_‘/’,_X_V’ ﬁ +i k X'y,&’_x_'/’ 2 :01
oy J J Jow ) Op J J op

i(k{x,y,y—"’,—x—“’jﬂJ+i[k(x, y,y—"’,—x—'”j ﬂJ:O, (3.21)
1% J' J oy ) op J J) op

e z=z2(0)=x(pw)+iy(ov), JI=Xx)y,-XY,-  sAKoGian
BiJOOpakeHH.
Jlns  3amucy  JAMCKPETHOTO aHajory OOepHEHOi 3amadi  Ha

KBa3ikoH(oOpMHe BinoOpakeHHA moOyayeMo B obaacTi G, piBHOMIpHY
OPTOTOHANLHY CiTKy, By31M (@;,)/;) SKOI BM3HAYAIOTBCS 3TiNHO 3

¢opmynoro  (3.11) Ta mpoBemeMo BIIHOCHO Hel ampOKCHMAIIi0

BiJNOBITHUX PIBHSHB Ta KPAHOBUX YMOB HACTYITHUM YHHOM:

2 (1 K Xig i~ X
7 (K iy (% 0 = %) = Ki oy (X _Xi,j_l))+k—_
i+1/2,]
X —X -
Y 7/|2 (ki,j+1/2(yi,j+1 —Yi;)— ki,j-]/z(yi,j =Y i)+
Kiy2,j (3.22)
Wi Thi S Thin g T 1=gi=n +Ln +n, =2
Kisa/2, Kiyz, |

i=n+n,+Ln-11=3; j=Lm-1

f*(XO’j,yO’j):O, f*(xn,jlyn,j)zo’ ij,_m,

f(Xi,O’yi,O)zo' f(Xi,miyi,m)ZO’ izm’ (323)

Xi0=Xim» Yio=Yim 1=0,n +1,

Xio0=Xims Yio=Yim 1= +0,,N;
(4% = 3% 5 = X0 ;) )Xo 11 = X050 + (4Y1 =3Y0,; = Y21 )Yo ;i1 = Yo.;0) =0,

(3Xn,j + Xn—2,j - 4Xn—1,j )(Xn,j+1 - Xn,j—l) + (3yn,j + yn—z,j - 4'yn—l,j) X



><(yn'j+1 - yn'H) =0, j= m (8Xi3 —3% o = X 5)(Xi,10 = Xig0) +
+(4Yi1=3Yi0 = Vi) Visso = Yiao) =0, Xy + X o —4%; 1 4) X
*Kiam = Xam) + Yim + Yimz = 4¥im) Yiam = Yiram) =0,

i=n +1,n +n,. (3.24)
ne X% =xX(@,v;), Yi; =Y(@.v;),

Kioaros =K (s %072 Vion + Y )20 Yot jor + Vg = Yiowja =
=Yy D) HAAY 0 ) K + %1 = X o1 = X ) [BAYW 35 1)),
Ko =K(ns +% )72 Oy + Y120 Yijon + Yij = Yisja—
Y D IBAY I 1), (K + X=X =X ) [(BAW I 40 5)).
Ki s = K(K o # %720 O+ Y120 Yijir = %AW )

LT Xi,j+1)/(Al//‘Ji,j+1/2)) ,
Kijare =K( o+ X ) 200+ Y ) 2,5 = Vi ) (AW ar0),

(X ja— Xi,j)/(Al//‘]i,j—IIZ))’

(x

Jin = AApAg (( i X D) Vi T Vi = Yisnja = Yija) —
~(Yir; = Vi ) Kinjon + %1 = Xin 1 — X 1))
1

‘]i—llz,j :M((Xi,j - Xi—l,j)(yi—l,j+1 + yi,j+1 - yifl,jfl o yi,j—l) -

(Y = Yie )G g T %~ X — %))

1
J; 2 T T
' AAyAgp,

=X 51 =X Vi jor + Yier — Vi — Vi ja)) s

(Vijor = Vi i) )X joa T X~ X o — Xinj) =



1
Jijoare = AAyhg (Vi = Yi) X 1+ X — X — Xiaj) =

=% =% ) Visn o Yier — Vi — Vi ja)) -
Hepimomy moBHY dinpTpamiiiny Butpaty Q Ta 3HauYeHHS

KBa3iOTEHLIANIB ¢, (¢ B TOYKaX «IPU3YMHHKW» IIyKaeEMO B IpoIeci

iTepaliifHOro po3paxyHKy 3a ¢opmynamu: Q=mAy , ¢= (p*l+—a~qo,
- +a
(/_):go +ﬂf0*,;[e P 7.(n +1) = 75(ng +1) ,
1+p 72(N; =1 +y5(n; +1) 7,(N, =1 +y,(n, +1)
Ay = LA Ha nmifcTaBi YMOBH

7y +1) +7,(n, =1) + 75 (ns +1)
«KBa3ikoH()OPMHOT MOAIOHOCTI B MaJIOMY» BiJIOBIIHUX €JIE€MEHTapHHUX

JOTHPUKYTHHUKIB IIBOX oOmacren 3HAXOQUMO BEJINYNHA

KBa31KOH()OPMHUX 1HBapiaHTIB ;!
mm-l a . +a

i,] i, j+1
1 Z k.

n + 1,j=0 Rity2 j+2 (b +bl+lj)

1 m+n,-1,m-1 a + al j+1
Vom—F—~
m(nz _1) i, j=n+10 km/z,m/z (b +b, j)

1 e & t&
N S it . (3.25)
m(n —N =1, )i A0 Kisa/2, 2172 (bi,j +b )

V3=

ac

q :\/(Xi+l,j_xi,j)2 +(yi+1,j_yi,j)2 :
b ; :\/(Xi,j+1_xi,j)2 +(yi,j+1_yi,j)2 ,

k(x X T X T Xijr Vi T Y T i tYiaja

ki+]/2,j+1/2 = ' 4



Yismja T Y =Y =Y X T X~ X ja — Xija

20y J; ' 2Ay J; ;
Jij= 4Al//A ————((Xinj + X jor = Xi s = X0 D) Vi jor + Vi jor = Yisnj — Vi) —
=X ot Xin e~ X — X ) Visn o T Yiwj = Yijor = Vi) | =13.

DopMynH po3paxyHKY MIBUIKOCTI y BHYTPIIIHIX BYy3JaX CITKH

MAarOThb BUIJIAL

(L0y)i 5= m(y. j+1 yi,j—l'xi,j—l_xi,jﬂ)’ j=1m-1,
Jij= 4AwA ————((Xsnj = X0 )V = Vij) = K jar =% ) Vi — Yia i)
V.. X=X . —
ki'j:k Xi’jyyi'j,yl’J{L y|,]—l,_ i, j+1 i,j-1 izl, . |=1,
2093, | 2Ap,,
i=n+2n+n,-1, 1=2; i=n+n,+Ln-1, 1=3. Amnanoriuaum

YUHOM, Yepe3 KOOPJWHATH TiAPOJUHAMIYHOI CITKH, BHPAXKAIOThCS
mBHAKOCTI Ha po3pizax I'., I Ta rpaHumi o6macri.

Po3B’s30k pizHuIEBOi 3amaui (3.22) — (3.24) Oyayerbes, sk 1 B
MONIEPETHBOMY ~ BUTAAKy, 3 TI€I0 BIAMIHHICTIO, IO TIOYaTKOBI
HaOMMKEHHS KOOPAMHAT TPAaHWYHWX BY3JIIB 3aJalOThCs Tak, I00
BHKOHYBAJINChH PIBHOCTI (3.23), TTOYaTKOBI HaOIPDKCHHS

KBa31KOH(GOPMHHX iHBapiaHTIB ;/,(0) 3HaxoauMo 3a ¢opmyaamu (3.25);
. : : ( (k+1) (k+1) k=01
YTOYHCHHSI KOOPAMHAT BHYTPIIIHIX BY3IiB (X i, Y; ; ( g,

— HOMEp KPOKy iTepalii) 3 JOMOMOrolo iTepaliifHoro Metony 3eiaens 3a

(opmynamu, OTPUMAHUMK LUTAXOM PO3B’s3aHHs (3.22) BIIHOCHO X; ; Ta

Y; ;- BUKOpHCTOBYIOYH 3HAYCHHS KBa3KOH(GOPMHHUX IHBapiaHTiB (3.25),

3HaXO0JUMO HOBC HaOJIKECHHS BCIIMYHUH



(9" —p)m _ptap 9 +pe.

= 3 ¢ ~ ’ ~
M +D+y7,(n, =D +y(ng+1) = 1+a 1+p
e G= 7, (N, +1) , 5 75(n; +1)  Takox
7o (N, =)+, (n; +1) 7, (N, =1 +y (n +1)

3a3HAYMMO, 1[0 HEOOXiqHI 3HAYeHHs rpajieHTy Ta GyHkuii K y Bysmax
citku obnacti G, OOYMCIIOIOTBCA 4Yepe3 BENMYHMHH X, Y;; 3
MONepeTHhOro Kpoky itepamii. CTymiHb KBa3iKOHPOPMHOCTI O

OTPUMAHOTO BiOOpaXEeHHsI 001aCTi KOMIUIEKCHOTO KBa3iMOTEHIIATY Ha

¢bizuyHy 005acTh 13 po3piaMy B3IOBXK JIHIM Tedii, BCTaHOBIIOEMO

§=157 +62

ne o,, 6, — HEB A3KM anpoKcumauiil piBHAHb (3.19) Aki BU3HAa4aIOThCA

HAaCTYIIHUM YUHOM:

13 CHIBBIAHOIIEHD

n-1,m-1

o, = rlnjal)l( ‘(Xi+1,j —X13) = 7K (Vi — yi,j—l)‘ )

n-1,m-1

0, = rlnjg)l( ‘(yiﬂ,j —Yia )= ki (X~ Xi,jfl)‘ )

k. =k Xij,yij'yi,j+1_yi,j—l'Xi,j—l_xi,j+l ’
’ S 28y - d 0 2Ay -

3 Kinj =% ) Vi = Vi) = i = %) Yisn = Via )
v 4Ay -Ap, ,

1,7dei=1n,
j=Lm-1,1=<2,10ei=n+1n +n,,
3idé i=n+n,+1n-1
UucinoBi po3paxyHKH TPOBEACHO I 00JlacTi 3 KoedillieHTOM

¢inprpanii, mo Bu3HawaeTbest Momemwmo (3.17) mpu k, =1, £=0.1,



=180, o=05, 1,;=0208, I5=0.1 15=0151 12=0.151;
¢.=0, ¢ =1, x. (t)=0.82cos(t)—6.6, X,(t)=20(cos(t) +0.1cos(2t)),
Y, (t) = 20(sin(t) — 0.1sin(2t)) , y. (t) = 0.82sin(t) ,
X (t) =0.82cos(t) + 6.6, y (t) =0.82sin(t), 0<t<2rx.

Ha pucynky 3.10 300pakeHO TigpoguHaMi4Hy CITKY pyXy (mpH

HaCTYITHOMY CHiBBiIHOLICHH] napameTpiB po30uTTA

N xn,xN;xm=41x94x45x189) 3 noOynoBaHMMH Ha Hii JHIAMHU

PO3Iiny pi3HOKOJILOPOBUX PIIMH B Pi3HI MOMEHTHU 4acy, Ui BHUIAAKY
nedopmiBHOoro (@) (xkomm cy¢osiiiHui mpouec cTadimiyBaBcs) Ta
HeaeQOopMIBHOTO (6) cepeloBHIN. 3ayBa)KMMO, IO TMOJOKCHHS JIiHIH
po3niny piaMH Ads  BUOAIKy pyxy Yy AedopMiBHOMY IuIacTi
MaXOPYIOTbCS TOOYJIOBaHUMH JIHISIMHA JUIsL OJHOPIIHOIO IUlacta Ta
BimmoBimHOTO AedopmiBHOTO Ha cramii crabimizamii  cydosiitHo-
dbimpTpariitnoi B3aemomii. Sk 6aunMo, Ha IMOYATKOBIH CTamil 3aBOJHEHHS
mIacta MoOMM3y HArHITAIBHOI CBEP/UIOBUHU Tedis € OJIM3BKOI0 [0
pamiampHOI 1 TOCTYIOBO, 3 TIPOCYBaHHAM (PpOHTY BHUTICHEHHS Yy
HaNpsIMKY eKCIUTyaTaliiiHOT CBEpAJIOBUHH, 3arOCTPIOETHCA. BiaMiTUMO
TAaKOX, IO IIBUIAKICT 3aroCTPeHHS (POHTY BHUTICHEHHS Ta WOTO
MPOCYBaHHA y HampsAMKy eKCIUTyaTaliiHOi CBEpAJIOBUHU 3HAYHO
3aJCKUTh  BiJ  (QUIbTpamiiHUX  XapaKTEPUCTHK  MPWIETNIUX OO
CBEPUIOBHMH 30H IUIacTa NPH 3MiHI MPOMYCKHHX BJIACTUBOCTEH SKUX Y

TIeBHIN Mipi BAAECTHCS TABUIIUTH IIPOYKTHBHICTD POOOTH CBEPITOBHH.



9=0.233,5=0.747,
tax = 7171489, t,;, =80.905,
% =—6.6,X =66, =y =0

Q=1.059 ::
¢=0.235,5 =0.746,

tnax = 6926.009, t,,;, = 76.615,
% =—6.6,X =66,V =y =0

Puc. 3.10. /l6i ceeponosunu 8i0nosioHo 8 HeOOHOPIOHOMY a) ma 0OHOPIOHOMY 6)
naacmax 3 noGyoO0S8aHUMU KOHMYPAMU PO30LLY 6 PI3HI MOMEHMU Yacy

[TpoBeneHi YMCIIOBI PO3PAXyHKH 3 BUKOPHUCTAHHS METOAUKH
KOpekIlii koedimieHTa (iabTpamii B 3aJeKHOCTI B 3HAYCHb BEIMYHH
KPUTUYHUX TPAJIEHTIB TOKa3alik, [0 YK€ Ha eTall BCTAHOBIICHHS
¢inbTpaniiHo-cyQo3iiHuX  gedopmMamii  30UIBLIYETHCS — 3HAYEHHS

BUTpATH Q , 110 € IpAMUM HaCJ'IiL[KOM BpaxyBaHHs] BUMUBY YaCTUHOK B



MPUCBEPJIOBUHHUX 30HAX IUIACTa TPU B3a€MOJIl SKCIUTyaTaliiHOI Ta
HarHITATHHOI CBEPIJIOBHH. 3HAYHO 3MEHIIUBCA 1 Yac MPOPHUBY Ta
MOBHOTO  3aBOJIHEHHS IUIacTa MO  BIJIHONICHHIO JI0  BHUIIAJKY

HeBpaxyBaHHS jJedopMarltii.

3.1.3. [ocaigxkeHHss eBoJIOIii TpaHuUi po3giny PpiouH npu
NMOPIIHEBOMY BHTICHEHHI

VY nmomepeHix migpo3aisiax 3a1avy Mpo BUTICHEHHS 13 MOPUCTOTO
Cepe/IOBHINIA OJIHIET PIAMHU IHIIOW CGHOPMYIBOBAHO SK 3a7ady 3
PYXOMOIO TpaHHIICI0, fAKa po3ausie obmacte QimpTpamii Ha ABi
migo0macTi B KOXKHIA 13 SKUX PYyXaeTbcsl TUTBKM OgHA 13 DiOWH, Ta
moOyIOBaHO aNTOPHUTM ii PO3B’S3yBaHHS IS BUMAAKY KOJHU PiAWHHU 3a
(hI3MIHUME Ta MEXaHIYHUMHU BIACTUBOCTSIMH HE BiIPI3HAIOTHCS, TOOTO €
«pi3HOKONBOpOBUMU». [IpoTe, Takoro poay cxemaruszalis Tpouecy
PYXy, IO OIUCYETbCA MOJAECUIIO TMOOYAOBAaHOI HAa TPHUITYIIECHHI
«Pi3HOKOJIILOPOBOCTI» PIIMH MpPUAATHA JIHIIE AJS MOYaTKOBOI OLIHKH
MOJIOKEHHSI TpaHuli po3aiay. st Oinbll TOYHOTO PO3PAaxyHKY CIiX
BpaxoBYBaTH BiAMIHHICTb MK PilMHAMH, a IO TIOCTAHOBKH BiIIOBiTHOT
3a/a4i JI0OAaTH yMOBH HEMEPEepBHOCTI THCKY (KBas3iMOTEHIliany) Ta
MOTOKY TpH IEepexoi dYepe3 pyXoMy TpaHHI0, IO HPUBOAWUTH IO
BUHEKHEHHS HENIHIMHOCTI, ITOB’S3aHOi 3 BIAIIYKAHHSIM TIOJOXEHHS
HEBIZIOMOI TpaHHIi MO HEBIOMOMY pPO3B’sI3Ky GinbTpaniiiHoi 3agaui i,
HaBMAaKH, 3HAXOKEHHSAM PO3B’ 3Ky (inbTpaliiiHol 3aia4i B HeBiIOMil
obnacri.

Tomy, posrisiHemo npouiec (GinbTpamii 1BOX pi3HUX PiAMH, SKi HE
3MINTYIOTHCSI, HAITPHUKIIA], BOIHU 1 HAQTH, IO OMUCYETHCS 3aKkoHOM Jlapci

Ta piBHSIHHSIM Hepo3puBHOcTi [148, 156, 207, 208]:
v=k-gradg, divo=0, (x,y)eG) UG, (3.26)



0 . .
—(0 L =0 na HCPYXOMUX NUISTHKAX I'PaHUIIL

on

¢urpTpaniiinoi obnacti G, (guB. puc. 3.1) Ta yMOB HENepepBHOCTI

3a yMOB | =@., ¢|.=¢ ,

MMOTOKY 1 THCKY (KBasiMOTEHIIay) IPH TEPEeXOdi dYepe3 pPyxXoMmy

rpanuio [, mo po3ainse muact Ha mixobnacti ¢inerparii Bogu G,' Ta
Haptt G, (¢ — KkBasimoTeHmjanm  mBHAKOCTI  (imbTparii
5=(UX(X, y),v, (X, y)), k — xoediuieHt ¢inprpauii, mpudomy k=K,
p=9¢, B G' 1 k=k,, p=¢, B G, N — HOpMalb 10 BiINOBiTHOI
KpHUBOI).

BriBmm ¢yHKIIIO TEUil ¥, KOMIUIGKCHO CIpPsDKCHY O ¢ Ta
3iiicHuBIIM yMoBHI pospisu I., I obmacri G, (ropH30HTaIBLHOIO

IiacTa, IO PO3POOJIIETHCS HATHITATHHOIO Ta EKCIUIyaTalliiHOIO
CBEpIJIOBUHAMH) B3IIOBX JIHIA po3miry Tedii, 3amada Ha MOOYIOBY
TiIpoAMHAMIYHOI CiTKM, BigmrykaHHs ¢inbTpaniiinoi Butpatn Q,

KBA3iMOTEHUaNB @, (@ B IIyKaHUX TOYKAX «IPU3YIMHKH», IO
BU3HAYAIOTHCS KOOpAMHATaMu (X, Y,), 2, v9), (%.,y.), (x',y) Ta
IHIINX XapakTepHUX (QiTbTpauifHUX MapaMeTpiB 3BOAUTHCS J0 334adi Ha
KBa3ikoH(OpMHE BiT0OpaKeHHs w=0(2)=p(Xy)+iy(xy)
YTBOPEHOI TIpH 1BOMY OfIHO3B’s3HOI obmacti G° =G, /(T. UT) Ha
BIAMIOBIIHY TPSMOKYTHY OO0JIACTh KOMIUIEKCHOTO KBa3iMOTEHITIATY

G,=G) UG, ={w=p+iy: g, <p<g, 0<y<Q}:

ka_(p:a_'//, ka_g":_a_‘//, (x,y) €G?,

ox oy oy OX
g0|AB =P g0|CD =9, W'AD =0, V/|Bc =Q,

Pu = ¢O|F! ! (Uw)n = (Uo)n|rt ! U(X;’ y;) =0 ’ U(XE, yf) =0 ) (327)



ne G), G) - sBimmoBigai G;', G; mimobmacti obmacti G

Q= m—uydx +ody, v(x,y)= \/uf(x, y)+07 (%, Y) .

!

Yepe3 TeOMETpUUHY CKIUHICTh o6nacti G! Ta TpHUBIalbHICTH
BIANOBiHOI ilf obyacTi KOMIUIEKCHOro KBasimoreHuianry G,, mo €
MPSAMOKYTHHKOM, SIK 1 B MOMEpeHIX maparpadax 3aMicTb IpsAMOi 3a1adi
Ha KBa3iKOH(pOPMHE BifoOpaxkeHHs, npu Hesitomux Q, ¢, ¢, Iy, rr,

po3rIggaTuMeMo 00epHEeHy A0 Hef:

oy ox [ oOx 0y w 0
k——=—, k—=——""7, (o, G’ UG, , 3.28
2 T (p.y)eG, UG (3.28)

£ (X(@e 1), Y(@ew)) =0, " (X(¢",¥), ¥(¢ ) =0, 0<y <Q,

f(x(¢,0),¥(9,0) =0, f(x(¢.Q),y(».Q))=0, p.<p<¢,
x(9,0)=x(¢,Q), Y(9.0)=y(@.Q), o.<p<9p, p<p<g¢’, (3.30)
v(x(@.17), Y(@.17)) =0, v(x(@,%),y(,17)) =0, ¥ ={0,Q},

[(p]|f =0, %\/[aﬂj +(§—Xj cos(o,n) || =0, (2:31)
‘ v v )

Iy

0 (), 2(100) o 3 (&), 2(1) ¢ a3

61// oy ) Op\kop ow\ oy ) Opl\kdp
ne k=k, B G, i k=k, B G k ﬂU=— k ﬁ,
J(p,w) oy

> T Ty op

(3.29)

oy
8(0 oy Oy dp’
JIns  3HAXOMKCHHS  IMOJIOXKCHHS  TPAHUI  PO3MUTY  PiIuH

[ ]| — cTpuOOK BiAmoBiaHOI hyHKIIT Ha F

BUKOPUCTOBYBaTUMEMO TaKy Hpoueaypy ii iTepaumiiHOro HaOIM>KEHHS.

3a 3aJaHNM IIOYAaTKOBHM IOJIOXKCHHSM IpaHuui posainy pimua I’y

3HaX0JUMO po3B’s30k 3amadi (3.28)—(3.32). Ilonoxenns I', B KoxeH



HaCTyIHUI MOMEHT Yacy '[p+l ='[p +At,p=01,.. (me At — nesxwuit

3alaHWid  JIOCTaTHRO MM  YacOBHM  KPOK)  IIYKaTHMEMO,
BHUKOPHUCTOBYIOYH TI0JIE [IBUIAKOCTEH mpu t=t,, BianoBiaHi Gpopmyinn
X=X(p,¥), Y=Y(p,v) kBasikonbopmHoro Bigobdpaxenns G, Ha G,
ta (opmyny (3.10) s po3paxyHKy 4acy MPOXOPKEHHS YaCTUHKORO
piIMHM OUISAXy BiX TOYKH (¢@.,) 100 ObKy4oi To4YkH (@,%) B3HOBXK
BUOpaHoi JiHiT Teuil w(X,Y) =y .

PiBusHnHst (3.32), kpaiioBi yMOBH Ta YMOBH MEPiOAWYHOCTI 3
JNOJATKOBUMHU YMOBaMH [IJIsl TPaHWYHUX Ta MPUTPAaHUYHHUX BY3JIiB

cirkooi obmacti G,, Bysm (@ ,y;) AKoi BU3HAYAIOTBCA i3

[

criBBigHOMIICHH (3.11), apOKCUMYEMO HACTYITHUM YHHOM:

Xivj — i j
%z(ki,i+1/2(xi,j+l - Xi,j)_ ki,j—l/z(xi,j - Xi,jl))"’#_
i+1/2, j
X=X
i, i,j-1 2
—— =0, 7 (K e (Vi o = Vi) =K oy (Vi = Vi) )+
Kiyz a0 =90 7K 220 = Yi0) (3.33)
LY 7Yy Vi T Vi 0,i=Tn, =L i=n+Ln+n,l=2
ki+1/2,j ki—l/z, j
i=n+n,+n-11=3 j=1m-1,

(X0 Y0;) =0 " (X0 ¥ns ) =0, =0,

f (%0 ¥i0) =0 f (X Yim) =0, i=0 #1041, (3.34)

Xi0=Xmr Yio=Yim 1=0,n +1,

Xi0=Xims Yio=Yim» 1= +Ny,0;
(4%, = 3% ; — X0 i) (X0 jur — Xo,j0) F (AY1; =3Y0 ;= Y2, 1 )Yoju1 — Yo,j0) =0,
(3Xn,j + Xn—2,j _4Xn—1,j)(xn,j+l - Xn,j—l) + (3yn,j + yn—z,j _4yn—1,j)><

(Yo jor = Yo ) =0, J=0m=1, (4%, =3 o =% ,) (X, — Xi10) +



+(4Yi1=3Yi0 = Vi) Yieno = Yiao) =00 Xy + X g — 4% g) X
X(Xi+l,m - Xi—l,m) + (3yi,m + yi,m—Z _4yi,m—1)(yi+l,m - yi—l,m) =0 '

i=n+Ln+n,. (3.35)
Kiju K
Ace Xij=X(@.v;) Vi =Y(@.v)), ki,ji]/ZZT’
Kisy ) +Ki . . »
Kisyz ) == Hesinomy ¢insrpauiiiny Butpary Q mykaemo 3a

9 -0 )
v N
7+ +y,(n, =1) + 5 (n; +1)

OJEp)KYEMO Ha TiAcTaBi YMOBH «KBa3ikoH(oOpMHOi momiOHOCTI B

bopmynoro Q=mAy, ne Ay =

MaJIOMY» BIATIOBITHUX €IEMEHTapHUX YOTHPHUKYTHHKIB JBOX 00JacTei:

1 nli—l 1 n1+nil,m—1
N=—r—~ YVijr Vo=——F7—~ Vijo
bom(n 1) T m(ng —1) S
1 n-1,m-1
73 = 7”'1 (336)

m(n_nl_nz)i,j:mnz,o
1 a.+a . 5 5
1] .I,]+1 , ai,j :\/(Xi+l,j_xi,j) +(yi+l,j_yi,j) y

i+, j

b :\/(Xi,j+l_xi,j)2 +(yi,j+l_yi,j)2 :

VY mpoueci itepaniiiHoro po3s’si3yBaHHS 3aJadi HEBAOMI @, @

urykaemo 3a popmynamu: @ =@, + (0 +1D)Ayy,, ¢ = @ — (N, +D)Ayy,.

e 7=
Kivyj,js2 Bij +5

dopMmynu IS pO3paxyHKY IIBUIKOCTI 3alHMCYIOThCS aHAJOTIYHO J0
(3.16).
TakuMm 4YWHOM, 3aJaBIIM TeOMETpUYHY KOoH(pirypariro ¢i3HaHOI

obnacti G, ; mapameTpu po3OHuTTA N, N,, N, Ta M BiANOBiAHOI 0ONACTI

KOMIUIEKCHOTO  KBasimoreuiany G, jeskoi citkoBoi obnacti G

2]

(mapaMeTpu HEOOXiHOI TOYHOCTI POOOTH aNrOpUTMY &, £, Ta PiBEHb



KBa3ikoHGOPMHOCTI O, BimOOpakeHHS), TMMOYATKOBE HAONIKEHHS

0

KOOpAWHAT TPaHUYHHUX BY3JiB Xi(oj) i

Ta Y H_IO6 BUKOHYBAJIMCA YMOBU

(3.34) Ta modYaTKOBi 3HAYCHHSI KOOPAMHAT BHYTPIIIHIX BY3IIB

(0)

i ’y(O) ), 3HaXO0AUMO II0OYaTKOBEC HAOIMKEHHS

)_'[I/IHaMl‘{HOI CITKHU (X

(0)

0 — . .
BUTpATH Q(O) Ta BCIIWMYHUH (D( ), Q@ KBa31IOTCHIIAJIY B TOYKax

(IPU3YNHHKH».  YTOYHIOEMO  KOOPAMHATH  BHYTPIIIHIX  BY3JiB

TiIPOAMHAMIYHOI  CITKH (Xi('k) , yl(k)) 3a (opMmynaMu, OTPUMAHUMH

LUIAXOM  po3B’s3anHs  (3.33) BigHOCHO X ; Ta Y;; (3 Meroro

MIPUCKOPEHHS IMBHIKOCTI 30DKHOCTI BCHOTO TIPOIECY 1 CKOHOMIl
MaITHHHOTO Yacy BHKOPHCTAEMO JIIIE TIEPITHI iTepalifHuii KPOK, MpH
LIBOMY BPaXxOBYEMO MEPIOIUYHICTh myKaHuX (yHkuii). [licns uporo, sk
i B [46, 48, 70], «mianpaBiseMo» rpaHU4HI By3in (32 yMOBH (ikcamii
CYCIIHIX TPaHUYHUX Ta MPUTPAaHUYHHUX), BUKOPHCTOBYIOUM Di3HHULEBI
anayioru ymoB turty Komri-Pimana (3.35). 3Haxonumo HOBe HAOMMKECHHS

BesmanH Q, ¢, @ BUKOPHCTOBYIOUM 3HAUCHHS KBa3iKOH()OPMHOTO
iHBapiaHTy, 3HaifeHe 3a ¢dopmyiaamu (3.36). Skiio 3MiHa HEBIIOMOI
BemuMHM Q 3a OCTaHHIO IPOBEJEHY IiTepalilo Oulblia 3a &, TO

MOBEPTAEMOCST 1O YTOYHEHHS BHYTpPIIIHIX By37iB. Bmu3Hauaemo

BEJIMYMHY 3MIII[EHHS BY3JIiB S Ha IpaHMIli 3a IIPOBEAEHY K -Ty 3arajibHy

iTepanito 3a (opmyJIoK0 Szmax\/(xi(’j) XY+ (y) -y,
i,j !

AKIIO BOHA OLIbINA 33 &,, TO MOBEPTAEMOCA 10 YTOYHEHHS BHYTPIIIHIX
BY3JliB, B TPOTWICKHOMY BHUIAAKy —  OIIIHIOEMO  CTYIIiHBb
KBa3iKOHPOPMHOCTI & =4/5 + 57 OTPUMAHOTO BiOOpakeHHS 06JACT

KOMIUJICKCHOTO KBa3imoTeHIiany Ha (i3uuHy obnacTe i3 pos3pizamu

B3JIOBXK JIiHIH Teuii, ie J;,5, — HEB sA3KM anpoKcuManii piBHAHb (3.28):



n-1,m-1

o= rlngl( | (ianj =%i0) = 70K Vi = Vi) |
n-1,m-1
0, = mja:i( | (Yisnj = Yiw ) = 7K j (% = %50 |,
Lisei=1n,
=42,i8¢i=n+1n +n,,
3,i6¢i=n+n,+1Ln-1

BuKOpHCTOBYIOYM OfICpKaHI 3HAYEHHS X, Y;;, 3HAXOIUMO

Uiz,j:UZ(X(%,Wj)ay((Pivl//j)):(Uf+U§)i,ja a TaKoOxX ti,j:q)(gpial//j)'

Axkmo wac t=t e 3amamum (a came, AKIIO r,j<tp<ﬁ+l,j)’ TO

p

BIANOBiHE HOMy 3HAYeHHs KBasilOTEHUiaNny @, ; 3HaXOAMMO,

Diti — D _ Diiaj _(/_7,),]
tI+1,j _ti,j tI+1,j _tp

Ananoriuio B obmacti G, Oymyemo mpooGpasu (X, ;,Y, ;) TOYOK

Halpukiag, BUXOOIYHM 3  IPOMOPIIii

((ﬁpy W j) (Ipu IIbOMY MOXEMO BHUKOPHCTOBYBATH SIK, aHAJOTIYHY [0
MIOTIIEPETHBOI, «ITPOCTOPOBO-YACOBY» TPOIOPIIiI0, TaK 1 IPOCTOPOBY). Y
pe3yabTaTi MaeMo HaOJIMDKEHHS JiHil po3fimy Ftp npu t=t,. Jdani
3011bLIy€EMO yac Ha At Ta MOBTOPIOEMO KPOKH aJTOPUTMY.
[IpomeMOHCTPYEMO MOKJIMBOCTI PO3POOJICHOTO anropuTMy Ha
TECTOBOMY IMpuKianai, koid, X.(t)=0.2cos(t)-1, V. (t)=0.2sin(t),
X (t)=0.2cos(t) +1, y (t)=0.2sin(t), X,(t)=3cos(t), Y, (t)=2sin(t),
0<t<27z, ¢.=0, ¢ =1, k,=06, k,=1, t,=0, At=0.001.
BignosigHa  rigpoaMHaMidyHa  CiTKa y ~ BUOAIKy — pO30OUTTA

nxn,xn,xm=20x80x20x87 300paxxena Ha puc.3.14a, ne

ITOTOBIIICHOIO JIIHIEIO BUIAUICHO TPAHHUITIO PO3AUTY PITUH B MOMCHT Yacy



t=®(p ,)=0.37 (uac mOYATKY «3ABOJHECHHI» EKCILTyaTaIiHHOI

CBEP/UIOBHHH).
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Puc. 3.14. I'iopoounamiuna cimka 013 erinmuyHo2o niacma (a) ma epagiku
sminu eenuuun Q(t), Q(t) 6 vaci (6)

Puc. 3.15. Honoxcennn zpanuyi po3outy
Pidun 6 wac npopugy

Ha puc. 3.146 300paxena
3aJIeKHICTh Bil dYacy HOBHOI
¢utpTpaniiinoi Butpatn Q(t) ta
YaCTKM BUTICHAIOYOI  PiIMHU
(Bomu) Q) y  moBHiit
GinpTpariiHii BUTpATI.
[Iposenemo pO3paxyHKH
MpOIleCy BWTICHEHHS B IUIACTI
300paxeHomy Ha puc. 3.2a
BUKOPUCTOBYIOUH PO3POOJICHUI
QITOPUTM, Ta  TOPIBHSIEMO
OTpUMaHi pe3yiabTaTH, 3

pe3yjbTaTaMu AT MOI[CJ'Ii

PI3HOKOIBOPOBUX piamH. Ik MoxHa moMmituTH (puc. 3.15) y BUmanmky

MTOPITHEBOI MOZEN (PPOHT BUTICHEHHS MPOCYBAETHCS MOBIIBHIIIE, IPOTE

fioro ¢opma dakTuaHO HE 3MiHIOETHCS. Ll ocobnmBicTh MOXe OyTH

BUKOPUCTAHHA Ji1 BBEACHHSA IIOIIPABOK Ha JacoBi XapaKTECpUCTUKU



MPOIIECY KOJTM BUKOPUCTOBYETHCS MOJECIH Pi3HOKOIBOPOBUX PiJIUH, IO
JI03BOJINTH 3HAYHO 3MEHIIUTH Yac BUKOHAHHS BIAMOBIIHUX MpPOTpPaM
pO3paxyHKy (DUTbTpaIlifHuX XapaKTePUCTHK. Tak sK MpHU BHKOPHUCTAHHI
MO PI3HOKOJIHOPOBUX PIAMH TII0J€ IMBHAKOCTI Ta BiAMOBiIHA
TiapoaMHAMIYHA CiTKa PO3PaXxOBYIOTHCS JIHIIE OAWH pa3 HA BiAMIHY Bill
MOPITHEBOI MOJIENI JI¢ BOHU PO3PAXOBYIOTHCS Ha KOXKHIM YacoOBii
iTepaii.

3.2. MopnemoBanHsa Oararogasnoi ¢inbTpanii B ropusoHTaAIBHOMY
IJIACTi 32 YMOB HENIOBHOT0 BUTiCHEHHSA

SIk TIOKa3ye MpakTHKa JOCHTh YaCTO MPUXOIUTHCS MATH CIIPaBY 3
MpoliecaM BUTICHEHHS, KOJMM BOJla He BHUTICHAE HA(Ty IMOBHICTIO, i
YTBOPIOETHCS [TOCTATHRO BEJHMKAa 30HA JI€ PyXalOThCS OOWIBI pinuHU.
Jns BpaxyBaHHS TaKOTO THIY BHUTICHEHHS BHKOPHCTOBYBAaTHMEMO
y3aranbHeHHH 3akoH Jlapci Ta piBHSAHHS HEPO3PHBHOCTI Tedil, 3alucaHi
JUIs. KOJKHOI 3 piIMH, BIIHOCHO KBa3iMOTEHLIaTy IIBUAKOCTI (inmbTpamii
o=p(X,y,0)=—p(X,y,t)+p (p(X,y,t) — THCK y Touwi (X,Y) B MOMEHT
gacy t, P — nmeske XapakTepHe HOTO B3HAYEHHS) Ta HACHYCHOCTI

s =5(x, Y,t) BuTicHsAI04OI Qa3u, y Burismi [29, 96, 194]

) =&gradgo, 0, =&gradgo,

H,
ol-s) . _ 0s .o
ag+dm}1 =0, o—+divp, =0,
ot ot
ae U, U,, M, M, — BEKTOpH WIBHUAKOCTI Ta KOE(DIIIEHTH B’ A3KOCTI
Bimmosimanx a3, k =k/(s), k,=K,(5) — BimHocmi  dasosi
npoHukHocTi, o, K — koedimienT moOpucTOCTI Ta aOCOIHOTHOL

MPOHUKHOCTI TPYHTYy. 3BiACH, 3 ypaxyBaHHAM CyMapHOi MIBHIKOCTI



U =0, +0, OuibTpauiiiHoi Tedii Ta NOYATKOBUX 1 I'PAaHUYHUX YMOB,

MaeMo:
- L= 0s of of
divo =0, v =Kk(s)-grade, Gat+UX&+Uy5:0'
« O0p
ole=0 o =07 —L=0.5| =5, (3.37)
s(x, ¥, 1|, =5(x,y),
_ , *
e K(s)= kkl(S) kkz(S), f(s)=—th z(s)~ L UL -
H, Ho K1 () + p K2 (s)

KOHTYpU TPHU3B’sI3HOI KpHBOJNiHiNHOI obmacti G, (muB. puc. 3.16),

z

§(X,y) — 3amaHa (QyHKI[S pPO3MOMINY HACHUCHOCTI B TOYATKOBHH

MOMEHT Yacy.

¥B B C C (w)

, @

OlA'(¢.) A (9) D (9)D'(¢")
4

Puc. 3.16. @izuyna obracmo (a) ma 6ionogiona 0o61acms KOMIIEKCHO20
Keaszinomenyiany (6)

Amnanoriyno g0 [46, 48, 56], BBiBIIM (yHKLItO Tewil y =w(X,Y),
KOMILIEKCHO CIIPSIKEHY 0 @ Ta 3AificHHBIIM yMOBHI pospisu ., T
obmacti G, B3mOBX JiHIM po3aily Tedii, IO BU3HAYAIOTHCS TOYKAMU
«npu3ynuuku» 1oToky A=B=(x,,y,)eL, C=D=(x’,y))elL Ta
toukamu A=B=(X.,y.)elL.,, C=D=(x,y)el, 3amaua Ha

MOOYIOBY TiIPOIMHAMIYHOI CITKH, BiANIYKaHHS (iIBTPAIIfHOI BUTPATH,



nonoxkeHust To4ok (X,Y), (X),¥9), (X,y.), (X,y) Ta immmx
XapakTepHuX (QIIbTpalifHUX MapaMeTpiB 3BOAUTBHCA OO 3afadi Ha
KBas3ikoH(pOpMHE BiZOOpaKeHHs w=0(2)=p(Xy)+iy(Xy)
YTBOPEHOT TIpH 1BOMY OfIHO3B’si3HOI obmacti G° =G, /(T. UT") Ha
BIAMOBIIHY TPSMOKYTHY OO0JIACTh KOMIUIEKCHOTO KBa3iIMOTEHITIATY

G,={w: ¢p.<p<g¢’, 0<y<Q}:

k (s(x, y,t))z—f . %” , k(s(x, y,t))%o = —%—'i’, (x,y) Gy,
ol=0.. 0 =0, ¥]p =0, ¥l =Q,
v(X5,Y,) =0, v(x,y.) =0, (3.38)
@Z_@m(@@ﬁ_@],
ot o 0SS \oXxox oy oy
S| =5, s(x, Y1), =5(x.Y), (3.39)

1 Q:Uj—uydx+uxdy, v(X,Y) =\/Uf(X, y)+0;(X,Y) -

L«

Ob6epuena g0 (3.38) kpaiioBa 3ajgaya Ha KBa3iKOH(OpPMHE
BiJOOpakeHHS Z = Z(a)) = X(go,l//) + iy((o,l//) obmacti G, ma G! Ta
piBHAHHA s AificHoi X=X(@,) 1 ysBHOI Y=Y(@,y) wacTunm
(BUKOHAHHSA SKHX BUMaraTUMEMO 1 Ha po3pi3ax i3 BpaxyBaHHSAM iX
«pO3JIBOEHHS» MPU nepexoi Bix obnacti G, 1o G, ) XapakTepuCTUYHOT
¢dbyukmii Tedii mpu HeBimoMux Q , 0, o, ., [ sanumeTses Y BUTJISII

Eﬂ:ﬁ, Eﬁ:_ﬂ, ((Pyl//)EGw, (3.40)
oy Op oy ap
f.(X(@e9), (@) =0, £ (x(¢",¥), Y(¢ . ¥)) =0, 0<y <Q,

. (3.41)
f(X(¢,0),¥(0,0)) =0, f(x(¢,Q),y(»,Q))=0, p.<p<¢,



X(9,0)=x(¢,Q), Y(9.0)=y(¢.Q), 0. <9<, p<p<¢’, (3.42)
v(x(@.¥), Y(@.w)) =0, v(X(@.v),y(@.¥)) =0, v ={0,Q}, (3.43)

O X oL o O Y|, O[1 N (344)
oy\ oy ) Op\k op dy\ oy ) oplk dp

Buxopucrasmu BIAMOBiAHI dhopmynu nepexony (
_xoy oxoy  Oop_ loy 0 _1loyo 10y 0
dpdy Oy dp’ ox Joy X Jowdp Jopoy’

o_1oxo 1ox o 9p_ _1x dy_ 19
oy Jowop Jopoy’ oy Joy' ox  Jogp’
?y// j sx ), ymoBH (3.40) Ta Gopmyau 1Isi OOYUCICHHS KOMIIOHEHT
CyMapHOi MBUAKOCTI v, = K o4 v, = ko , 3aj1a4y JUIst
T lew)ow Y dew) oy

HacuueHocTi (3.39) mepenumeMo Tak:

2
éz_‘)—_iﬁ, (3.45)

ot ok os op
s(x(@y) Y(@y) ) =s.,

s(x(@.w), Y(@.v),0) =$(x(@.¥). Y(0.¥)) - (3.46)

He piBasanHs (3.45) € (akTUUHO TPOCTOPOBO OIHOBUMIPHHUM,

a/pKe 3MiHHA Y TyT irypye sk mapamerp. OcTaHHE JO3BOJISIE CYTTEBO

CIOPOCTHTH 3arajJibHy CTpaTeril0 pO3B’s3aHHSA BUXIMHOI  3ajadi
(po3mienuTH anTOpPWUTM) a caMe: a) 3a BIJOMHM 3 IIOTIEPEIHLOTO
JacOBOTO KpPOKY PO3IIOAIIOM HACHUYEHOCTI S pPO3B’A3yEMO 3aaady Ha
kBa3ikoHpopMHEe BimoOpakenHs (3.40) — (3.44) (3okpema, OyayemMo
TiIpOAMHAMIYHY CIiTKY, 3HaXOIMMO KBa3ilMOTEHLIaN ¢, BUTPATy Ta iHIII
HeBigoMI (iIbTpaliliHi mapamerpu); 0) oTpuMaBiIu po3B’sa30k (3.40) —
(3.44), BITHOCHO KBA3INMOTEHITIATy IMBHAKOCTI Ta BIIOMOTO 3

MOMEPETHBOT0 YacOBOTO KPOKY PO3MOJITY HACHYCHOCTi, 3HAXOJIUMO



pO3B’s130K piBHAHHS (3.45) mpu BiANMOBITHMX KpaHOBUX yMOBax; B)
MIePEBIPAEMO YMOBY 3yIUHKH aaTOPUTMY (OIHIEIO 13 TAKMX YMOB MOXKE
OyTH, yMOBa IMEPEBUIIICHHS JOIMYyCTUMOI YaCTKH BUTICHIIOYOI PIIWHHA B
MIPOMYKINi eKCIUTyaTamiitHOi CBEpIJIOBMHH), TPH HEBUKOHAHHI SKOI
HepexXoauMO 10 TMYHKTy (a) anroputMy. TakuM YHHOM OTPHUMAaHO
MOCTIIOBHICT  OUIBII  TPOCTIIMX 3ajJad: KpaloBUX 3adady Ha
KBa31KOH(OPMHI BiJJOOpak€HHS Ta HENIHIMHHMX 3a1ad AJsl [IPOCTOPOBO
OJHOBUMIpHUX JU(EpPEHUIaTbHUX PIBHIHb B YAaCTUHHUX TOXiTHHX
MEPUIOTO MOPSAKY 3 ITapaMETPOM.

Pipusinns (3.44) s BHyTpimHix By31is (¢;,y;) BianosiaHoi G,

CiTKOBOI 00JsacTi G('U:{(goi,n//j): Q. =@ +iAp, Ai¢)=A¢l:£_¢i
n +
i=on - Q-9
npu |=O,n1 y Q)i :Q+(| —nl—l)Ai¢, AI¢:A¢)2 = . —1 npu
, -
i=n+Ln+n; g=@+(-n-n)Ap, Ai(pzA%:(ﬁ_ pH
n,+1

i=n+n,+Ln; v, =jAy, An//:g, j=0,_m; 7 :M, I =1,2,3} ,
m Ay

ae N=n +n,+n,+1, M — napamMeTpu po3OUTTA 00JaCTI KOMITIEKCHOTO

KBa3iMoOTeHIiany, J, — KBa3ikoH(GOpPMHI iHBapiaHTH Ta TI'PaHUYHHX

By3IIiB, 0 € obpasamu «Geperis» pospisis I., I, kpaiioBi ymoBH,

YMOBHU TICPIOAMYHOCTI Ta YMOBH OPTOTOHAIBHOCTI IJII TPAaHWUYHUX 1

MIPUTPAHUYHIX BY3IIiB al[POKCUMY€EMO TaK:

= = X~ X5 X~ %
7/|2(ki,j+1/2(xi,j+l_Xi,j)_ki,j—l/z(xi,j _Xi,j—l))+ . L IJ? 2 -0,
i+1/2,] i-1/2,
e o Yiaj =Yy Yij Vi
7/I2(ki,j+1/2(yi,j+1_ yi,j)—ki,j—l/z(yi,j - yi,j—l))+ %J L IJ? = -0,
i+1/2, i-12,



a Izixiil + lzlJ i k|+11 + k . .
ki,jrm:T, kiiJ/Z,j_T’ j=lm-1 i=1 L, =1,

i=n+Ln+n,,1=2,i=n+n,+1n-1, 1=3; (3.47)
f*(xo’j,yoyj)zo, f*(xn‘j,yn'j)zo,jzo,_m,
f(Xi0:Yi0) =00 f (X Yim)=0, i=n +1n, +n,,
Xi0=Xim Yio=Yim 1=0,n +1,

i,0

(3.48)

Xio=Xim Yio=Yim: 1 =N +0y,0
(4%, 5 = 3% =%, 1) (X0, 11 = X0, j1) + (4Y1; =3Yo ;= Y2, ) (Vo o = Yo 14) =0,
(X i+ X0 aj =A% )X jir = X0 i) T BYaj + Yoo —4Ynnj) X
X(Yo i1 = Yo j0) =0, J=0.m=1, (4%, —3% o~ % ,)(Xiuz0 — Xi10) +
+(4Yi1 =3Yi0 = Vi) Visro = Yirso) =0 Xy + X o = 4% ) X
XXisrm = Xictm) + BYim + Yim2 = 4Yim ) Virm = Yiam) =0,

i=n +1n +n,. (3.49)
ne X ; =X(@,w;), Yij=Y(o.v;).

Hesinomy sutpary Q, mapamerpu @, @ B mpoLeci iTepawii
mykaemo 3a Gopmymami: @ =@, + (0 +DAyy,, §=¢ — (N, +DAyy,,
9 —p.
7+ +7,(n, =D + (0, +1)

Ha IIJCTaBi YMOBH «KBa3iKOHPOPMHOI TOMIOHOCTI B MaJlOMy»

Q=mAy, ne Ay = . 7, OHEPKYEMO

BIJIMTOBITHUX €JIEMEHTAPHUX YOTUPUKYTHHUKIB IBOX 00JIACTCH:

1 ot a + al j+1
Nn=
m(nl +1) i,j=0 k|+1/2 j+y2 (b +b|+lj)
1 m+n,—=1,m-1 a + al i1
V2=

m(nz _1) i,j=n+10 Izi+1/2,j+]/2 (b +bl+lj)



el & +8
/= _ & . (350)

m(n n-n |+1/21+1/2(b +bl+1j)

ac

ai,jz\/(xiﬂi IJ) (y'+11 le)’
bi,j:\/(xi,iﬂ 'J) (y'J+l y'J)

PiBusaus (3.45) anmpoKCUMYy€EMO OHIEIO 13 HACTYITHUX Pi3HUIICBHX

CXeM «IpoTH moToky» [130]:

2
. TV,
S =S~ ak—Af '(s; i2/2,)(Si 5 = Siaj) s (3.51)
2
§.=3.__1ﬂi_(f@_)—f@.<» (3.51)
i,] i,]j O_kiyquol i,j i-1,j ! .
ne Sy, =O.5(si_1,j +si'j), j=Lm, 1=1, i=1n; 1=2,
i=n +Ln+n,; 1=3, i=n+n,+1Ln-1, 7 —kpok mo uacy, S, ;, §
— HACHYEHOCTI Y BIMOBI/IHI MOMEHTH 4acy, U, ; — WBUIKICTb (LIyKaEMO

SK 1 B poOoTi [48]). [pannyHy Ta MoYaTKOBY YMOBH Il HACHYEHOCTI B

ciTkoBi oOnacti sanmmemo Tak: Sy; =S., S(X ;,¥:;,0)=5(X;,¥i;),

j=1lm, i=1n-1

3ajaBIIM KPOK 7, apaMeTpiB po3OuTTs N, N,, Ny, M, obmacti
G, Ta TOYHOCTI &, &, POOOTH AIrOPUTMY, NMOYATKOBI HAOIMKEHHS
KOOPAWHAT TPAaHUIHHUX BY3JiB (TaK, o0 BUKOHyBaiucsI yMOBH (3.48)) 1

MOYaTKoBe HAaOMIKEHHS KOOPIMHAT BHYTPILIHIX BY3IIiB (Xi(oj), )3a

¢dhopmyioro (3.50) 3HaX0MUMO HAOIMKCHHS BETMYMH KBa3iKOH(POPMHOTO

iuBapianTy. I[licis 9oro mMpoBOIUMO YTOYHEHHS KOOPAWHAT BHYTPIITHIX

BY3JIiB (Xi(,’?’ (K)) TIpOAMHAMIYHOI CITKM HIISIXOM po3B’s3aHHs (3.47)



BIIHOCHO X ; Ta Y;; (a came, «HOBI» KOODAMHATH BY3Ild LIYKAEMO SIK
y3araJbHEHOCEpeAHI  HAaBKONMIIHIX  «CTApUX») 3  ypaxyBaHHIM
nepioanvHoCTi mykaHux pyHkmii. Sk i B [48], TpoBOAUMO yTOUHEHHS
TpaHUYHHUX BY3JiB, (32 yMoOB (ikcalii HaBKONMIIHIX TPaHUYHHX Ta
NPUTPAaHUYHHUX BY3JiB) BHUKOPUCTOBYIOUHM pi3HMLEBI aHamoru (3.49)

(YMOBHM OpPTOTOHANBHOCTI) 3 HACTYITHUM PO3PaxyHKOM BenwuuH Q, ¢,

@ . Cepen yMOB 3aBEpIIEHHS aNTOpPUTMy MOOYIOBH TiAPOIWHAMIYHOL

ciTkM (BiOIIyKaHHS HEBIAOMHX (QIIBTPAMIMHUX TapaMeTpiB 30KpeMa,
MOJIS IIBUIKOCTI) HA JTAHOMY 4acOBOMY eTarti: crtabimizaris Butpatu Q (

‘Q(Hl) _ Q(K)

<g); crabimzamis rpammunux By3miB (i, ])  (

max \/ (X(”) (K 1)) + (y(K) (K 1)) <g&)  TOMWIO. Y  Bumamky
HEBUKOHAHHSI xoya O OJHI€I i3 [HUX YMOB, BiIMIiYaEMO Ha
TiApOAMHAMIYHIN  CITII JUISHKHA TOPYIICHHS KBa3iKOH(GOPMHOCTI
BUKODUCTOBYIOUM ~CIBBIIHOWIEHHS /&, +07 =8, ne &, O, —

HEB’SI3KHU allpoKCUMaLii piBHIHB (3.40):
n-1,m-1

o, = maXl(XH—lj i—1,j)_7/llzi,j(yi,j+l_yi,j—l)li
n-1,m-1 _
0, = r.n,a:)l( | (Yisnj = Yiw ) = 70K ; (% 0 =% 20 |
j=im-1, I=1, i=Ln; 1=2, i=n+2,n+n,-1; 1=3,

I=n+n,+1n-1.
3ayBaXuMoO, SKIO O >J,., TO 30UIBIIYEMO KIUNIBKICTh BY3JiB
. . . |
po30uTTA ciTkoBOI obmacti G, (Ipu LbOMYy Hamaraemocs BHOpaTH

CIIIBBITHOIIIEHHsA MK IapaMeTrpamu Ny, N,, Ny, M, aHanoriyHo 1o [46,

48, 56]).



BukopucTtoBytoun moOyJoBaHe TMOJie IIBUAKOCTEH Ta TI0JIe
HAaCHYCHOCTI 3 TIOMEPEAHBOTO ITEPAIifHOTO KPOKY (3 BpaxyBaHHSIM
TPaHWYHOI yMOBH), 3HAXOAMMO PO3IOAII HACHYEHOCTI y IUIACTi Ha
JIAHOMY YaCOBOMY €Talli Ta HOBTOPIOEMO KPOKH aJrOPUTMY.

Ha puc. 3.164., 3.17a BiamoBiHO npeacTaBicH] JUHAMIYHA CITKA
B MOMeHT 4acy t=0 y Bumagky n, xn,xn,xm=20x80x20x87 ta
po3moAin HacM4eHOCTI B MoMeHT vacy t=1.5062 (wac mpopuBy) mpu
X. (f) =0.2cos(f) -1, y. ([) = 0.2sin() , x (f) =0.2cos(f) +1,
y (£) =0.2sin(f), x,(f)=3cos(f), vy, ({)=2sin(f), 0<t <27, ¢.=0,
o =1, k=1, k=(1-5s)*, k,=s*, 0=05, =2, u,=1, s.=1,
§(x,y)=0, 7=0.0001. 3anexHictb cymapHOi (iAbTpaIliiiHOI BUTpATH
Q=Q(t) Big wacy sxa 3miHtoeThes Bim Q=0.583 ngo Q=1.165
MIpeACTaBICHO Ha puc. 3.176.

JY Q) T

Puc. 3.17. Hone nacuuenocmi (a) ma posnodin cymaproi sumpamu (6)

Sk 1 cmig Oymo odikyBaTH BenudrHA Q 3MIHIOETBCS 3POCTAIOYH
Bim Q(0)=0.583 (110 BiAMOBiga€ HASBHOCTI y IUIACTI JinIe HaTH) 110
Q(t)=1.165, mnpuyoMy «KOMIT'IOTCPHHI» TEPETHH BiANOBIIHOTO
rpagika BiAMOBiZa€ OKONy Yacy MPOPUBY BHUTICHSIIOUOI piAMHU B
eKCIUTyaTalliiiHy CBEpIJIOBUHY.



3.3. lIpodaemu onTuMizauii mapaMeTpiB Ta KepyBaHHA NMpoLECAMHU
BUTICHEHHS1 Y HA()TOra30BUX MJIacTax

Y  migpo3miti  TPOTOHYEThCS — KOMIUIGKCHUM — MIAXim 0
MaTEMaTHYHOI'O MOJICIIOBAHHS HEJIHIHHUX MPOIECIB BUTICHCHHS B
Ha()TOTa30BUX IIACTAX 32 YMOB YTBOPEHHS JOJATKOBHUX (PiTbTpamiiHuX
BIUTMBIB TIISXOM TIOMOBHEHHA ICHYIO4YOTO (OHIY CBepaioBuH. Ha
OCHOBI i7leil MeTONiB KBa3iKOH(GOPMHUX BimoOpakeHb 1 TOETamHOoi
¢ikcamii XapaKTepUCTHK CepeloBHINAa Ta mporecy (impTparii
PO3pOOIICHO YMCIIOBI alTOPUTMH PO3B’S3yBaHHS BiAMOBITHUX KPaHOBUX
3alad  Tpo MOOYAOBY TiAPOJUHAMIUHOI CITKH, BiJIIYKAHHS IIOJIS
HACHYEHOCTI, KOOPAWHAT TOUOK «IPHU3YMUHKI», QLIbTpalliiHUX BUTpAT,
yacy IIOBHOTO 3aBOJHCHHS TOIIO JUIA BHUIMAJIKiB, KOJIH 00JIacTh
KOMIIJICKCHOTO KBa3iMOTEHLially € OAHO- Yi 0araToarcTO0 MOBEPXHEIO.

3.3.1. Ainroput™m BuOOpY BUNAAKY (pOPMYBAHHS Tedil Ta MeTOAMKA
KEPYBaHHsl CHCTEMOIO NepPeTOKiB Mizk CBEPIJIOBHHAMU 3 HACTYIHUM

nigdopoM onTHMAJIBLHUX apaMeTpiB iX podoTu



B momnepemnroMy po3auti  copMOBaHO MaTEMaTHYHI MOACII
HETIHIHHAX TIPOIECiB BHUTICHCHHS B TOPHU30HTAIBHUX Ha(TOTa30BHX
IJIacTaxX 3a YMOBH ICHYBaHHS B IDIACTI HATHITAJIBHOI 1 €KCIDTyaTamiiHOl
CBEpVIOBHH. BCTaHOBIEHO 0OCOOMWBOCTI TPOTIKAHHS JOCHTIIKYBaHUX
MpOIECiB B 3aJIEKHOCTI BiJl iX pO3TallyBaHHA B IUIACTI Ta BIUIMBY
CHUCTEMH Pi3HOI TNPOHUKHOCTI MPUCBEPAJIOBUHHHX 30H Ha 3MiHY
¢inpTpaniiiHoi BUTpaTH. 3riTHO X MOTpeOd MPAaKTUKU IS TOBHOLIHHOT
pPO3pOOKM  MPOAYKTMBHUX IJIACTIB Ta YTBOPEHHA JOJATKOBUX
¢GinbTpaliiHuX BIUIMBIB ()OH iICHYIOUHMX CBEPJIOBHH MOBHHEH 3 YacOM
monoBHIOBaTtHcs. IIpore, 31 30UIBIIEHHAM KUIBKOCTI CBEPIIOBHH
YCKIIAMHIOETBCS  CTpyKTypa  (impTpamiiHoi Tedwii Ta  BHHHKAaE
HEOOXiTHICTh KEPYBaHHS CUCTEMOIO TEPETOKIB MK CBEP/JIOBHHAMU JIIS
YHUKHEHHS (hOpMyBaHHS (3HAYHUX 32 CBOIMH IUIOIIAMH) 3aCTiHIX 30H,
[0 MPU3BOJIUTH J0 HEOOXIMHOCTI BHIUICHHS B (PUIBTpaLiliHIA MOIEN
MEBHUX MapaMeTpiB 3aBISKU 3MiHI SIKUX Oyae BigOyBaTHCs KepyBaHHS
BiJIMTOBITHUM TIPOIIECOM.

Tak, y pobGorax [54,56,71] 3anpomoHOBaHO MigXil MO
pO3B’sI3yBaHHS  CTAIliOHApPHUX 3amad  oxHodasHoi  dimbTpammii vy
TPU3B’SI3HUX O00NacTsaX (Turactax), OOMEKEHWX EKBINOTEHI[iaIbHUMHU
JHISIMA (IBOMa CBEPAJOBHHAMHU Ta 30BHIITHIM KOHTYPOM >KUBJICHHS).
Bnepme 3po0neHO e€BpUCTHYHHMI OMUC 3 HACTYNHHM JIOTIYHHM
OOIpYHTYBaHHS BCiX MOMJIMBHX BHMNAAKiB (oOpMyBaHHsS Tedii, B
3aJIeKHOCTI BiJl 3aJ]aHUMX 3HA4YEHb KEPYIYOro MOTEHIlialy, po3B’s3aHa
npobjemMa HEOJHO3HAYHOCTI HENiHIMHOTO OOCpHEHHS BiAMOBIIHUX
KpaloBHX 3aJady Ha KOH(OPMHI BiOOpaKCHHS 3 BUKOPUCTAHHSIM
pO3pobIIeHOi TIpoIleypd aBTOMATH30BAHOTO BHOOpPY BiJAIMOBIAHOTO
BUITAAKY. 3alpONIOHOBAHO IIOCTAHOBKM KPaHOBHX 3a1ad Ha KOH(OPMHI
BioOpaskeHHSI MPH HEBIMOMOMY 3HAYEHHI KEPYIOYOTro IMOTEHIANy SK
3a7a4 Ha ONTHMI3aIlil0 Ta KepyBaHHS. Po3pobiieHO MeTon po3B’s3aHHS

TAKOTO POy 3a7ad, IO Ja€ MOXIUBICTh OYyJIyBaTH TiAPOAMHAMIUHY



CITKy, 3HaxOOWTH JiHII po3aidy Tewil Ta OOYUCIIOBATH BEIWYUHHU
PI3HOTO POIYy TEPETOKIB, KU armpoOOBaHO TSI OKPEMHX, TaK 3BaHUX,
MIPOMIDKHHX Ta KIFOYOBHUX (ONTUMI3AIliHHNX ) BUTIAIKIB.

Y mpoMy MmAPO3AUNT  TOMHUPEHO  pO3po0JeHYy METOIUKY
MOJICITIOBAHHS TIPOIECIB BUTICHEHHS Ha BWITAJOK iCHYBaHHS B IIIACTI

TPbOX CBCPAJIOBUH 3a YMOBH, 11O HAa KOHTYpaX ABOX CBCPAJIOBHH 3aJaHO

*

¢ikcoBaHe 3HAUYEHHA IMOTEHIaly, BiAMOBIIHO qo‘L:(p*, olo=¢ . a

HOTEHIial ¢, Ha KOHTypi L, TpeTboi CBEpUIOBHHH BBa)Ka€MO
KepyOUMM  TapamMeTpoM, IO MOXE 3MIHIOBATHCS Yy  MekKax
—0<@p, <@, <@ <+wo. Ilpy 1UBOMY BIiINOBiHY YOTHPU3B S3HY
obnmacte QinpTpanii, oOMexeHy eKkBinmoTeHIianbHuUMH JiHisMu L., L,

L', ta minismu Tewii C,D,, C,D, (OCTaHHi BH3HAYAIOTHCA MIyKAHHMHU
TOYKAMU «HPU3YNHHKA» Ha 30BHIIIHBOMY HENPOHUKHOMY KOHTYDI
L=C,D, uC,D,) no3naunmo six G, (z=X+1iy).

B 3amexxHocTi Big CHIBBIMHOINCHHS BEIMYMH TPAHUIHHX
NOTeHIiaiB @,, ¢ , ¢, BianosigHa G, 00JacTh KOMIUIEKCHOTO
norenuianry G, HaOyBae pi3HOi reoMmeTpuuHoi KoHpirypaii. Ha ocHoBi
EBPUCTHYHHX MipKyBaHb (3 HACTYIMHHM JIOTIYHUM OOTPYHTYBaHHSIM)
HaMH BCTaHOBJIGHO yCi MOXJIMBI BHUNaaku (opmyBaHHs Tedii. Tak Ha
puc. 3.18-3.19 300pakeHo 9 ogHOTUNHUX 13 HUX. OYEBHIHO, 10 KOXKEH
13 BumaaKiB (X Hamami “iMeHyBatmMeMo” sk Bumanku 3.18a-3.18x (puc.
3.18, a-0) i Bumagku 3.19a-3.19r (puc. 3.19, a-2) BiANOBIAHO)
XapaKTepU3y€eThCS TUM YH 1HIIIMM HAOOPOM MEPETOKIB MK BHYTPIIITHIMHA
KOHTYpamH (CBEPIIOBUHAMH).

OcobnuBuii iHTEpeC Ui HAC MPEACTABIATUMYTh BUIAIKU
(Ha3uBaTUMEMO iX KIIOYOBHUMH, CEpel SKHUX JOLINBHO BUAUIUTH Tak
3BaHI TpaHWYHi, a TaKOX KPUTHYHI), SIKi XapaKTepU3yIOTbCA TaKHUMU

3HA4YCHHAMU KEPYIOYOI'0o HOTeHI_IiaJ'Iy @y, IPHU SIKUX 332 JOAATKOBUX YMOB



JOCSTaEThCA MiHIMYM (YM MakCHUMyM) BEJIMYHMHHM OJHOTO 3 TEPETOKiB
MDK BHYTpPIIIHIMH KOHTypamMH o00jacTi, BCi IHIIN Ha3WBaTUMEMO
MIPOMI>KHAMH.

Tak, nns pumankis 3.18a, 3.186 ta 3.18B xapakTepHUM € Te, IO

L € minHiero BTOKy, a KOHTypH L, Ta L. — niHIAMH BHTOKY, BUIAJOK

3.1a (xJIFO90BHI) XapaKTEPU3YETHCS IIE THM, 1110 3HAYCHHSI ITOTCHITIATIB

Ha KoHTypax L. i L, piBHi. Bumagok 3.18B € KII0O4OBMM y TOMY
PO3yMiHHI, 110 TOYKa H, po3ramyKeHHs MOTOKIB CHIBNAJAAE 13 JEIKOIO
TOYKOK B, BHYTpIIIHBOro KOHTYpY L,, a Takok rpaHUYHHMM, OCKIJIBbKH

TP 301IBIIICHHI 3HAYCHHS KEPYIOYOTO IMOTEHITIANY 3’ SIBIISETHCS TEPETIK

MiHIMAQIbHOI ~BEJIMYMHM MK KoHTypamu L. Ta L, (Hagam
nozHavarumemo L. — L,, ne L. — xoHTyp-uKepeno, a L, — KOHTyp-

npuitMad).



- % % % P

Puc. 3.18. Cxemamuunee 300padicennst popmysannsi meuii npu

P < 9y <5



¢é<¢o<%2

Puc. 3.19. Cxemamuunee 300padicennst popmysannsi meuii npu

Do <P <@

Ilpn nopanbmIOMy 3pOCTaHHI NOTEHLIady KepyBaHHA ),

(Bunanku 3.18r, 3.18) nepetik L. — L, 30iab01y€THCA 10 AESIKOTO HOro



TPaHUYHOTO 3HA4YeHHS (MpOMiKHUHM BUmagok 3.18r mepexomuTsb Yy
KirovoBri 3.181 XapakTepHOIO OCOOMBICTIO SKOTO € T, IO CyMapHUMH
HOTIK yepe3 KoHTyp L, nopiBHioe Hymo). IIpomikni Bunaiaku 3.19a
XapaKkTepHi THM, IO 3HAYEHHs nepetoky L, —> L 3MeHumyerses mpu
3pOCTaHHI ¢, 1 IpU MEPEXofi A0 TpaHUYHOro Bunazaky 3.196 nocsrae
cBoro MiHiMymy. Bumamox 3.198 € mpomikamMm Mixk 3.196 i 3.19r
(kTr04UOBHiA), 76 OCTaHHIN XapaKTEePU3YETHhCS PIBHICTIO MOTEHITIATIB Ha
L Ta L,. I'pannuni Bumagku 3.18B 1 3.196 xapakTepusyloTbcs
HasBHICTIO MiHIMaJILHOTO 3HAYCHHS MIEPETOKIB 10 Ta Bill KOHTYPY HOCIsS
KEpPYHUYOTO MOTEHI[iaJIy BiJIIOBIIHO, 30KpeMa ONKCAHI BUIIE KIFOYOBI
BUIAJKH € OJHOYACHO PI3HOTO pOAY ONTUMI3AIiiHUMH IS

(yHKUIOHATY  BUTJISLY taﬁ—udeH)Xdy, ne A - dYacTHHa
A

BHYTPIITHHOT'O KOHTYPY 00JacTi.
HenoBHa Bu3HAYeHICTH TeoMeTpHYHOI KoHirypamii oOmacti

KOMIUIEKCHOro moreHmiany G, (a came, 1ii 3alexHICTE BiX

CIIBBIIHOIICHHSA BEJMYHMH TPAaHUYHUX MOTEHLIATIB @,, @ , @)

3YMOBJIIOE HEOOXIAHICTH MOOYIOBH SK aNTOPUTMIB  YHCEIHLHOTO
pO3B’s3aHHS 3a/1adi IS KOXKHOTO 13 3a3HAYCHUX BHITAIIKIB OKPEMO, TaK 1
ANTOPUTMY BHOOPY KOHKPETHOTO 13 OTMMCAHUX BHUIIE BUTIAIKIB.

Hexaii 3agana reomerpuyna koHdirypauis ¢isudnoi obnacti G,
(xpusi L., L, Ly, L) Ta 3Ha4eHHs rpaHAYHKX TIOTEHILATIB @., @ , @,

. Tomi anroput™M BHOOPY KOHKPETHOTO 13 MOXJIMBHX BHUIAIKIB (pHC.

3.18-3.19) 3anuiemMo y BUIIISII IIOCTITIOBHOCTI TAKUX KPOKIB.

of
1. Po3B’s13yemo 3anady y Bumaiaky 3.18a mpu ¢, = g. =@

df
(Bumazmok 3.19r mpu @, =@ =¢;), 30KpeMa, 3HAXOAUMO 3HAYEHHS

noreHuiany ¢, BTouni H =H, =H, =H,, 1 30u1emyemo (3MeHIIyeMo)



HOTEHIIa]l Kepylouoro KOHTypy L, Ha BeauuuHy A¢@ Taky, IO

os + AT @, (05 —APL @), 3MICHIOIYH THM caMUM TIEPEXiJ Bil
Bunaaky 3.18a mo 3.186 (3.19r no 3.198).

2. [lykaeMo pO3B’SA30K 3a4adi y NPOMDKHUX BHUIAIKax
3.180 (3.2B) mocTymoBo 30iibIIyloYM (3MEHLIYIOYM) IOTEHIial Ha
Kepyl4oMy KOHTYpPi O BUKOHAHHS PiBHOCTI (Xg,Yg)=(Xy,Yy), IO €
yMoOBOIO0 Tiepexomy Bumaaky 3.180 y 3.188 (3.198 y 3.196), Ta
3HAXOJMMO 3HAYEHHA @), :goﬁ (@, :(pk2 ), WO BIAMNOBITAE IHOMY
BUIAJIKY.

3. [locTynoBo 36UIbIIyIOUM @ (3MEHIIYIOUHM @) Ha
BeIMYMHY A¢@, po3B’si3yeMo 3azady y Bumanky 3.18r (3.19a) mo

BUKOHaHHS yMOBH Q.,+Q; =0 (PiBHOCTI MOTOKIiB B Ta 3 KEPyKHOro

KOHTYpY), sIka BU3Ha4ae BUMazgok 3.181 i 3Haxoaumo ¢, = go(lg .

3.3.2. Po3p’si3aHHsl KpaiioBux 3anad Oaratodasnoi dinbrpanii B
YOTUPU3B’SI3HUX  00JacTsAX, OOMeKeHUX JiHiAMM Teuil Ta
eKBiOTeHUiaILHUMHU JHIIMH 3 BUKOPHUCTAHHIM ineii
KBa3ikoHGOPMHUX Bino0pakeHb

IIpu moOymoBi YHCIIOBOTO
PO3B’SI3KY 3amadi JUIsl KOXXHOTO PO3MVISHYTOIO BHIIE BHUIAIKY
(dbopMyBaHHS Tedii 3 METOIO CIPOLICHHS BUKIAJOK BBAKaTUMEMO, IO

¢inpTpanis € oaHOoda3zHOW 1 MiAMOPSAKOBYeThca 3akoHy [lapci
v=k-gradp, ne k=k(xYy, ¢, 0,)—  xoedimient  dinbTpanii,
o=p(X,y) — KBa3iMOTEHITiaT IIBUJIKOCTI ¢binpTparnii
v=0,(X,y)+i-v,(XY).

[Inssxom BBemeHHS QYHKINT Teuil w =w(X,Y), KOMIUIEKCHO



CIIPSDKEHOI 0 ¢ Ta YMOBHHX po3pi3iB I, i=13 obnacti G, B31OBX
JHIA po3ainy Teuii, IO MPOXOAATH Yepe3 TOUKH «IIPU3YHNHHKW» Tedii
C=C,=C,=(X.,¥:), D=D,=D,=(X5,Yp), H=H;=H,=H,,
H=(x,,Yy), 3a1a4y AOCTIIKCHHS IPOLECY BUTICHEHHS 3BOJUMO JIO

CYKYITHOCTI 3aJa4d Ha KBaszikoH(popmHe (KOH(GOpPMHE) BiZoOpakeHHsS

o=0(z)=¢(Xy)+iy(Xy) onuoss’ssHoi obmacti szGZ\LBJFi

i-1
(mpu  HeBiZOMUX IUISHKAX 1ii TpaHWI) Ha BIAMOBiAHY 001acTh
KOMIUIEKCHOTO KBasinoTeHliany (noreHuiamy) G, abo 1o 3agaui Ha
obepHEHE KBa3iKOH(pOpMHE (xoHbOpMHE) BiTOOpaKeHHS
Z= Z(a)) = X((D,l//) + iy((o,t//) (G, — G?) npu BiaNOBiAHOCTI KyTOBUX
TOYOK 3 OJHOYACHMM OOYHCJICHHSM HEBiIOMUX (QinbTpamiiiHux
napametpiB [56]. Hanpuknan, amas Bunaaky 3o0paxeHoro Ha puc. 3.18a.
(mpu ¢, =@., K=1) BignosinHa 3amaya Ha KOHGOPMHE BiIOOpaKEHHS
G, >G, 3 nepinomumu napamerpamu (Q,, Q. oy, @c, P -
HOTEHLIAN y BiAMOBIIHUX TOUKAaX «IPU3YMHHKH», (Xo,Ye), (X4, Yy) .
(X0 ¥Ya)s (Xg:¥Ys)y (XusYum): (X5, Yp) - KOOpIMHATH KiHIUB pO3pi3iB
CH, AH, BH, DM ) mae Burisn

op Oy Op Oy

w oy o

o= 9. =0" 0l =0,

W|A2H381 - 0’ l//|A1H1C1D1M1 - _Q* ! VI|BZH2CZD2M2 - QO !

v(%,Ye) =0, v(X5,Yp) =0, v(Xy,yy) =0, (3.52)
e v(X,Y) =\/uf(x, y)+05(%,Y) ; Q :m—uydx+uxdy,
Lo

Q. = m—udeJr v, dy - MOTOKM (BENMUYMHM MEPETOKIB) BiAIOBIAHO Uepes3
L.



koHTYypH L, L., mo 3HaxomdaTbcs B Ipoleci poO3B’sA3aHHA 3a/1adl
(oueBHmHO, MmO B IOMY BHNAAKY, sK 1 Ha puc. 3.1806, 3.18B
Q +Q. =[fl-v,dx+v,dy).

0

[Ticns 3mificHEHHS YMOBHHX pO3pi3iB, OTpPHMaHy OIHO3B’SI3HY
obnacte G, =G, /(CHUAH UBHUDM) (ze CH=CH,=C,H,,
BH=BH,;=B,H,, AH=AH, =AH,, DM =DM, =D,M, pospisn,
IO MPOXOJATh 4Yepe3 Touku posauty H =H;, =H, =H,, cxomkenns
D=D, =D, Ta posxomxenus C=C, =C, niniii Teuii) Bimobpaxkaemo
Ha BiJIMIOBiTHY 00J1acThb KOMIIJIEKCHOTO MOTEHITIATY

G,=G. UG2 UHM,, G(f)z{a):(po<(p<go*,0<l//<Q;},

G’ ={a):qo* <p<@ ,-Q: <1,//<0}, H.M, :{w:goH <(p<(p*,y/=0} 3
HEBiZIOMUMHU Napamerpamu-utparamu Q,, Q. Ta moTeHmianamu @,
@c, @p Y BIANOBITHUX TOUKAX.

Bignosigna no (3.52) obepHeHa kpaiioBa 3amaya Ha KOH(OpMHe
BiOOpakeHHS Z = Z(a)) = X((D,l//) + iy((o,t//) obmacti G, ma G
3BOJIUTHCS JI0 3HAXOIDKEHHS PO3B’SI3KY X((p,y/), y(¢),t//) B G, cucremu

Komi-Pimana

y_x x__ W (3.53)

E - % "oy dp
110 33JI0BOJIbHSIE YMOBaM

f.(x(@0), Y(@,9)) =0, Q- <y <0,
f (x(@" w). (9" w))=0, Q. <y <Q;,
fo (X2, %), (20, ¥)) =0, 0<y <Qy,
f(X(9,—Q2), y(9.—Q:)) =0, f(x(0,Q5),¥(2.Q:))=0, ¢ <p<gp,
X(0,-Q) =x(2.Q)), Y(@.—Q)=Y(®.Q)), ¢ <P<@c, 9, <P<@,



X(@.—Q)=x(9,0.), Y(p,.-Q)=Y(,0.), p.<p<g,,
X(2.Q0) =x(.0,), ¥(9.Q)) =Y¥(0.0,), ¢ <@<gy,

v(X(@c.¥), Y(@e.¥)) =0, v(X(¢p.¥), Y(@5,%7)) =0,

v ={-Q.Q},
v(X(u 1), (o)) =0,y ={-Q1.0,Q;}, (3.54)
a Takox BimnmoBigHuM (3.53) piBHsHHsAM Jlammaca Ha pospizax (ans
BpaxXyBaHHsS iX pO3JBOEHHA NpH mnepexoii Bix obnacti G, mo G,) i
napametpis Q;, Q., ¢y, ¢, ¢ (WO 3a0e3Me4yOT iCHYBaHHS i

€IMHICTD BiIOOpaXKeHHs), pO3pi3iB.
Pisnunesi ananorn BigmoBimHux (3.53) piBHaHp Jlamnaca

(BukonanHs ymoB Kormri-Pimana BuMaraemo juiie B OKOJi TpaHHUIl
obmacti G?), ymoB (3.54) i yMOB OPTOrOH&JBHOCTi MPUTPAHUYHKX

HOPMAJIbHUX BEKTOPIB A0 TPAaHWYHHUX MOTHYHUX — HACTIAKIB 3 YMOB

Komi-Pimana (3anumemo ix nuine it KOHTYpY L) y citkoBiii obnacTi
G, ={(p.v))} ne

¢*+iA(p1,i:Tnl,

oy +({—-n-DAgp,,i=n+Ln +n,+1

@ +({—-n—-n,-2)A@,,i=n+n,+2,n-n, -2,
@p +(i—n,—n,—n,—3)Ag,,i=n—n,-1,n,
Apy=(py — @) (N +1), Ap, =(pc — @) (0, +1),
Apy = (pp —pc) (N +1), Ap, = (9" —pp) (0, +1),
v :{J’At/fl, j =@(¢i,w1)eGi, Ay, =Q/m,
~iAy,,i=0,m,, (p,¥;) €G), Ay, =Q./m,,

4
n=Zn,+4, m=m, +m,, n,m,m,eN, =14,
1=1



3aruiemMo y BI/IFJ'IHZ[i

A A A A
X zal[Av/ Xi+1,j+Al// Xi-l,j"‘A ? Xi,j+1+A¢ Xi,j—lJl
¢ 0. % v

+ +

A A
¢ yi,j+1+Al/(/p yi,j—lj!(3'55)

4| Ay Ay
Yij=a (_yi+1,j+myi—l,j+Al//

A,
ne  a=2ApAw(Ap Ap +AyTAYT),  Ap=(Ap +Ag,)]2,
Ay =(Ay_+Ay,)I2 (Bubip BemuuuH A@ , A@,, Ay, Ay,
BU3HAYAETLCS HANEKHICTIO By3na (g,y;) Tidl 4 immiit migzobmacti
citkopoi obmacti G/, manpuknan, skmo @ =@, i y;=0, T0
Ap_=Ag, Ap, =Ap,, Ay_=Ay,, Ay, =Ay,);

£ (%0 Yo ) =0, §=0.m,, f4(X;.Y,;)=0, j=0,m,

f*(xn,j’yn,j)zoi j:O’_m;

fFim, Yim) =0, F(Xin Vim)=0,i=n+n,+2,n—n, -1,

Xim = Xim Yim, = Yimio i=n+Ln+n,+2,i=n-n,-1n,

Xim =Xi0s Yim = Yior Xim =Xi0s Yim = Yio» 1=0,n +1; (3.56)
(A%, —3% =X, ) (Ko js1 = X0,j0) +(4Yy =3V —
_y2,j)(y0,j+1 - yo,jfl) =0, J =0, m; -1

dopMmynu s 3HAXOIKEHHs HeBimomux Bemmuud Q, Q., ¢,

(3.57)

. . L A — —

¢, ¢p 1 KOHpOPMHHUX iHBapiaHTiB J,’ :Ai’ p=L12;, 1=14,
Yo

OJEp)KYEMO Ha MiJACTaBi yMOB ,,KOH(GOpMHOI MOmiOHOCTI B Manomy”

€IeMEHTApHUX CITKOBUX YOTHPUKYTHHUKIB [56] MBOX oOmacTei:

1 eta A, . .

= - 4 n= =mAw,, Q. =m. Ay, , 3.58

(n, +1)m 2, b, +h Q =MAyy, Q- =My, (358)

p i=i4 j=0 i+1, ]

7’|p



|
re Ay, = =) i|=2n|+l,n0=0, oy =o.+(n +DAgp,,
43 r=0
2 2 .
q :\/(Xi+l,j_xi,j) +(yi+l,j_yi,j) , oo =¢ —(n, +DAg,,
2 2
b ; :\/(Xi,j+1_xi,j) +(yi,j+1_yi,j) , oy =@+ (0 +)Ag,

@ =0.5(p +@p + (N, +D)A, - (n; +1)Ag;) .

AJNropuT™M pO3B’A3yBaHHSA PI3HUIEBOI 3agadi moOynoBaHUM Ha
OCHOBI imeit OyouHOi iTepartii [58, 167] 1 mpeAcTaBIeHHNA y BHUTIISIL
HACTYIHO{ ITOCITiIOBHOCTI KPOKIB.

1. 3amaemo reomerpuuHy KoHirypauito ¢izuuHoi obnacti G,
HesiBHO a0o, 1o 3pyuHime i peamizauii Ha EOM, mapameTpuyHO;

mapaMeTpu N, —Nn, i m;, M, po30UTTA ciTkoBoi obaacti G’ ; mapamerpu

(22

HeoOXimHoi TOYHOCTI poboTH amroput™my &, 1=12 Ta piBeHb
KOH(OPMHOCTI O, BiIOOpaXKeHHSI.

2. 3amaeMo TOYATKOBE HAONMKEHHS IIIyKaHUX KOOPIHMHAT

(0)

IPaHUYHKUX BY3IB (X, yi(’oj)) Tak, 100 BUKOHYBanucs ymoBu (3.56) Ta

HaOIIKeHHS BHYTPILIHIX BY3JIiB riApoArHaMivHOT CITKH,
BUKOpUCTOBYIouM  (3.58), po3paxoByeMO BiAMOBiAHI  KOH(POPMHI
inBapianTy i HeBigomi Butpatn Q,, Q. .

3. Yrounroemo 3a Qopmymamu (3.55) KOOpIWHATH BHYTPINTHIX

(k)

. K . . .
BY3IB (X , yi(, j)) (3 METOIO MPUCKOPEHHS MIBUIKOCTI 301KHOCTI BCHOTO

MPOIeCy i €KOHOMii MAIIMHHOTO Yacy BHKOPHUCTAEMO JIHINE TEPITHIA
iTepariifHuii Kpok), MPHU IBOMY BPaxOBYEMO IEPIOJUYHICTh ITYKAHUX
(hyHKITIHA.

4. «lligmpaBmsiemMo» TpaHW4YHI By3IHW (32 yMoBH (Dikcartii

HaBKOJIMIIHIX TPaHUYHUX Ta TNPUTPAHUYHUX), BHUKOPHUCTOBYIOUH



pizHuLeBi ananord ymoB tumy Komri-PiMana (yMOBH OpTOrOHAJIBHOCTI)
aHajoriggo jo [56].
5. BukopucroByroun 3HadeHHS KOHGOPMHHX iHBapiaHTiB (3.58),

3HaXOJMMO HOBe HaOmkeHHs BennunH Q,, Q. 1 ¢, ¢, @y, AKIIO iX

3MiHa 3a OCTAaHHIO IIPOBEJCHY iTepalilo OinblIa &, TO NEPEXOIUMO O

m.3.
6. 3HaxoaUMO BEIMYMHHA 3MIIICHHS BY3/IiB Ha TpPaHUI 3a

MIPOBEICHY é - Ty 3arajbHy iTepariiro

_ (€) (6-1)y2 (€) (6-1)y2 H
S= rTIh’a}X\/(X,J =X )+ (Y] —Yi; )" - Sxuwo BoHa Ginbla 3a &,, TO

nepexoAnuMo 10 1.3 1iHaKile OLIHIOEMO CTYMiHb KOH(OPMHOCTI
5=+62+5; oTpumanoro BimoOpaxenHs, ne 0,0, — HeB A3KHU

anpokcuMallii piBHsHb (3.53):

n-1,m-1

0, = max
i,j=1

i = X0 ) =7 Vi jr — yi,j—l)‘!l =14,

n-1,m-1

J, = max
i,j=1

) =
Yierj = Yia ) 77 (% joa = Xi,jfl)‘! p=12

Sxmo & = J., TO 301NBIIYEMO KiTBKICTh BY3IiB PO3OUTTS CITKOBOT
obmacti G/ (mpm 1BOMY HaMaraeMocs CIIBBIJHOHIEHHS MK

napamerpamMu po30HTTA obnacti BUOMpaTH Tak, 100 citka G’ Oyna

OJIM3BKOIO0 7O KBaApAaTHOI) Ta TMEPEXOAMMO A0 I1.1, iHakme — KiHeIb
pobOTH anropuTMy, 3aJada po3B’s3aHa i3 HEOOXIAHOI TOYHICTIO. Y
BHUIManKy OaratodaszHoi QinpTpartii 0 MOOYIOBAaHOTO aJITOPUTMY
HeOOXiTHO JOJaTH 1€ OJWH KPOK Ha SKOMY IPOBOJIUTHCS MEpepaxyHOK
PO3MOJIly HACHYCHOCTI IMOPUCTOTO CEpPENOBUINAMH KOXXKHOIO 13 (a3,
AHAJIOT1YHO SIK 1Ie 3p00JICHO B MiAPO3IiTi JBa.

HaBenemo myis mpukiagy TiApoauHamiuHy ciTky puc. 3.20
nmoOyI0BaHy y pe3yJsibTaTi po3B’si3aHHsI 3a7adi s BUNaaky 3.18a, koiu
3HAa4YeHHsI MMOTEHIiaTy KepyBaHHS CIIBIaJa€e 3 3HAYCHHSM HA OJHIA i3



cBepmioBuH (@, =¢. =0, =1) mns obnacti OOMEKEHOI TaKUMH

KOHTYpaMHu:
L X. (t) =0.3cos(t) + %, L X (t) =0.3cos(t) + X,
Y. (t) =0.3sin(t) + ¥., y (t)=0.3sin(t) + §,
X" (t) =0.3cos(t) + %, , L x(t) = R(cos(t) +acos(at)),
y"(t) =0.3sin(t) + §,, y(t) =R(sin(t) —bsin(t)),

% =-0.9, V. =-0.9,
%o =—0.9, §,=0.9,
~ 4 @y =0.056, 9. =0.08L,0,=0783 K =1.2,§ =0,

¢y =0.056, 9¢ =0.069,p =0777 % = -12, % =1 RL32a-01b=0la-2, £=2,
R=32,a=0b=0,a=0,3=0, X =12y =0, Q;=0.88, Q:=0.88

Puc. 3.20. Tpu ceeponosunu 6 20pu30HmManbHoMy niacmi (2i0poOUHAMIYHI

cimku npu po3éummi Ny x Ny x N, x Ny x N, xM, xM, =1x1x2x30x 7 x45x45)

Sk i cnix Oyso Oo4iKyBaTH y BHIIaJKaX PO3TallyBaHHs CBEPIJIOBHH
300paskenux Ha puc. 3.20 3Hauenns Butpar Q, = Q. piBHi, 10 3aranom
noB’si3aHO 13 cuMmetpieto obnacti. Kopuctyiouncs po3pobiieHuMu
JIropuT™MaMu Ui moOyOBU TiAPOJMHAMIYHUX CITOK Ta QopMylamMu 3
MorepeIHixX naparpagiB TakoK O0YyJI0 MPOCHIIKOBAHO 3MiHY MOJIOXKCHHS
TPaHMIll PO3JUTY B 3aJEKHOCTI BiJl 3MIHH 3HA4YeHHS KEPYHOUOro

HOTEHLialy Ta KOOPAUHAT LEHTPY HOro Hocis (KOHTypy L,) BiXHOCHO

THIIUX CBEPJIOBHH.



3.3.3. Y3araabHeHHsI MeTO/liB KOMILIEKCHOTO aHAJIi3y MO/IeJTIOBAHHS
npoueciB BUTiCHEHHSl Ha BHUNAJKHU iCHYBaHHSl B ILIACTI BeJHKOL
KiJIbKOCTi CBePIJIOBHH

B nBox momepemnix maparpadax po3TISHYTO 3amadi BUTICHEHHS
IpU HAsABHOCTI B IUIACTI TPHOX CBEPUIOBHH. YXKE y IbOMY BHIAIKY
BUHHKAIOTH Pi3HI CUTYyaliliHi cTaHN OpPMYyBaHHS Tedii B 3aJI€KHOCTI BiX
PO3MIIIIEHHS CBEP/VIOBHH Ta 3HAUYEHHsI KEPYIOUOTro MOTEHIIiay Ha OJHIH
i3 HUX, 1[0 BUMara€ MoOyJOBH ajirOpUTMIB BHOOpPY TOTO YU IHIIOTO
BUNanKy  ¢opMmyBaHHS ~ Tedii 32  yMOB  3aJaHHS  TEBHUX
XapaKTEePUCTHIHUX TapaMeTpiB. [Ipore 31 30UIBIICHHSIM KUTBKOCTI
CBEpUIOBHH B IDIACTI Ta XAaOTHYHICTIO IX pO3TallyBaHHS 3HAYHO
YCKIIAMHIOETBCS HE TUIBKH alNTopuTM BHOOpY, aje i cama o0iacTh
KOMIUIEKCHOTO KBa3iMOTEeHIIaITy.

B 3B’3Ky 3 MM BUHHKA€ HEOOXiAHICTh BBEACHHS MEBHUX MPABUIT
CTOCOBHO pO3MILICHHSI CBEPAJIOBUH (30Kpema, TpaBWJI 3arajbHOl
cxeMaru3allii po3poOKH IacTa), 10 3ade3neuyBaidi O MOMKIIHMBICTh
mpoctoi aganTamii po3poOJEHMX BHILE AITOPUTMiI PO3B’S3yBaHHS
BIMMOBiAHUX (impTpamifHMX 3aad 1 Ha 1 BHMAAKHA. ToMmy, B
momajpioMy OyaeMo BBakaTH, MO0 B IUIACTI  OOMEXEHOMY
HEMPOHUKHUM 30BHIIIHIM KOHTYpPOM, CBEPIJIOBHHH pPO3TallOBaHI B
TOPU30HTAIBHUX KPUBONIHINHUX PSNIaX, TEPETOKH MiXK SKHUMH BiACYTHI,
KBa3iMOTEHI[ial ¢ Ha HarHitaipHuX (®) 1 ekcruryaraniiiHux (O)
CBEp/UIOBMHAX € 3aJaHMM, i BiJIMOBiJHO piBHUH ¢, Ta @ (IMB. pHC.
3.21). Ilicns BBeAEHHS TAaKOro POy CXeMaTH3amlii po3poOKH Tacta
mpoaHamizyemMo sk Oyme 3MiHIOBaTHUCS 007acTh  KOMILIEKCHOTO
KBa3iMOTEHITIaTy TIpH 301IBIICHH] KUTHKOCTI PSIIiB Ta CBEPIOBHH B ITHX
psanax. Jmsg mpOro PpO3MIISTHEMO OJWH 13 TPOCTINIMX BapiaHTIB, M0
MiTagae mia BKa3aHy CXeMaTH3allifo, a came KOJH INIAacT po30ypeHuit

psAgaMu, MO0 MICTATH JIMINE TPW CBEPIJIOBHHH, JBI €KCIUTyaTamiiHI Ta



OJHY HarHiTajubHy (IuB. puc. 3.22). SIK MOXHa IOTITH BXE y LBOMY
BHITAJIKy 00JIACTh KBa3IMOTEHINIATY € JOCUThH CKJIATHOIO, TPOTE BOHA Mae
Ty 0COOJIUBICTD, IO ICHYE TIEBHA MOIOHICTL B CTPYKTYPI MigobmacTeit 3
SIKAX BOHA CKJIaJa€Thes. Tak HapHKITAI, KOJH i po3pi3aT B3IOBXK JIiHIl
S¢Ts, Mu oTpuMaemo JiBi noaiOHi migobaacti. Takoro pofy moaiGHicTh
JI03BOJISIE 3HAYHO CIIPOCTUTH SIK IOOYAOBY OOEpHEHOI 3ajadi, 30Kpema,
3amuCc TPaHWYHMX YMOB Ha BIAMOBITHUX TUISHKAX (QUIBTpAiHHOL

00J1aCTi TaK 1 aNTOPUTM ii PO3B’ I3yBaAHHS.

Puc. 3.21. 3acanvna cxemamusayin po3mauty8anHs cepoio8uH 6 niacmi

JocuTh dYacTo B Takux psalax Ha OJHY eKCIUTyaTalliiHy
CBEPUIOBUHY MOXE TPUMANATH JCKiIbKa HArHITAILHUX, EHTPU SKHX
po3TamoBaHi Ha ONMHIA TpsAMid (AuB., HampukiIam, puc. 3.23), ToMy
MPOCIITKYeEMO K Oyme 3MIHIOBAaTHUCSA 00JacTh KOMIDJIEKCHOTO

KBa3iMOTEHIIIATY 1 B IbOMY BUIIAAKY.
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Puc. 3.22. Dizuuna obracme ma 8i0nogioHa 0b1aCmb KOMNILEKCHO20
Keasinomenyiany
Jnsi yHUKHEHHS TPOMI3IKOCTI Yy BIiANOBIIHUX pHUCYHKax Ta

3MEHIIICHHSI 3aHATOTO0 HUMHU MPOCTOPY MOOYIYEMO X JIWINE Y BUITAJIKY,
KOJIM Ha OAHY €KCIUIyaTaliiHy CBEPIJIOBHHY IPHUIAaac ABI HATHITAIHHI
(puc. 3.22), sk MO’KHA TIOMITHTH 3arajbHa MOMIOHICTh €IEMEHTIB 3 SKUX
CKJIAZIA€THCS 00J1aCTh KOMIUIEKCHOT'O KBA3iMOTEHITIaTy HE 3HUKA€E. Takum
YUHOM, 30UTBIIYIOYM KITBKICTh KPUBOJIHIWHUX pAOIB y IDJIAcTi
BIANOBIAHY 3aJady 3 JIETKICTIO PpO3B’A3YEMO BHKOPHCTOBYIOUH
po3po0biieHi y monepeaHix naparpadax alropuTMH Ta MoOyJoBaHI Ha ix

OCHOBI TIPOTrPaMHi KOMIUICKCH.

[vs)

o o A o m o mm\‘w S

N

A

Puc. 3.23. Cxemamu3zayisn po3smiujenHs c6epoiosun



3rigHo 3 moTpebamMH MPAaKTUKU KUTBKICTh CBEPAJIOBUH Y TpoIeci
PO3pOOKH MPOIYKTUBHUX IUIOMT 3 YaCOM 301IBIIYETHCS, TO 1€, B CBOIO
gepry, BUMarae 301IbIICHHS KiJTbKOCTI CBEPIJIOBHH Y 3aIllpOIIOHOBAHIN
cXeMi B KO)KHOMY 3 PSITiB, MOXJIMBO, B JIEKUJTbKA pa3iB.

[Ipu mmeoMy 0071aCTH KOMIUIEKCHOTO KBa3iMMOTCHITIATY Gw (mmB.,
Hampukiaza, puc. 3.24) € 0araToauCTOIO, JIUCTH SKOI CKJIATAIOTHCS 13
CKIICEHHX MK c000I0 BHYTpilIHOCTel npsMokyTHUKIB AA,BB,,
B,B,C,C,, N,N,CC,, DD,TT,, D,DTT,, TTAA, sxi €
nmpooOpa3aMu BiAMOBITHUX KPUBOJIHIHHUX Mifgo0iacTeil o0sacTi GZ.

Takoro Tumy cxemaru3zallis IIacTa BHMara€ po3poOKH KOMILIEKCHOTO
MiIXOTy A0 TIOCTAHOBKH BiATIOBIIHHX 3a/a4 Ta MOOYIOBU aJTOPUTMIB iX

pO3B’s3yBaHHS.

¥ @ ¥ D, M, K, Ly (m)T

Puc. 3.24. @izuuna obracmos ma 6ionogioHa 0o1acmv KOMNAEKCHO20
Keasinomenyiany

Jlis 3py4YHOCTI BHKIIQJIOK OKPEMHX
(parMeHTIB  TIPOIIOHOBAHOI ~ METOJMOJIOTII  PO3TJISTHEMO  CIOYaTKy
MPOCTIMMIANA ~ BUMAAOK, KOJM TUIACTOBI  PSAOM  CBEPIVIOBUH €
MIPSAMOJTIHIHHIME, PO3MIIICHI CUMETPHYHO 1 Ha OMHY EKCILTyaTaIliiHy

CBEpAJIOBUHY NpUMAJae JAeKiibKka (N, ) HarHiTanbHuX (puc. 3.25a).
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Puc. 3.25. Cxema po3pobxu niacma npamOomiHiuHUMU PAOAMU HACHIMATLHUX |
EeKCHIIYAmayitiHux c6epONoGUH (a) 3 BUOLLIEHUM elleMeHmoM cumempii (0)

3 ormgay Ha CHMETPII0 PO3MIMICHHS CBEPAJIOBHH MAaEMO
MOJKIIMBICTh BUAIINTU eneMeHT G, € G, , Mo MiCTHTh N. HArHITaJIbHUX

CBEpUIOBHH Ta OJHY eKcIUTyaTawiiny (puc. 3.256, ne d =2n.(r° +a),

r0

— paalyc HarHiTalbHHUX Ta eKCIUTyaTalliiHUX CBEPAJIOBUH, a —

MOJIOBMHA BiJICTaHi MiK HarHITAILHUMM CBEpAJIOBMHAMH, N — BifcraHb

MK pSAIaMH HaTHITAIRHUX Ta eKCIDTyaTalliiHUX CBEPIOBHH, N, =4).
3akoH pyxy Ta  pIBHSHHSA

HEPO3PUBHOCTI Teuii, 3amucaHi BIIHOCHO KBa3iMOTCHIIIaMy IIBHIKOCTI

obinerpamii @ = (X, y,t)=—p(x,y,t)+p (p(x,y,t) — Tuck B TouUIl

(X,y) B MoMeHT yacy t, P — JesKe XapakTepHe HOro 3HAYEHHS), 3T1THO

3[15, 20, 36, 121] mogamo y BUTIISAIIL:

) :k—k'gradgo, 0%+divﬁ, =0,1=12, s +s,=1,
H ot

ae  S(x,y,t), S,(X,y,t) — BIiINOBIZHO HACHYECHOCTI HOPUCTOTO

cepenoBuina HadTO i BOJOO B Touli (X,Y) y MOMeHT 4acy t (TyT i

Hagami vac t Ta iHmi BenuuuHH € Oe3posmipuumu); o, K -

KOeilieHTH MOPUCTOCTI Ta aOCONIOTHOI MHPOHUKHOCTI IPYHTY;



ki =ki(s), k2 =k2(S) — BimHOCHI (ha30Bi IPOHUKHOCTI (S=S,); U, 44
— BEKTOp IIBHAKOCTI Ta koedimienT B’s3kocti |—i ¢asu. 3Bigcu 3

ypaxyBaHHAM CyMapHOi MIBUAKOCTI U =0, +0U, GilbTpamiiHoi Tedii

MaeMoO
divo=0, 5=k(s)-grade, o-§+uxﬂ+uyi:0,
at *ox Yoy
e £(s)=—— ,ulkz(s)~ K(s) = kk1(3)+kk2($).
ORI O) t Hy

Beaxaemo, mo Ha HarmitaneHmx L, i excrutyaramiiimmx L

CBEPVIOBUHAX MIATPUMYIOTHCS IMOCTIHHI THCKH (KBa3iMMOTCHITIANH, IIIO
BiJINOBIiJAIOTH M, TIO3HAYMMO 4Yepe3 ¢, Ta @ ), iHII JiTSHKM IPaHMII

obnacti G, € uniHisIME Tedii, B3AOBX SKUX, 30KpEMa, MalOThb MiclLe

piBHOCTI S| _2¢ _%¢ =0, ne L' ={z=x+iy:
onjponf. onf
£ (x,y) =03 ={z: x=r’cos(z) + h, y =r’sin(z) + b +r°, %sfs%”

, I::AljuljDuDBoz{z:[(x,y)=0}, AH={z:x=0,0<y<a},
L, ={z: f,(xy)=0, g=Ln}={z: x=r"cos(z), y=r’sin(z)+

+(2g-D(@+r?), %STS%}, HD={z:y=0,0<x<h},

L=A, HUHCUCB, ={z: f(x,y)=0}, DB,={z:x=h,0<y<b},
L= Lnj A LH AL CB, ={z:x=h,b+2r’<y<d},
u=2

A, LH AL ={z:x=0, 2u-D(@+r’)—a<y<2u-1)(a+r’)+a},
A, H={z:x=0,d-a<y<d}, HC ={z:y=d,0<x<h}.

[MouaTkoBuil pPO3MOMIT HACHYEHOCTI B TIUiacTi 1 1i 3HA4YCHHS Ha



HarHITAJBHUX  CBEPJ/UIOBMHAX  TIO3HAYMMO  BINOBITHO  Yepes
s(x,y,0)=8(x,y) i s=5..

Amnanoriuno, sk y [47,48, 75, 77], BBiBIIM (YHKIiIO Tedil
KOMIUIEKCHO CIIPsDKEHY JI0 ¢, 33aJlaya Ha MOOYIOBY TiIpoJuHAMiIYHOL
CITKM, BiIIyKaHHS (iNbTpaliiiHOI BUTpaTH Ta IHIIMX XapaKTepHHUX
bimpTparitnux mapamMeTpiB 3a 3HaWmeHHM ((IKCOBaHMM Y JaHUH

MOMEHT  dYacy) TIIOJIeM HACHYEHOCTI  3BOJUMO  JO  3a;adi
KkBasikonpopmHoro  BimoOpaxenns — @=w(z)=@(X,y)+iy(Xy)

O7HO3B’A3HOI obmacti G, Ha BIANOBIIHY O001aCTh KOMILIEKCHOTO

n. n=1_
kBazinorenmiany G, = UG, u U L
g=1 9=1

k(s)a"’ aa"y” ()g;” aa—"x’,<x,y)er,

(/)|Lg =P ¢|L* :(0*, l//||: =0, l//||: :va (359)

l// AZu—ZHu—lAQU—l - Qu_l,

Js kaf[a(pas 8_(068]

ot o os

ox Ox 0y oy
fe (x,y) =\JUE(x,Y) +02(x,Y) , Gy ={0:0. <p<¢’, Q <y <Q,},
L ={oipy, <o<¢'w=Q} Q=0, Q-Q =[f-vd+vdy -

L,

. 8| =s., 8, =5(xy), (3.60)

9

g
HEBiJIoMa BHTpaTa.

OGepreny nmo (3.59) kpaiioBy 3amady KBa3iKOH(GOPMHOTO
BiJOOpakeHHs Z=Z(m)=X(¢,y/)+iy((p,l//) obnmacti G, Ha G,, a
TAaKOXK (SIK HACTIIOK) pPIBHSHHS AJsl AIMCHOT X=X((0,l//) 1 ysBHOI
y= y((o,y/) YaCTUH XapakTepucTH4yHoi (yHKUii Tewii 3amuiieMo y

BUTJIAIL



-0y _OX = OX oy
k— L k=—==-"2 (o, G,, 3.61
e (p.w)eG, (3.61)

f(x(9,0), y(¢,0) =0, F(x(¢.Q.).¥(2.Q.) =0, p.<p<¢’,
fo (X(@9), Y(@ ) =0, Qg Sy <Q,
X (9.Qu1) =0, 2(g-D(@a+r’)-a<y (p,Qy) <Yy,

X, (9.Qy4) =0, Yu,, Y. (0.Q)<2(g-D@+r’)+a,
(/7*S¢7S¢7Hg_l’
(X0 w). ¥ w)) =0, 0<y <Q,, g=2n., (3.62)
O (g, 01X g O (N, O[L¥ ) 4 (369
ow\ oy ) Opl\k dp oy \ oy 8(0 k d¢
Buxopucrapmu BiJIITOBITHI dhopmyau epexoay
_Oox oy X9y o_1y o0 1oy 0
dp oy oy dp’ X Jowop Jopoy'
o_1oxo 1ox o 99 _19% 9p_ 1x
oy Jowdp Jopoy' ox Joy' oy  Joy'

8_1//: —lﬂ v =£%, ymoBH (3.61) 1 hopmynu st OOUNCIICHHS
OX Jop oy Jop

. . k oy k o
KOMIIOHEHT CYMapHOi MIBUAKOCTI U, = ——, Uy =— —,
J(p.w) oy J(p.y) oy
3ajady 115 HacuaeHocTi (3.60) nepenuieMo Takx:
os_ v ot os (3.64)
&t ok ésop’ '
s(x(¢-.¥), Y(p ) 1) =5,
s(x(¢.¥), Y(@.y),0) =S(x(@.y), Y(9.¥)) (3.65)

ne piBHaHHA (3.64) € (aKTUYHO MPOCTOPOBO OJHOBHUMIPHUM, aiDKe

3MIHHa | TyT BXOIWTHh $K TMapaMeTp. BBeneHHS TakuM YHHOM



(IKTUBHOTO  KOMIUIEKCHOTO  KBa3iMOTEHIialy 3  HACTYIHUM
BUKOPHUCTAHHAM il MeToay KBa3iKOHQOPMHUX BigoOpakeHb Ta
MIPOIIEYPH TOETAIMHOI (ikcamii pi3HUX XapaKTEPUCTHK CEPEIOBHINA 1
IpoLeCy CYTTEBO CIPOLIyE 3arajibHy CTpATeriio  pO3deIUIeHHS
AITOPUTMY PO3B’SI3aHHSA BHUXITHOI 3amadi — MOJAHHS WOTO y BHUTIIAII
OJIOKiB, IO BUKOHYIOTbCA OJMH 32 OAHUM LUKIiuHO. CrouaTky 3a
(iKCOBaHMM  PO3MOJIIOM HACHYEHOCTI S  PO3B’S3yeMO  3a4ady
KBa3iKOH(POPMHOTO BimoOpakeHHS: OyAyeMO TiIpOgUHAMIYHY CITKY,
XapaKTepHi JiHil po3aiiay Teuii, 3HaX0AUMO KBa3iMOTEHINAl ¢, BUTPATy
Ta iHmI HeBimoMi ¢imbTpariiini mapamerpu. IloTiM 3a 3HaACHEUMH
¢GiTbTpalifHUMU  XapakTepucTUKamMu 3rigHo 3 (3.64) 3HaXoIuUMo
MEePepo3NOoIil HACHYSHOCTI Ta TMEPeBIpSIEMO YMOBH 3YMUHKH MPOLECY
o6uncnens. OAHI€I0 3 HUX MOXe OyTH YMOBA MEPEBUILEHHSI JOITyCTUMOT
YacTKM  BUTICHAIOYOI  DPIAMHM B MPOAYKUIl  eKcIuTyaTamiiHOi
CBEPUTOBHHH.

OdeBHuHO, MO PO3B’A30K BIAMOBITHUX 334ad MPO IMOOYAOBY
TiAPOMWHAMIYHOI CITKM Ta BIIIIyKaHHS IOJII HACHYEHOCTI JO3BOJISIE
CIIPOTHO3YBAaTH TEeMITM OOBOIHEHHS EKCIUTyaTallifHUX CBEPUIOBHH Ta
BU3HAYUTH OCOOJIMBOCTI €KCILITyaTallili TOr0 Yd IHIIOTO POJOBHINA 3a
YMOBH 3allPOCKTOBAHOTO PO3MIIIEHHS CBEpAJIOBUH. Y IIMX YMOBax
BUHUKae TpobjeMa  onTuMiszaimii  BijgOopy HadTu  (30Kpema,
MaKCUMi3yBaTH il Bifi0ip 3a yMOB MiHiMi3awii 00’€My HarHiTaHHS BOJAN).
Amnanoriuno gk y [70], akTyanpHOO € 3a7jada ONTUMIi3allii IePeTOKiB Mixk
PO3MIIIEHNMH 3TiIHO 3 TPOEKTOM CBEPUIOBUHAMH IIPH KepyBaHHI
3HaYeHHSIM ITOTEHIlIaTy Ha OJHIH 13 HUX.

[Ipote mocuTh yacTo BUHHUKAE MOTpeda PO3B’sI3aHHS 01T IIUPIITIX
3a/la4y, KOJM, KpIM TMPOrHO3YBaHHS Ta BU3HAYCHHS OCOOJIMBOCTI
eKCIUTyaTallii CBEp/UIOBMHH, TAaKOX HPUXOAWUTHCS BCTAHOBIIOBATH IX
ONITUMAJIbHE PO3MIILIEHHS, SIKE 3a/I0BOJBHSLIO O Ti M iHII Kputepii. Tak,
Ha MiJICTaBl PO3IJISHYTOI BUIIE 3arajbHOI MOCTAHOBKY 3aJ1a4i KepyBaHHS

MPOIIECOM ONTHMi3allii BUAOOYTKY HapTH Moxe OazyBaTHCh Ha



BCTAHOBJIEHHI 3B’A3Ky JIMIIE JBOX IlapaMeTpiB a Ta b, mo
XapakTepu3yloTh  BiANOBIAHO  PO3MIlIEHHS  HArHITAIBHUX  Ta
SKCIUTyaTallifHUX CBEPJJIOBUH Ha PO3POOIIOBAHMX IUIOINIAX, 32 YMOB
cranocti h. Toxi npu 3amanux a Ta h craBuThes 3amava migiOpaTu
TaKke 3HAYEHHs BEIMYMHH D, 100 XapakTepusye IOJOKEHHS
eKCILTyaTaliifHoi cBepUIoBUHM, 106 uyac npopuBy t=f Bomu g0
eKCIUTyaTaliifHol cBepwioBnHE Ta 00°eM Hadtn Q, =Q,(a,b,h,f) Gymu
MaKCUMaJIbHUMH, a B HAcTymHi MoMeHTH dvacy t>{ 06’em Bomm

Q =Q(ab,ht) B cyMapHii BUTpATI
Q=Q(a,b,ht)=Q, +Q, = m—uydx +ou,dy OyB MiHIMaJIbHUM.
v

BaxnmBuMH Takox € 3a1adi ONTUMI3alii BUTPAT HA IEBHOMY MPOMIKKY
qacy.
HenoBHa Bu3HaueHiCTh TeOMETPUYHOI KOHirypamii obnacTi

KOMIUIEKCHOTO KBasinoreHmiany G, (i1 3aleXHICTh BiJ BEIUYUH

napameTpa D) 3yMoBIIOE HEOOXiAHICTH MOOYHIOBM SK aJrOPUTMIB
YUCIIOBOTO PO3B’SA3yBaHHS 3a7avi sl KOXKHOTO 13 3a3HaYCHUX BHITAJIKIB
OKpPEMO, TaK 1 «alnropuT™My BUOOPY», NPHU3HAYCHOTO Uil BUOOPY
KOHKPETHOIO BHMIAAKy. B 3aleKHOCTI Bij 3HaueHHs mapamerpa D Ha
OCHOBI ~ CBPUCTHYHHUX  MIpPKyBaHb 3  HACTYIHHM  JIOTi1YHUM
OOTpyHTYBaHHSM HaMH BCTaHOBJICHO yCi MOXJIMBI  BHITaJKU
(hopMyBaHHsI 00JIacTi KOMIUIEKCHOTO KBa3inoreHiany. Tak Ha puc. 3.26
300paykK€HO YOTHUPH OJHOTHITHHUX i3 HUX, IO BIAMOBIAAIOTH 3HAYCHHSIM
b<d/2-r° (y Bumamxy, xomu b>d/2-r°, dopmysamms obmacti
KOMILUIEKCHOTO KBA3iMMOTCHIIIATY € CHUMETPHYHUM IO IO0YIOBaHUX).
OcoOnmuBHiA  IHTEpeC CTAaHOBIATH BHUMNAAKH (Ha3WBaTUMEMO  iX

«KITIOYOBUMH»), SIKI XapaKTEpH3YIOThCS PIBHICTIO KBa3ilOTEHIaliB B

toukax H, (X, .Yy ), 1=1n -1, «cnipusynunkm» reuii.



V 3aranpHOMY BHUNAAKy (A7 IU1acta, 300paKeHOro Ha puc. 3.24)
ITOCTAaHOBKA 3aJad YCKIAIHIOETHCS depe3 HEOOXiTHICTh 3alaHHS YMOB
JUIT  BU3HAYCHHS  XapakTepHUX JIHIA  po3mury  Tedii, TOYOK
«TIPU3YNIAHKWY, BEIMYWH PIi3HOTO poxy mneperokiB [70], a Takox
KOHCTPYIOBAaHHS CXEM CKJICIOBAaHHS MK CO0OI0 TPSIMOKYTHHKIB, IIIO
YTBOPIOIOTH OaraToimcTy 00JacTh KBasinmoTeHmianxy Tomo. IIpu mpomy
MOJKJIMBI, HANPUKJIAJ, TaKi THUIH KOHKPETU3allil MOCTAHOBKU BUXI1JIHOL
3agadi. 1. 3a BiJOMUMHM KOOpAMHATAMH LEHTPIB CBEPIUIOBHH 1
MOTEHIliaJlaMy, 33JlaHUMH Ha HHUX, 3HAWTH TiIpOAWHAMIYHY CITKY,
3HAYCHHsI BUTPAT HAa HATHITAILHUX Ta €KCIUTyaTal[iiHUX CBEPIJIOBHHAX
(mampukman, Q=Q,-Q, = Dj -v,dx+v,dy), KoopaMHATH ~ TOHYOK

Ak
MPU3YNHHKW», TOJS KBa3iMOTCHINAy Ta HACHYCHOCTI 1 ITOJIOKCHHS
KpUBUX, M0 PpO3AUIAIOTh MOUISHKKA  BIUIMBY 3TaflaHUX  BUIIE
KPHUBOJIHIAHUX PAAiB. 2. 3a 3aJaHUMHU BX1THUMH TTapaMeTpaMH BKa3aTH
YMOBH PO3TAIllyBaHHS CBEPIJIOBUH y KPHUBOJIHIHHAX psaax, sKi
3abe3nedyBany O BIICYTHICTh TMEPETOKIB MK psSAaMH Ta ONTHMAJbHI
BapiaHTH BiZOOPY HA(TH.

¥ 14 14
9w &8 %m 8 Ym 8 2
H B | 4H i B 4 H | B
g 4 5 B g . gl Lt
4 4 ¢ i
4 M B 4 CmE 4 " HA
A a| Yn G4
 H B 4 H. B 4 [ H B
Qrag— 1 =" Q= 9
4 Be|la . Ble |4 B
RO @ B Inlaln @ R oy —Tng
a) 0) 6)

Puc. 3.26. Pizni gunaoku ¢popmyeants 001acmi KOMNJIEKCHO20 KBA3INOMeHYIany
8 3A71eIHCHOCMI BIO NOJOIICEHHS eKCHIYAMAYIUHOL C8EPONIOBUNU 6 eleMeHmI
cumempii subpanoi cxema po3pooxu niacma

AnTopuTM BHOOpY TOTO YH IHIIOTO 13 BUTIAAKIB (30KpeMa, 00J1acTi
KOMILJICKCHOTO KBa3iMOTEHIIaTy) B 3aJIe)KHOCTI BiJ 3Ha4eHb Mapamerpa



b Gymyemo, sx y [70]. Cnouarky po3B’sA3yeMO KJIIOYOBY 3aiady y

def
Bunanky, komu b=b,=d/2-r° (mmB. puc. 3.26a), mpu 1BOMY

3HAXOAMMO BCIMYMHYU NApaMeIpiB @y =@y , @, . Hani nocnigoBHo
PO3B’sI3yEMO Cepil0 MPOMDKHUX 3ajad, L0 BigNOBiAaloTh pHc. 3.260,
npu b=b, =b,—Abi (i=0,12...), re Ab - mocratHpO Mane gogaTHE
YHCIO  Take, WO @y >@y >¢, , IOKA BUKOHYETbCS YMOBa
|, =@, > &. Kom x |, —¢, |<&, T06TO 0y ~ ¢ (BinmoBizHE
3Ha4yeHHs D Tomi mosHaummo uepes b°), MaTMMeMo HaGMIKEHHSA
PO3B’s3KY 3a7ayl y KIIOYOBOMY BHMAAKY, 300paKeHOMY Ha pucC. 3.26B.
[pu nopansiiomy 3meHmenHi b, noxnamarouu b=b =b°—ib®/m,,
iz(l_m, m.eN, orTpuMyeMo cepil0 TPOMDKHHMX  3aJad4, M0
BIJIMTOBIIal0Th BUMAJKY, 300pakeHOMY Ha puC. 3.26T.

Bysnu (¢, ;) citkoBoi obnacti G, BU3HAYaeMO Tak:

(28 +iA¢’1gi i:0,n19, A, :((DHg _(/’*)/(nlg +1),
qD. =
w0 —DAGE, i=nf L, Agf = (9"~ gy, ) /(] +1),

g-1 g
w! =J'Al//g,1=§m.+g—1,§m.+g—l, (o v?)eG?,
A’f’/g:(Qg_Qg—l)/mg'g:1’_n*'Qo:Oimozov
Po
n=n’+nd+1, m=>m+n-1, m,n’,nfeN. Pisusnus (3.63)
1=1

arPpOKCUMY€EMO, BUKOPHCTOBYIOUHM METOJl CKiHUYEHHHUX 00’eMiB [25],
HACTYITHAM YHHOM:

X j :(anxi,j+1+ain,j—1+ani—1,j +ax )/ap,

s N+, j

(3.66)
Vii=@Yiatayijatayia; taYia)/a,,



re X =X@awg) Vi =Yienyg), a”zk”A_% as=ksA_l//,’
Ay Ay
= , ag = , a,=a,+a,+a,+a,, Ap=(Ap +Ap,)/2,
v kAp ' " a,, Ap=(Ap_+Ap,)
Ay =(Ay_+Ay,)]2, Ky = 2K, K o (6 K ),
ko =2k, koo (ki ki), K =05(k 7 +kE ), Kt =05k +k3 ).

Bubip Bemuuun Ag , Ap,, Ay , Ay, BHU3HAuUa€ThCA HAIEXKHICTIO By3/a

(p,w]) 7ttt un immili migoGmacti citkosoi o6macti G, [70].

w

Hanpuknazg, skmo ¢ =@, , l//jg =0, 10 A@ =A@, Ap, =Agp,,

Ay, =Ay,, Ay_=Ay,. Anpokcumauii KpallOBUX yMOB 3aIMIIEMO

TaK:
. gt Y
fg(XO,j’yO,j)ZO’ Jzzm| +4g _1’zm| +0-1
1=0 1=0
f*(xn,j'yn,j)zoi j:0,m
iy, =00 20 D@+ 1) =85 Yo Yy oy =391

Xim, =0 Vi, < Vim, <2(g-D(@a+r’)+a,i=0,n n,

F (0 ¥i0) =0 F (X Vi )=0,i=0,n, j=0,m, g =2,n. . (3.67)
TyT, Ak 1 B TIOMEpeaHIX MAPO3iTax, KOMIUIEKCHY CIPSKEHICTh
rapmoHidHuX QyHKUIH X ; =X(@,¥;), Yi;=Y(@,v;) 3abesneuyioTs
YMOBH OPTOTOHAILHOCTI TMPHUIPAaHUYHUX HOPMAIbHUX BEKTOPIB IO
BIOBIIHMX JOTMYHMX B3IOBXK rpanuii obmacti G,. Ix pisHuuesi
aHAaJIOTH Ha KOHTYpPaX CBEPJIOBHH MAIOTh BUTJIS]
(4% = 3% ; — X2, )Xo jua = Xo.j0) + (Y1 —3Yo —



g-1 9 -
Y2 i)Yo jss = Yo,j2)=0, ] :Zml +g _1’Zm| +0-1,9g=1n,
1=0 1=0
(3% i+ X0 = WX g )Xo jir = X i) F Yo + Voo —
“4Yo1 ) Yn s~ Yn ) =0, J=0.m. (3.68)
Hesizomi Butpatn Q, Ta 3HaYeHHs MOTEHIIATY Py, B TOUKAX

PO3XO/DKEHHsI Tedii B Mpoleci iTepamii IIykaemo 3a (opMyJiamMu:
Apy; +Ap,y;
Pu, =0+ (0 + DAY, Q=MAy,, ne Ay, ==AZTERIL
9 2 9,9
e
7 omepxyeMo Ha MiACTaBi yMOBH «KBa3iKOH(OpPMHOI momiOHOCTI B

MaJIOMy» BIATIOBIIHUX €IEMEHTapHUX YOTHPHUKYTHHKIB JBOX 00JacTei:

ng,m, -1 7/ij n,m,-1 7”_ g-1
g _ , g _ S _
= Z 1 v V2 = Z ml_zml+g_1’
i=0,72m, Mg (N +1) i=n,+L j=m, Mgy 1=0
o 1 a +a

i, j+1

’ , g=1n.,
1=0 Kisy,joyz Bij B

a‘i,j :\/(Xi+l,j Ij) (yl+lj yl J) 1
bi,j :\/(Xi,j+1 Ij) (yl j+1 yl J) : (369)

PiBusuus (3.64) anpokCHMyeMO PI3HHUIIEBOIO CXEMOIO «IIPOTH

MTOTOKY» [77] HACTYITHUM YHHOM:

=5, = (s ) ) Sany =
=S i-y2,)8i,j = Sicw i) Sicyej T 2 , (3.70)

akAg

j=Lm,i=1n?+11=1i=nd+2,n,1=2
Jie 7 — KPOK 3a 4acom, §; ;, §, ; — HACHYEHICTb Y BiJIIOBIIHI MOMEHTH

4acy, U;; — LIBHIKICTH (3HAXOAMMO, K y poborti [48]). I'pannuny Ta



MOYaTKOBY YMOBH JJIsl HACHYCHOCTI B CITKOBiH 00NAcTi 3amuIIeMo Tak:

So,j =S+ S(Xi,j’yi,j'O):§(Xi,j'yi,j)l j=0,m i=1n.

3ajaBIM KpoK 7, mapameTpu posdutts ng, ng, mg, g=1n.,
obmacti G, Ta TO4YHOCTI &, &, pOOOTH aJIrOPUTMY, IIOYATKOBI

HaOMMKEHHS KOOPIWHAT TPAaHWYHHX BY3JIIB (Tak, 00 BHKOHYBAIUCS

yMoBH (3.67)) 1 Mo9aTKOBI HAOIMKEHHS KOOPIAMHAT BHYTPIIIHIX BY3IIiB (

i(ﬂ), yl(voj) ),3a popmynamu (3.69) 3HAXOAUMO HAOIMKECHHS BEIHUYHUH ..
Jlami  TpoBOIMMO ~ YTOYHEHHS  KOOPAWHAT  BHYTPINIHIX  BY3IiB

TIIPOIMHAMIYHOI CITKH ILUIAXOM pO3B’s3aHHA (3.66) BiAHOCHO X ; Ta

Y; ;- Hicnst uporo, six i B [47, 63, 75], niAnpasiIsseMo IpaHA4HI By3/H 3a
yMOB  (ikcalii HAaBKONWIIHIX TpaHUYHUX Ta [PUTPAHUYHHX,
BUKOPUCTOBYIOUM YMOBH OPTOTOHAJILHOCTI, Ta 3HAXOAUMO HaOIMKEHHS
BenmmuuH Qg Ph, - Cepen yMOB 3aBEpIICHHs aJITOPUTMY MOOYIOBU
riiponquHaMiyHOl  CITKM  (BiIIIIyKaHHS HEBIiAOMUX  (PUIBTpALiHHUX
napameTpiB, 30Kpema, IMoJisl IBUIKOCTI) Ha JaHOMY iTepalifHOMY eTarti

e: crabinmizanis Butpar Q, (‘Q(’”l) Q(") < & ); crabimizanis rpaHIYHUX

BY3JIiB (max\/(x(" - "1)) +(y(K) "1)) <¢&,) TOmoO. Y BHIAIKY

HEBUKOHAHHSI xoya O oOnmHiei 13 IMX yMOB BiIMIYaeMO Ha
TiApOAMHAMIYHIN  CITIII TIISHKE TOPYIICHHS KBa3iKOH()OPMHOCTI.
BuxopucTroByroun 1ojie IIBHIKOCTEH Ta TOJe HACHYCHOCTI 3
MOMEPEHBOT0 ITEPALifHOr0 KPOKY 3a 4acoM (3 ypaxyBaHHSIM IPaHUYHOI
yMOBH), 3rigHo 3 (3.70) 3HaXOOMMO HOBHUM PO3IMOJiN HACHMYECHOCTI Y
IUIACTi TA IIOBTOPIOEMO KPOKHU alITOPUTMY .

IIpy moOymoBi pi3HULIEBOrO aHAJIOTy 3ajadi, fKa BiANOBiTAE
o0uacTi, 300paxkeHiit Ha puc. 3.24, mo nBox iHumekciB (i, j) kKoopauHAT

(X,y) IIykaHHX TOYOK MPHUIMCYEMO II¢ OJWH, IO XapaKTEPHU3YE



HaJeXHICTh iX 00pa3iB m0 Toro um inHmoro mucra obmacti G,

BcTanoBuBImM HaIeKHICTH 00pa3iB BY3IIB TiApPOANHAMIYHOI CITKH TOMY

YH 1HIIOMY JIUCTY BIANOBiAHOI GaraToiaucToi moBepxHi G Ta 3amaBIiu

@
MOYaTKOBE HAOJVDKCHHS LIUX BY3JIiB, IPOBOJTUMO YTOYHEHHS KOOPIHHAT
(X, y) BukopucroByroun aHaioru gopmyi (3.66)—(3.70). 3azHaunmo, mo

y BHINAAKY BBEJCHHS <JIOKaJbHOI» iHAEKcalil BY3JiB y KOXHOMY i3

Hp}IMOKy'THI/IKiB, mo CKJIaJaroThb 00J1aCTh G Z[I/ICerTI/I3aLIiIO

[ORd
BIIMOBIIHUX PIBHAHbL Ha CHOUTBHUX IX MeXax 3/IHCHIOEMO 3
BUKOPHUCTAHHAM «PI3HOHMEHHUX» MPUMEKOBUX TOYOK, IO B IICBHIM

Mipi TO3BOJISIE PO3MAPAIECITUTH aTOPUTM PO3B’ss3yBaHHs. [IpoBemeHHs K
«rnobanbHO» iHAeKcawii y Bciil obmacti G, 3a0e3smnedye CIpoOIIEHHS

IMCKpEeTH3allii piBHIHD, MIPOTE BUMAarae KOpEryBaHHsI iHIEKCiB B OKOJIi
po3piziB. BukopucToByroun po3pobiieHi anropuTMu IPOBEASMO YUCIOBI

PO3paxyHKH TPH PI3HUX 3HAYCHHAX TMApaMETPiB SAKi XapaKTEPU3YIOTh
reoMeTpiro obusacTi ¢inabTpariii 3a ymoBu, mo @. =0, go* =1, r°=0.3,
0=05, 1,=2, 1, =1, k=1, ki=(1-5)?, k=52, 5. =1, §(x,y)=0
, 7=0.0001.

Ha pucynky 3.27a 300pakeHO 3arajibHy CXEMy pO3TallyBaHHS
CBEPUIOBMH B IUIacTi Komu N, =1 Ta a=»Db, mo Bigmosigae psaHiii
CHUCTEMi PO3CTAaHOBKH CBEPIJOBMH TPH IUIOLIOBOMY 3aBOJHEHI.
BignosigHa rigpomdHaMiuHa ciTKa B eneMeHTi cuMmeTpii mpu t=0,
a=b=1, h=5, nxm=49x20 306paxena Ha puc. 3.276.



a)

Puc. 3.27. 3acanvua cxemamuzayis po3pobku niacma psaoHo CUCIeMOI0
PO3MAULYBAHHS C8EPONOSUH 3 GUOLIEHUM eleMeHmoM cumMempii (a) ma
no6y006ano0 8 HbOMY 2I0POOUHAMIYHON CImKOI0 (6)
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Puc. 3.28. Po3nodin nacuuernocmi (a) ¢ nnacmi 6 momenm yacy t =12,54 ma
epaghix zanexcrnocmi Q = Q(t) (6)

Ha puc 3.28a, 3.2806. 300paskeHO pO3MOALT HACHYEHOCTI B MOMEHT

MIPOPHUBY t=1254  uricusouoro areHTy B  CKCINTyaTaIiiHy
CBEPIJIOBHHY Ta 3aJCKHICTh Bif vacy t cymapHoi (imbTpamiiHol
BUTpATH.

Jlnst yTBOpEHHST JOJATKOBOTO BIUIMBY Ta 3/IHCHEHHS KEpPyBaHHS
MIPOIIECOM  BHTICHEHHS  MOJCPHI3YEMO  CHCTEMY  PO3CTaHOBKHU

CBEpUIOBHH 30UIBLIMBIIM NPH LbOMY BEIWYMHY [apaMerpa N, Ha

OMHUINIO (UB. puc. 3.29).
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Puc. 3.29. Cxemamuune 300padicenHs: po3miugeHHs c6epOI08uH 8 naacmi (a) 3
BUOLIEHUM elleMeHmOoM cumempii (6) ma 8i0nosioHa 061acmb KOMNIEKCHO20
Keasinomenyiany (8)

Yxe y oMy BHUIAAKY 3MIiHIOIOUW TIOJOKEHHS €KCILTyaTaIiiHol
CBEpUIOBHHHM BITHOCHO HATHITAIRHUX BIAETHCS IMIIIOpaTHm Take
3HaYeHHs BeauyuHM D, 106 Tpolec BUTICHEHHS 3aJ0BOJILHSB
ONTUMAJBHUM KPHUTEPIisiM PO3poOKH, a cyMapHa (ilbTpaliiiHa BUTpaTa
Oyna makcumanbHor. Ha puc. 3.30, 3.31 300paxkeHo rigpoauHamiuHi
CITKM B €JIEMEHTi CHMETDIii B 3aJE€XHOCTI BiJx 3Ha4eHHs Hapamerpa b
npu t=0, a=1, h=5, n xn,xm xm,=3x45x30x30 Ta posmoxin

HACHYEHOCTI.

Puc. 3.30. Exemenm cumempii 3 no6y006aroi 2iopooOuHamiuHow cimkorw (a)
b=2a+r% (6) b=2(a-r°)
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Puc. 3.31. Po3noodin nacuuenocmi 8 Oesikuti npomixicHuii momenm yacy t = 2.35
ma 6 momenm uacy t =14.61, wo 6ionogioae npopusy 600u 6 eKCniIyamayiiny
€8epONI0BUHY

Ha pucynky 3.32 300pa)keHO T'iApOJMHAMIYHY CITKY Ta PO3MOMILI

HACHYEHOCTI B MOMEHT 4acy t=t,, mpu n. =3, h=3, nl1 =5, nl2 =5,

m, =20, m, =30, m, =20, b=3a+2r°.
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Puc. 3.32. I'iopoounamiuna cimka ma noie HACUYEHOCMI 8 MOMEHM 4acy
t, =3.199



Benmuunu Heizomux napamerpis Q, Q,, Q; ta ¢, , ¢, B
nouatkoBuii MomenT uacy t=0 Bigmosigmo piBai Q, =0.126,
Q,=0233, Q;=0126, ¢, =¢, =0038, a mnpu t=3.199:
Q =0.142, Q,=0.216, Q;=0.142, ¢, =¢, =0.027.
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Puc. 3.33. I'iopoounamiuna cimka ma noie HACUYEHOCMI 8 MOMEHM 4acy
t=1.01

Ha pucynkax 3.33 300pakeHO TiApoJHMHAMIUHY CITKY Ta PO3MOALT
HacuueHocTi B MomeHT dacy t=1.01 mpu n.=4, a=1, h=5, n =3,
n,=45, m =20, m, =30, m, =30, m, =20.

3ayBakMMO, IO  30UIBIIYIOYM  KITBKICTh  HArHITAIBHHX
CBEPJUIOBHH SIKi MPUTIAAIOTh HAa OHY €KCIUTyaTalliiHy Ta He 3MiHIOIOUH
po3MmipiB ¢inbTpamiifHoOl 00MacTi, Ha OCHOBaX PO3POOIEHOTO AITOPUTMY,
TaKOX BIAETHCS MiIOpaTH IX ONTHMaJIbHY KiJIBKICTh, IIEPEBUIIEHHS SKOT

Oyze 3ry0HO BIUIMBATH Ha 3aBOJHEHICTH €JeMEeHTa CUMETpii Ta rmiacta B
oMy i HecTuMe nuiie GpiHaHCOBI 30UTKH.

3.4. OOrpyHTYBaHHsl Ta y3arajbHeHHsl PO3pPO0JIeHUX AJrOpPUTMIB
MATeMaTHYHOI'0  MOJEJIOBAHHS  INpoueciB  BHUTICHEHHSI Yy



HA(TOra3oBHUX IJIaCTaxX

Y mizapo3gim  po3pobieHO peKOMEHmamii IMMoA0 MOMIIMBOCTI
po3mapayieltoBaHHsA  MMOOYJOBAaHMX aAITOPUTMIB (3 HACTYIIHUM IX
BUKOPUCTAHHSIM  TIPH OOYHCIICHHSX Ha CYYacHHX KOMII IOTEPHUX
CHUCTEeMax) Ta TEPEHECeHHS METOJMKH CTOCOBHO MOJICIIOBAHHS
MPOCTOPOBHX IPOLIECIB BUTICHEHHS, 30KpeMa, MO0YJ0BaHO CIEIliallbHY
MPOLEAYPY PO3PaXyHKY KOOPJAMHAT IPAaHUYHHUX BY3JIIB T1IPOUHAMIYHOL
CiTkH (30KpeMa, Ha KOHTYPax CBEP/JIOBHH), KOJH TPAHMIIS MA€ CKIaIHY
reoMeTpuyHy (opMy. Po3risnaroThcs MUTaHHS OOTPYHTYBAaHHS METOIY
Ta TIPOBENIEHO TEPEBIPKY PO3POOIEHUX aNTOPUTMIB 3 BUKOPHCTAHHIM

BIJIOMHX TOYHHUX PO3B’S3KiB ISl TECTOBUX IPUKIIAIIB.

3.4.1. TlutanHsi KOPEeKTHOCTI Ta onTtuMizanii po3podieHnx
AJITOpPUTMIB

HeoOxiguum eTaroM Oyb-sIKO1 CcydacHol TEXHOJIOT1T
MPOEKTYBaHHS Ha(TOra30BUX POAOBHIL € KOMI IOTEPHUI EKCIIEPHUMEHT,
3 BHUKOPWUCTaHHSIM JUCKPETHHX Mojelell mporeciB 1 00’ekTiB
MOJIETIIOBAaHHS, MO0 Tiepeadadae TPOBEINEHHs  OaraToBapiaHTHHX
po3paxyHKiB (mnsi BHOOpPY ONTHMAaidbHUX CIHEHapiiB  PO3pPOOKH
MPOAYKTHBHUX IUIONI), sIKi 0a3yrThcst Ha MA0OpI  KEpYHOUHX
napameTpiB, IO MiHIMI3yIOTh BEJIMYMHU TEPETOKIB MIK CepisiMH
CBEpJIOBHH, Ta HACTYITHOMY PO3B’sI3aHHI HEOJHOPIJHUX 32 CTPYKTYPOIO
Ta BEJIMKUX 32 00’€MOM CHUCTEM HENiHIHMX Ta KBa3iIiHIHHUX PiBHSHB,
o0csr SKMX BHMAarae sIK HaWOUIbIIOl onTHMI3alii mpoueaypu iX
pO3B’sI3aHHS Ta TMporpaM pearisamii. BapTo TakoX BiAMITHTH, IO IO
BHOOpPY MAHMCKPETHOI MOZENi Ta METOHMIB pPO3B’SA3aHHS BiAMOBITHIX
KpaloBUX 3a/ad CTAaBIATHCS OCOOJIMBI BUMOTH, MIAMOPSIKYBAHHS SKHM,
30KpeMa, J03BOJSIE OOTPYHTYBATH aIeKBATHICTH 1i BUKOPHUCTAHHS JUIS

OMMMCY TOTO YH IHIIOTO Tpollecy 1 MiATBEPIUTH KOPEKTHICTH



PO3pOOIEHUX ANTOPUTMIB iX pO3B’sI3aHHSI.

Buxogsum 3 1[BOro TpoOBEmEMO TEPEBIpKY  KOPEKTHOCTI
PO3pO0JICHOTO aNTOPUTMY PO3B’SI3aHHS BIAMOBIIHUX 3a71ad BUTICHCHHS
ONHI€] PiAVHM IHIIOIO, Ha TPHUKIAAi (QiabTpamii B €JIeMEHTI CHUMeTpii

MIaX0BOi CHCTEMH PO3MIIICHHS CBEPUTOBHH (AuB., puc. 3.34) [140].

Puc. 3.34. Jlinitina cucmema 3 wiaxo8um posmiwyenHsam ceeponosun (1-
excnyamayiting, 2 — naenimanoua céeponosunu, a , 0 — posmipu enemenma
cumempii)

Ax Bimomo (nuB., Hampuknanm [31]), A Takoro po3MiIEHHS
CBEp/UIOBHH ICHYIOTH TOYHI (OPMYyNIH pPO3pPaxXyHKY XapaKTepHUX
¢binpTpamiiHUX TApaMeTpiB, 30KpeMa, KOMIUIEKCHOTO TIOTEHIaTy
BIAMTOBITHOTO (iTBTPAIIIHOTO TOJISI Ta 3HAYCHHS BUTPaTH.

Jlnst momanblIvX BHKIAJOK HaBEAEMO JIesKi i3 BHUINE 3raJaHuX
dbopMysl Ta TOPIBHAEMO OTpPUMaHI Ha OCHOBI HHX peE3yJbTaTH 3
pe3yJibTaTaMH, pPO3pPaxOBaHMMHM TPH BUKOPHUCTaHHI PO3pOOIEHOTrO
anroputMy. TUM caMuM, B AesKii Mipi, MATBEpAUMO NMPUIATHICTH HOTO
JUIS  BHUPINICHHS TMPAKTUYHO BaXJIMBOI  3a/ladi  MaTeMaTHYHOTO

MOJIETIFOBAHHS MPOIIECY BUTiCHEHHSI.



IIpu 300paxkenomy Ha puc. 3.34 maxoBoMy pO3MilLEHHI
CBEPJIOBUH KOMIUICKCHUHA TOTEHINAT BIiATIOBIAHOTO (UIBTpAIliiHOTO

TIOJTSI 711 BUIUICHOTO eJleMeHTa cuMeTpii Mae BUTIISI [31]
w(z)=iln(Mj+d, (3.71)

ne (- 3HadeHHs (inbTpariitHoi BuTpaTH, (Z=X+Iiy), 2a — BijcTaHp
MiX CBEpAJIOBHHAaMHU, D — Bimcraup Mix BigmoBigHumu psgamu, 6,(v),
6,(v) — rera-QyHKii, 0 BU3HAYAIOTCA 13 HACTYNHUX CIIiBBITHOLICHD

(2n- 1)7z'
2a

0,(z) = 2hf/42( )" *h""Vsin2——"z, h =e*"

o nrz i .

6,(z)=1+2>_h," cos—z, h,=e”. Bemmumna d e cranowo i

- a
n=1

3HaXOAUTHCS TI0 BiIOMOMY 3HAUYEHHIO THCKY B OAHIH 13 TOUOK.
Buxopucrosyroun popmyny (3.71) Ta 3amani 3HaYCHHS 3a01HHUX

THCKiB P, Ta P , BiANOBIZHO Ha HATHITAIBHINA i eKcIUTyaTariitHi

CBEpIJIOBHUHAX, 3HaWIeHO [31] dopMyy s BU3HAUYCHHS (BiIbTPAIiHOI

BUTpATH ( , JKa Mae€ HaCTyHHI/If/’I BUT'TIA

*

P-—P
=7k , 3.72
=T In(aH; /zrHZh"*) (3.72)

ne kK — xoedimient ¢inprpanii, H, Zﬁ(l—th), H, :ﬁ(lJr h2k_1)’

k=1 k=1
h=e™?. V Bumagky KoM CiTKa PO3CTAHOBKH CBEPIUIOBHH €
KBaJpaTHO, TOOTO Ko b=a, To mapamerp Tera-Qymkuii h Oyme

piBamiit h =€ =0.0432, a BuTpara BiAIOBITHO

*

p*_p 7
Cak— PP 372
1= n(0.7628a)r) (372

ne I' — pajiyc CBEpIJIOBHH.



@opmynu (3.71)—(3.72) BUKOPUCTOBYBATUMEMO IJsl KOHTPOIIO
TOYHOCTI PO3POOJICHOTO aITOPUTMY Ta JIJIsI BHOOPY CITiBBIIHOIIICHHS MiX
rmapamMeTpaMu po3OUTTS (I MOOYI0BH TiApoAuHaMidHOI CciTkh). Iloe
MBUAKOCTI (PibTpariii 3HaxoguMo IH(EepeHIIFOBAHHAM KOMIUIEKCHOTO
moteHmiany (3.71) Ta 3 BHKOPHCTaHHIM pO3KIATy JOTrapupMITHUX
MOX1IHUX TeTa-QyHKIil HACTYITHUM YHHOM:

q sinx'’ u
=— sinkx'chk
O 4a(chy'—cosx kzl-i- (- ) yj
q o0
coskx shk 3.73
o= 4a[chy —COos X' kZ:: yj (3.73)

ne X'=zxxla, y'=xyla — 6e3po3mipui koopaunatu. @opmyiu (3.73)
BUKOPUCTOBYBATUMEMO JIMILE JUIs IOJOBUHU €JIEMEHTa CUMETPIi

y'<zl2, a ans apyroi MOJOBHHU — MIBUAKOCTI 3HAXOJMMO MIISIXOM

BHKOPHCTAHHS BJIACTUBOCTI CUMETPIi.

Jlns BimmTyKaHHS IMOJIOKEHHS TPaHUIl PO3AUTY Pi3ZHOKOIHOPOBUX
pimuH HEOOXiTHO pPO3B’SA3aTH HACTYNHY CHCTEMY IudepeHIiaTbHuX
piBHsHB [31]

mdx/dt =v,, mdy/dt=0v

X

3a BiJIMOBITHUAX [TOYaTKOBUX YMOB.

Po3B’spkeMO  poO3MNIIHYTY — BHIE — 33iady Ha  HOOYIOBY
TiApOAMHAMIYHOI CITKH Ta BiANIYKAHHS TOJIOKCHHSI HEBIIOMOI TPaHUII
po3midy, 30KpeMa, pI3HOTO pOay XapakTepHUX (UIbTpariiitHux
mapaMeTpiB, 3 BHUKOPHUCTAaHHSIM pPO3POOJIICHOTO HAMH alIrOpUTMYy, 1
MOPIBHIEMO OTpHMaHi pe3ynbTatd. Js MaTeMaTH4YHO! MOCTAHOBKU
3afadi QiapTpanii piAvH B MOPUCTOMY CEPEAOBHILI 3aMUILIEMO PiBHSIHHS
HEPO3PUBHOCTI Ta PIBHAHHA PYXY:

divo=0, s=k-gradg,



ne Kk — koedimienr ¢imprpamii, @=¢@(X,y) — KBa3imoTeHmian
wBHAKOCTI inbTpamii v = v, (X, y) +i-v (X Y).

3 YpaxyBaHHAM IMMOYATKOBUX Ta TPAHUYHUX YMOB, MAa€MO:

divo =0, o =k-grade, ¢|, .= ¢, (D‘L*Z(D*’a_f‘% =Z—(§ =0, (3.74)
ne L.={z: x=rcos(z), y=rsin(zr), 37/4<r<2x}={z: f.(x,y) =0}
, L ={z: Xx=rcos(r)+a, y=rsin(z) +b,
rl2<r<a}y={z:1°(x,y) =0}, L,=AN UND={z: f,(x,y) =0},
L°=BM UMC ={z: f°(x,y) =0}, AN ={z:x=0,-r <y <-b},
ND={z:y=-b,0<x<a-r}, BM ={z:y=0,r<x<a},

MC={z:x=a,0<y<-b+r}.
I'panuns T, MONOXKEHHS SKOi B MOYATKOBUH MOMEHT Yacy t =t,
e Bizomum S(X, Y,t,) =S5(x,y) =0 (30xpema, moxkna npuiinsta ', = L.

), BU3HAYAETHCA PiBHAHHAM (3.1) 3 BiAMOBITHIMU YMOBaMHU:

a§+a-grads=0, s, =1, s(x.y.0)|_, =0.

Sx Oyno BHIIE 3a3HAYEHO Yy BHUIMAIKY Pi3HOKOJIHOPOBOCTI
piavH, 3agaya Ha MOOYZOBY TiAPOAMHAMIYHOI CITKH (30Kpema,
3HAXO/PKEHHS MOJS IIBHIKOCTI U) € CTalllOHApHOI 1 MOXke OyTH

poO3B’si3aHa He3aJeHO. TOMy B MONANBIIOMY DO3B’SI3yBaTHMEMO
TiBKK GiTBTpaIliiiHy 3a1a4y.

Amnanoriuno 70 [75], BBiBIK (YHKIIO TeUii | KOMIUIEKCHO
CIpsDKEHY IO (0, 3amady Ha IMOOYIOBY TiAPOMAMHAMIYHOI CITKH i
BiAIIyKaHHsA  (QiIpTpawiiiHOi  BUTpaTd 3BOJMMO OO0  3ajadi
KBa31KOH()OPMHOTO  BiJOOpakeHHSI @ = a)(z) = go(X, y) + it//(x, y)

omHO3B’s3HOI  obmacti G, =L.UlyuLl UL’ Ha Bignosimmy



MPSIMOKYTHY 00J1acTh KOMIUIEKCHOTO KBa3iMoTEHLiay

G,={w=p+iy: p,<p<g, 0<y<Q}:

ka_‘p:a_'//, ka_go:_a_y/’ (x,y) €GP,
ox oy oy O (3.75)

=00 0 e=0" W]p =0, ¥l =Q

4

ne o(x,y)= \/UXZ (xy)+oi(xy), Q= m—uydx +u,dy - Hesizoma
L«

BUTpaTa.
Ob6epuena gno (3.75) xpaiioBa 3amada KBa3iKOH(QOPMHOIO

BiOOpakeHHS Z=Z(a))=X((0,l//)+iy((0,!//) obnacti G, Ha G, Ta
PIBHSHHS IS JTIHCHOT X=X((p,t//) 1 ysBHOL y=y((p,t//) JaCTHUHHU

XapaKTEPUCTUIHOT PYHKITIT Tedii 3aIUIIEeThCS Y BUTIISII:

Y _OX (XY (py)eG,, (3.76)
oy odp Oy p’

X.()=rcos(z), Y.(r)=rsin(z), 3n/4<7<2r,

X (r)=rcos(r)+a, y (r)=rsin(r)+b, #/2<r<r,
X(,0)=0,-r <y(p,0)<-b, y(p,0)=-b,0<x(p,0)<a-r,
¥(@,Q)=0,r<x(p.Q)<a,x(¢,Q)=2a,0<y(p,Q)<-b+r,

0.<p<g, (3.77)

i[kaX] a(mx] O,i[kﬂj+ (1‘”] 0. (378)
oy\ oy ) Op\kdp oyl oy ) Opl\kdp

s 3amucy pisHuLeBoro aHanory 3agadi (3.75 — 3.78) 3ailicHUMO

nobyyoBy citku y obmacti G,, Bysnmu (¢ ,y;) AKOi BU3HAYAIOTHCS

w?

HACTYIIHUM YHHOM: @, =@, +iAg, A¢=u, i=0,n, v =jAy,
n



Ay =Q/m, j:O,_m, ne n,meN — mapamerpu po30OUTTS oOsaCTi
KOMIUIEKCHOTO KBasimoTeHmiany; A@, Ay — KPOKH CITKH BiIIOBiTHO
10 3MIiHHHX @ Ta Y/ .

Piusnns (3.78) 'y BHyTpimHOCTI ciTkoBOi obmacti G,

aIPOKCUMYEMO BHUKOPHCTOBYIOUH METOJI CKIHUCHHUX 00’eMiB. Metop
CKIHUCHHHX 00’eMiB 3abe3nedye BHKOHAHHS PI3HHUIICBUX AaHAJIOTiB

3aKOHIB 30€peXeHHS Ta KOHCEPBATHBHOCTI BIMIMOBITHOI Pi3HUIIEBOI

CXEMHU:
2 k k Xi+1,j _Xi,j
7Kgy (% jan = %) =K (65 =% 50)) +?_
i+1/2, j
X =X i
_’lJ(—Jl = 0, 7/2 (ki,j+f|/2(yi,j+l - yi'j) - kiyj,]/z(yivj - yi'j,l)) + (379)
i-1/2, ]
N Yig =Yg Yii Vi _o,
ki+1/2,j ki—l/z,j

Xijmt X YijatVYij
me % =xX(@.w;), Yi; =Y(@.v;), ki,jil/zzk[ 112 5 J12 JJ’

A .
oy ) KBa31KOH(POPMHHUN
Ay

K - Xigj %5 Yiej Vi
i£1/2,j = )
2 2
1HBapiaHT.
KpaiioBi yMOBU 3 TOJaTKOBUMH YMOBaMU 3B’S3Ky TPaHHYHUX Ta
npurpaHnyHuX By3IiB (y Bumaaky K =1, yMOBH OpTOrOHaJIBHOCTI)

AIPOKCUMYEMO HACTYITHUM YUHOM!

f (%0 Y01) =0, £ (%05 ¥n5) =0, J=0,m, (3.80)

(4% = 3% ; = X0, 1 )Xo i1 = X0,j0) +(4Y1; =3Y0,; — V2.1 ) Yo, i1 — Yo,;4) =0,

(3Xn,j + Xn—2,j - 4Xn—1,j )(Xn,j+l - Xn,j—l) + (3yn,j + yn—z,j - 4yn—1,j ) X



(Yo j2 = Yo j0) =0, §=0,m=1 (4%, —3% o = X ;) X0 — Xi10) +
+(4Yi1 = 3Yi0 = Vi) Visro = Yicno) =00 (3Xipy + Xi o — 4% ) X
X(Xiom = Xicam) + BYim + Vimez = 4Yim) Visam = Yicam) =0,
i=Ln-1. (3.81)

Bapro BiAMITHTH, 110 Y BUITAKy KPYTOBUX KOHTYPIB CBEPAIOBUH

(L, - xoHTyp BHOpaHOI CBEpAJIOBHHH), MOXIHBUM € IOOYyIOBa

CHCI_[iaJ'II:HI/IX aHAII THIHUX (bOpMyJ'I JJI1 BUBHAUYCHHS ITIOJIOKCHHS By3J'IiB

M, (X 2+ Yin) TIAPOIMHAMIYHOI CITKM Ha HUX (IHB., puC. 3.35):

X (i) = K €OS(7,) + X, ,
Y () =rsin(z,) + ¥, ), 7, €[0,27),

Yen Yk ... ~ ~
arCtg¥: 108 Yem = Yo Xem > %o

X — X
T xs . o
> 16€ Yim > Vi Xim =%

n—Y 3.82
T, = ﬂ+arctgu,'|' 0€ X <X, ( )
Xem — %

3T .. - -
7"66 Yiom < Yo Xem = %o

27r+arctgy'“m—_)~/k, T0€ Ym <V Xem > K

ne ., (X.,¥,) — BiINOBigHO paiiyc Ta KOOPAMHATH IIEHTpa BHOpaHOi
ceepmiosuan, M, (X a0 Yin) s Mc(Xm Yin) — TOUKH mepernmy

MPOMEHSI, 110 BUXOAUTH 3 IIEHTPY CBEPUIOBUHHU, 3 ii KOHTYpOM Ta
HACTYIHOIO €KBIMOTEHLIAJILHOIO JIIHIETO.

HeBinomy moBHy BuTparty Q mIyKaemMo B TpoLecCi iTepaliifHOro
po3paxyHKy 3a Gpopmyior: Q=mAg/y . BennunHy kBa3ikoH)OPMHOTO

iHBapiaHTy ¥ OJCPXKYEMO Ha IIJCTaBl YMOBH «KBa3iKOHPOPMHOI



NogiOHOCTI B MajoMy» BIANOBITHMX EJIEMEHTAPHUX YOTHUPUKYTHHUKIB
IBOX 00JIacTel HACTYITHUM YHHOM:

1Mt o T,
y=— Z ” 2 - (3.83)
mn 520 Ky, jiy2 Bii+ B

ne Q; Z\/(Xi+1,j_xi,j)2+(yi+1,j_yi,j)2 '

B :\/(Xi,j+1_xi,j)2 +(yi,j+1_yi,j)2 ,

K Xt X TX et X Y T Yiaj TYiju T Yiaja

i+1/2,j+1/2 = 4 ' 4

k

o Yien)

Mk(?Sk,rﬁ’ Yk,m)

Puc. 3.35. Konmyp ceeponosunu L, ma nacmynna exginomenyianvna ninis

Sk MOXHaA TIOMITHTH (IMB., HampwkiIam, puc. 3.34) y BHUOAAKY
BHIJICHHS €JIEMEHTY CHMETpii CKJIaJ0BI HOTO KOHTYPIB NPHUXOIUTHCS
3a/1aBaTH PI3HUMH aHAJIITHIHUMH CIIiBBIIHOIICHHSIME ((popMyaMn), siK
1 KOHTYpiB IulacTa, IO BUMarae TOOYJOBH KPHUTEPIIB MEPexoay
TpPaHUYHHX BY3iB TiJpOAWHAMIYHOI CITKM 3 OJIHI€] YaCTHHU I'paHHMIIl Ha
1HIIly, 3 HACTYMHOIO iX peaji3ali€lo y BUIIISAL MporpaMHoro komy. s
BpaxyBaHHS CKJIaJHOI TeOMETpii TpaHuIl, IO CKIAZaeThcsl 3 cepii
KPUBHMX MOXKJIMBHMH €, HATTPUKIIA], TAKi T1IXO/IH:

[IpoBecTn ampokcuMallito TpaHHWIll, IO CKIAMAETBCA 3 cepii
KpUBUX, OJHIEI0 KPWUBOIO, PIBHSIHHA SIKOI 3alMCyBaTHMEMO B HESBHIN

dopmi f(X,y)=0, oo 103BOJIUTH, B CBOKO Yepry, BAKOPHCTOBYBATH Oe3

3MiHH pPO3pO0JIEHI B pPOOOTI alropuTMH, NPOTE 3aHU3UTh TOYHICTH

OTPUMYBaHUX pe3ynbTaTi; Jpyruil miaxin momsrae y BBEIEHHI YMOBH



nepexoay By3Jia 3 ofHi€l raaKoi KpUBOi (CKJIaZ0BOI IpaHHMIIi) Ha iHILY 3
HAaCTYITHOIO KOPEKITIEI0 PO3POOJICHUX aJITOPUTMIB, M0 € 3HAYHO
e(hEeKTUBHIIINM 1 JIETKO peaTi3y€eThCsl IPOTPaMHO.

Jlnsa  memoHcTparmii imei moOymoBH pPO3paxyHKOBOI MPOIEIypH
BIIITYKAaHHS KOOPAWHAT TPAHUYHHX BY3JiB TIAPOAMHAMIYHOI CITKH,
BBaXaTUMEMO, IO JIJITHKA TPAHUI CKIIAAAETHCS JIMIIE 3 JIBOX YaCTHH
EE ta EE piBusuns sxux Bimmosimmo: f,(x,y)=0 Ta f,(X,y)=0
(muB., puc. 3.35) i € minHiero Teuil.

3anuieMo yMOBy opToroHanbHocTi Ha EE y Burmsi:

of (X0 Yio) of, (X0 Yio)
Ty TR Camho) =0 (389
ne imgexc | xapakrepusye CKIamoBi YAaCTHMHU TpaHMIi 1 HpuiiMae

3HaueHHs | 4m 2 B 3aJIKHOCTI B TOTO, sAKiil i3 yactuH EE um EE
HaleXUTh Todka (X o,Yi,). Ha puc. 3.36 300pakeHO MOMIMBI
TIOJIOKEHHA IIyKaHoi ToukM D(X,,Y;,) (Bimmosinmo D, ta D,) i
CXEMAaTUYHE PO3TalllyBaHHS JIiHIA Tewii Ta HEOOXiMHUX JyIs MOOYA0BU

yMOB niepexoy To4oK A(X_y1, Y 11)» B(Xi1,Yi1) C(Xi11s Visaa) -

Puc. 3.36. Cxemamuune posmauiysanms wyKanoi mo4ox Ha ninii meyii

3 ymoB oprorosansHocTi st Bunaaky | =1 ta | =2 smaxomumo
KOODJMHATH MOYIIMBOIO TIIOJOKEHHS Todku D. Po3spaxoByeMo

BEIMYMHM KocuHyciB KyTiB ZABD, ta ZCBD, i nopiBHIor0uM ix Mix



006010, BI/I6I/Ipa€MO OINTUMAJIBHC ITOJIOKCHHS TOYKH, HAIPpUKJIIAd, 3Fi,Z[H0
D,, cos ZABD, < cos ZCBD,,

puc. 3.36 tak: D =
D,, cos ZABD, >cos ZCBD,.

BuxopucToByoun, po3risHYTI BUIIE, CIEIIATBHOI pO3paxyHKOBOI
MPOLEAYPH BIAIITYKAHHS KOOPAMHAT TPAHUYHUX BY3JIiB T1IPOUHAMIYHOT
CiTKM (30KpeMa, Ha KOHTYpax CBEPJJIOBHH), KOJIM TPAHULISL MA€E CKIIATHY
TreOMETPUYHY (OPMY Ta 3a/Ia€ThCS CEPI€I0 TIAJKUX KPUBUX, AITOPUTM
HaOJIMKECHHS PO3B’s3Ky 00epHeHoi audepeHiianpHol 3amaui (3.75)—
(3.78) pizHHUIIEBOIO 3a/1a4er0 B 3arajlbHOMY BHIAJKY, SIK 1 B MOMEPEIHIX

po3ainax, OyayeMo MUISIXOM TOETAaImHO! MapaMeTpu3allii BEeTUYWHH ) ,

TPaHWYHUX Ta BHYTPIITHIX BY3/IiB CITKH 3 BUKOPHUCTAHHAM ie# OJIOTHOI
iTepartii, JuIsi aHATITHYHOTO OOTPYHTYBaHHS HOTO 30DKHOCTI. A came:

3aJaBIIM TeOMETpUYHYy KoH(Dirypaniro ¢izuunoi obmacti G,, mo
obmexena komtypamu L,, L°, L., L', KkigbkicTe BysmiB po30uTTs
BIi/INOB11HOT 00J1aCTI KOMIUIEKCHOTO KBasinoreHuiany G, (mapamerpu n
Ta M), Ta mapaMeTpu HEOOXITHOI TOYHOCTI pOOOTH ANTOPUTMY &, &, 1
piBeHb KBa3ikoHPOpMHOCTI O, BimoOpakeHHA. 3agaeMo TOYaTKOBI

HAaOJIMKCHHS IIYKaHWX KOOPJAWHAT TPAaHWUYHUX BY3JIiB, TaK 1100
BUKOHYyBanmucs yMmoBu (3.80), Ta KoOpAWHAT BHYTPINIHIX BY3IiB
TigpoAMHAMIYHOI CITKHM 1, BuKopucToByroun (3.83), 3Haxomammo

TIOYaTKOBe HAOMIKEHHA KBasikoH(popmuoro impapianty 7@ Ta
. . 0

mepinomoi  Butpatn Q@ =mAg/ ;/( ). [IpoBoguMoO  yTOYHEHHS

KOOPJMHAT BHYTPILIHIX BY3IiB (X, Y; ;) 328 GopMysaMu, OTpHMaHUMH

LUIAXOM  po3B’s3anHs  (3.79) BigHOCHO X ; Ta Y;; (3 Meroro

MIPUCKOPEHHS IMBHIKOCTI 30DKHOCTI BCHOTO TIPOIECY 1 EKOHOMIl
MaITHHHOTO Yacy BUKOPHCTOBYEMO JIHINE TEPIIHH ITESpamiitHIi KpOK,
MpA  [OMY BpPaxOBYEMO TMEPIOAWYHICT, IMTyKaHUX  (DYHKIIi#).
[MignpaBnsemo  TpaHW4YHi By3nMM  (KOOPAMHATH  JIJAHOTO  By3Ja



mignpaBnsieMo 3a  yMOBU  (ikcalii HaBKOJNMIIHIX TPaHUYHUX Ta
MIPUTPAHUIHUX BY3IiB), BUKOPHUCTOBYIOYHM pPI3HHIICBI aHAJIOTH YMOB
THITY Kommi-Pimana (3.73). BuxopucroByroun 3HAYCHHS
KBa3ikoHpopMHOTO iHBapianty (3.83), 3HAXOAUMO HOBE HAOIMKEHHS

BenmmuuHU Q , SIKITO ii 3MiHA 32 OCTAaHHIO MTPOBEICHY iTEpalliro OIbIa 3a

&, TO IOBEPTAEMOCS JI0 YTOYHEHHsS BY3IliB. BH3HauaeMO BEIMYHMHY

- (k) _ y(k=1)y2 (k) _ yy(k=Dy2 o0 ; ;
S _n?,a}x\/(x” %5 ) +(Yi; —VYij °)" — 3MilCHHA BY3JIiB HA TPAHMLL

3a mpoBezieHy K -Ty 3arajbHy iTepamiro, SKIIO BOHA Oinblia 3a &,, TO
MEPEeXOoJUMO JI0 YTOYHEHHS BY3JTiB. Y TIPOTWICKHOMY BHIAIKY
OIIIHIOEMO CTYIIHb KBa3iKOH(POPMHOCTI 52«/512+522 OTPHUMAHOI'0
BiIOOpakeHHsT 007acTi KOMIUICKCHOTO KBa3iMoOTeHIany Ha (i3udHy
obnmacte 13 po3pizaMM B3MOBXK JiHIA Teuii, Ae J,,0, — HEB SI3KU

anpokcuMaii piBHsHb (3.75):

n-1,m-1

o, = rpja:i( |(Xi+1,j - Xi—l,j)_ 7K Vg = Vi)

n-1,m-1
6, = max [ (Yienj = Yiw ) —7Ki ; (% 50— %0 |-

i

SKmo & > 0., To 3MIHIOEMO KiNBKICTh BY3JiB po30UTTSA 00sacTi
G, Ta IOBTOPIOEMO KPOKHM aJITOPUTMY, 1HAKILIE — 3a/1a4ya Po3B’sA3aHa i3
HEOOX1THOIO TOYHICTIO.

3TiIHO 3aMMMCaHuX BUIIEC aHATITHIHUX GOPMYII Ta PO3pOOIESHOTO B
pobOTI anropuTMy, MOOYIOBAHO TiAPOAWMHAMIYHY CITKY 3 TPaHHUIIECIO
pPO3IiTy Pi3HOKOJBLOPOBHX PIAWH B Pi3HI MOMEHTH 4Yacy Ta 3HAHICHO
3HaueHHss  ¢inbrpamiiinoi  Burparu  npu  a=b=xz, r=0.1,
nxm=280x69, ¢.=0, ¢ =1, k=3, 6=0.25 (muB., puc. 3.37a—
3.376).



q=0.7419

i 77

gq=0.7409

Nz e A

a)oT+ieé dica'ycié

Puc. 3.37. Honoocenns epanuyi po30iny pisHOKOIbOPOGUX PIOUH 6 eleMeHmI
cumempii waxogoi cucmemu po3CmMaHoO8KU C8ePONIOBUH Y DI3HI MOMEHMU YACy

Ak 6auMMo, OTpuUMaHi PE3yJbTATH CIHIBIAJAlOTh, IO IIE pa3
MiITBEPIKYE TMPUIATHICTH PO3POOICHOTO AITOPUTMY JI0 PO3B’SI3yBaHHS
PO3MIISIHYTOTO KJacy 3ajlad MaTeMaTHYHOTO MOJICITIOBAHHS IPOIIECiB
BUTICHEHHS.

BigmiTiMo, 1m0 mnpu TOOYIOBI  3arajJbHOTO  AITOPUTMY
PO3B’sI3yBaHHS 3aJadi KOMIIEKCHOTO MAaTEeMaTHYHOTO MOJEIIOBAHHS
HENIHIMHUX TPOIECIiB BHUTICHEHHS, HA €Tami YTOYHECHHS KOOPIWHAT
BHYTPIIIHIX  BY3MiB, JUIi JOCATHEHHS OINBIIOT MIBHIKOCTI Yy
pO3paxyHKax, JIONIJIbHO  BUKOPUCTOBYBATH  PO3MAapalielIiOBAHHS
obuucnens [137]. B 3B’s3Ky 3 IIIM MPOBEJICHO PO3MapalieqroBaHHs, [0
0a3yeTscsi HA  BUKOPHCTaHHI  METOAYy  JEKOMITO3HWINi  oOrmacti
KOMIUIEKCHOTO KBa3iMOTEHIialy, sKa CKIAA€ThCsA 13 CIemiadbHIM
YHMHOM CKJICEHUX MIiX COOOI0 BHYTPIIIHOCTEH MPAMOKYTHHKIB (IUB.,
HamnpUKIag,  PHC. 3.38). OcHOBHa  0COONHUBICTH  TaKoOro
pO3MapaieoBaHHs CTOCYEThCS OOMIHY JIaHUMH B3JIOBX CIUIBHHX

nimtHok ET,, B,T, rpannuni 61okis PEO, PE1 Ta PE2 BimHOCHO sIKHX

BifOyBa€eThCs iX cTUKOBKa (IUB., puc. 3.38a).
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a) a)

Puc. 3.38. Obnacms xomnnexcnozo keasinomenyiany (a)ma cxema iv
dexomnosuyii (6)

Jlnts  Takoro  OOMIHYy  BHKOPHCTOBYBAaTHMEMO  JTOTIOMIXKHI
BipTyanbHi OJIOKH, 1O (OPMYIOTBCS 13 TPWIECTINX IO MEXi IapiB
KOXKHOTO 13 3’€qHyBaHUX (Pi3MIHMX OJIOKIB 3 KOIMIOBAaHHSAM BCIiX JaHHX
HEOOXImMHUX I po3paxyHKiB. [Ipu 1iboMy B KOXKHOMY i3 (Di3HIHHX

OJI0KiB, 3 BUKOPUCTAHHSIM HACTYIHOI (OopMynn

2 Xij X
7 (Ki oy (% = %) =K o2 (X = %50)) +—k -
i12,]

X~ X ja 2

T 0, 77 (Ki 2 (Vi = Yii) = Kijya (Vi = Vi ja)) +
i12,]
N Yii ~VYii  Yii Vi _0k. b= Ki jur T Ki " - Kisy j +Ki

Kivy/a,j Ki_yz,; o 2 e 2

MPOBOJUTHCS YTOYHEHHS! BHYTPILIHIX BY3JIB TigpOIMHAMIYHOI CITKH,
AHaJIOT1YHOTO TUITY PO3PAaXyHKH MPOBOIATHCS 1 Y BipTyaJbHUX OJIOKaXx.
Y BUMaAKy, KOJHW 00JIaCTh KOMIUIEKCHOTO KBA3IMMOTCHIANY €
OaraToiucToro [69] (1uB., HarpuKiIaa, puc. 3.24) no aBox inaekcis (i, j)
KoopauHat (X,Y) HIyKaHUX TOYOK, MPU MOOYJOBI Pi3HUIICBOTO aHAJIOTY
3ajadi, PUIHCYEMO IIE OJMH, IO XapaKTepU3ye HaJIEeKHICTh iX 00pa3iB
710 TOTO UM 1HIIOTO JIKCTA 1 301MIbLIy€E 3araibHy KilbKiCTh OJOKIB.
Bukopucrtanns x (3.82) mpu moOynoBi anropuTMiB I03BOJISIE

3MEHIIUTH KUTBKICTh HEBIJIOMUX Yy CHUCTEMax PiBHSIHb OPTOTOHAIBHOCTI



(3aMICTh 3HAXO/KCHHS JBOX KOOPAMHAT (X,Y) KOXXHOI 3 TpaHUYHHX
TOYOK HEOOXITHO 3HAHTU JMIle OJUH HapaMeTp 7,) Ta YHUKHYTH

HEOOXIAHOCTI iX iTepalifiHOTO BiAIIyKaHHS, IO 3HAYHO 3MEHIIYE Yac

BHUKOHAaHHs p03p06neH0ro AJITOpUTMY.

3.4.2. lllasixu po3MOBCIOIZKEHHSI METOAY KOMILIEKCHOTO aHAJi3y Ha
npoctip. MoaeawBaHHsI NPoLeciB BUTICHEHHS] B MaJI0-TIPOCTOPOBO-
BUKPHBJIEHHX MJIacTax

B momepeanix poszdinax po3rsMHYTO 3aJadi MaTeMaTH4HOTO
MOJICJIIOBaHHs HENiHIHHUX MPOLECIiB BUTICHEHHS, KOMU (QiIbTpalis €
IJIOCKONapaieabHOW (TUIACTH JIOCUTh TOHKi, IOCTIHHOI TOBIIMHH).
[IpoTe B mpUpOAHUX YyMOBAaX, IOCUTh YACTO MPUXOJUTHCS MaTH CIIPaBy 3
MPOCTOPOBHMH IUIACTAMH 3MIiHHOT TOTYXXHOCTi, B 3B’SI3Ky 3 4YHM,
BUHUKAa€  HEOOXIMHICTh  TOOYMOBH  INDISIXiB  PO3MOBCIOKEHHS
pO3po0IIeHOI METOMWKH MOJETIOBAHHS TPOIECiB BUTICHEHHA 1 Ha i
BUITAJIKH.

Sx BigoMo, Bmepime CTamioHapHA 3ajJada TMpo  PO3MOJILT
MOTEHIiay IIBUAKOCTI (iNbTpanii B MpOCTOPOBOMY, LIIIHAPHYHOMY
miacti, po30ypeHOMY HEIOCKOHAJOK IO CTYICHI  PO3KPUTTS
CBEP/UIOBUHOIO, OyJia pO3B’si3aHAa 3 BUKOPHCTAHHSAM 1€l MeTo[iB
BiJOOpa)keHH:I, BiTHOCHO HEMPOHUKHOI KPiBIi, Ta MiJOIIBH B3I0BX JiHii
TIOTJIMHAHHS €JIEMEHTAPHOTO CTOKY 3 33/JaHOI0 IHTEHCHBHICTIO (BiCh
BEepPTHKANBHOI cBepanoBuHN) M. Mackerom [156, 157]. Psax cxmamamx
3a7a4 po3B’SA3aHO TAaKOX 3 BHUKOPHCTAHHSAM EJIEKTPOMOJEIIOBaHHSA. B
pe3yJbTaTi 4oro OTPUMAHO CITKY KPHBHX, IO JO3BOJISUIA BH3HAYaTH B
KOXKHIH TOUIi BENTMYUHH (iNbTPaLifHOTO ONOpY IJIacTa.

Binbm  ckagHUMM € HeCTalllOHapHI  3ajadvi, 3arajJbHe
JOCHIPKEHHs SKkux Brepiie Oyno mpoBeneHe A. JI. XeitHom, mpote B

3B’3Ky 3 HEMOXKIIMBICTIO iX BUKOPHCTaHHSA, NPH OOpOOIi KpUBUX



HapocTaHHA (MagiHHA) 3a0iHOTO THCKY, IIMPOKOTO MNPaKTHYHOTO
3aCTOCYBaHHS BOHU HE OTPUMAIIHL.

B 3B’s3ky 3 mMM B OCHOBY TiApPOAWHAMIYHHX METOMIB
TOCITIKEHHST HEeIOCKOHAIMX CBEPIJIOBUH 1 1HTEpIpeTarlii pe3yabTaTiB
TTOKJIAZICHO AaHAJMITHYHI PO3B’SI3KM PIBHAHBL 11 €30TPOBITHOCTI IS
TiIPOAMHAMIYHO JOCKOHAJMX CBEPIJIOBMH, B AKi MITyYHHM IIJISIXOM
BBOJSATHCS JOAaTKOB1 ¢inpTpaniitai OTIOpH, 00yMoBIIeH1
HEIOCKOHAJIICTIO CBEPJUIOBHH 10 CTYIEHIO 1 XapaKTepy PO3KPUTTS
mnacta. [Iporte, KpiM CKIaIHOCTI, OB’ A3aHOI 3 MPOCKTYBAHHSAM BILTUBY
CTYHCHS PO3KPUTTS CBEPAJIOBHHOIO IJIacTa, BHHUKAE HEOOXiJHICTH
BpaxyBaHHS TMEPETOKIB MK NPOIUIACTKAaMH 1 BENWYHH Bigbopy 3
KOXKHOTO 13 HHUX. SIKIOI0 X TPOIDIACTKA HE MAaroTh TIEPETOKIB, TO
PO3p0o0OKy KOKHOTO i3 HHUX MOKHAa MOJETIOBATH OKPEMO. Y BHIIAIKY K
CyMiCHOT  pO3pOOKHM, KOJH TMPOIDIACTKH  PO30ypeHO  CIIJIHHOIO
CBEPAJIOBUHOIO 1 HEMa€ MOXIIMBOCTI PO3ALTUTH MPOAYKIIIO Ta 3aKadKy
CBEpAJIOBUHU 10 TMpOIJIACTKAaM, MpPOIEC MOJACTIOBAHHSI TOBHHEH
BiOyBaTHCS B KOMIUIEKC], BpaXOBYIOUH KOXKEH 13 TepeiueHux GakTopiB
y BiINOBIHUX TPUBUMIPHUX QLIBTPALIHHUX MOJEISX.

JocuTe dYacTo BHAETHCS BBECTH AaNpPOKCHUMAINIO TPUBHUMIPHOI

dinprpauii B mnacti (mesxiéi obmacti G, , ) = AB.C. D.A'B'C'D"),

¢GinbTpali€l0 MO CTaliOHApHUM MOBEpPXHSAM cTpymy [166, 167]. Hns
LBOTO BiIHOCHO IJIacTa 0OMEKEHOI MOTY>KHOCTI BBEJEMO KPUBOJIiHIHHY

(oproronanbHy) cuctemy koopmunat &, 71, ¢ (muB., puc 3.39),
nigomBy AB.C.D, i xpiemo A'B'C'D’, sKoro npeacTaBuMo y BHIIISI
BIANOBITHUX KOOPJUHATHUX IOBEPXOHb ¢ = ¢, =Cconst 1 ¢ =¢, =const

. 'Y po6orti [50], 3 BUKOPHCTaHHSAM TaKOro yCepeJHEHHS Ta el MeTOiB
KOH(OPMHOTO Ta KBa3ikKoHGOpMHOTO BimoOpaxeHHs, Oyno chopMOBaHO
CTaLliOHApHI 3aJa4ui MOJENOBaHHA KBa3iifeanbHoi inbTpaniiinoi Tedii y

HCO)IHOpi,Z[HI/IX IMPOCTOPOBO BUKPUBJIICHUX ILIACTaX 00OMEKEHHNX JBOMa



CKBIMOTCHINIATbHUMHA TIOBEPXHSAMHU-CTIHKAMH Ta YOTUPMa TOBEPXHSIMU
Teuil.

Puc. 3.39. Bukpuenenuii niacm obmedHcenoi ROmysiCHOCHI 8 OPMO2OHANbHIT
cucmemi koopounam &, n, &

Jlns  mommupeHHS  po3po0JeHOI  METOOWKHA  MOJCITIOBAHHS
HETMIHIHHAX  TIPOIECIiB  BHUTICHEHHS HAa  BHIAIKH  IIPOCTOPOBO
BUKPHBJICHUX IUIACTIB BHKOPHUCTOBYBATUMEMO Yy3araJbHEHHH 3aKOH
Hapci Ta piBHAHHS HEPO3PUBHOCTI TeYii, 3allMCaHi AJs1 KOKHOI 3 piAMH B

OpTOTOHAJIbHIN cuctemi koopauHat (&,7,4) , y BUIISIL:
kk, 0p Kk, op
taH, 08 wH, O
kk, dp Kk, Op
#,H, 08 w,H, on

S
J‘ o(H,H,u,) N o(H,Hzv,,) +GH1H2H3@
o0& on ot

e s;(M,t), s,(M,t) — HACHUEHOCTI MOPUCTOTO CEPENOBUILA HAPTOO

O, =v, +iy, =

U, =0, +10,, =

]dg:O,l:Lz,

G

Ta BOJOI B JefAKiil ObKydui Toumi M 1mracta y MoMmeHT dacy t (

s, +s,=1); o, K - koediuieHTH mnopucrocTi Ta abGCOMIOTHOI
nponukHocti  1pyHty; K =K/ (S), Kk,=Kk,(S) — BimHOCcHI ¢a3oBi
HNPOHUKHOCTI (S=S,); U, 4 — BEKTOp IIBHAKOCTI Ta Koe(DilieHT

B’askocti |- toi Qasm; H = \XZ+yi+zi, H,=\X +y +1z,



H3=1/X§+y§+zg — mapametpu Jlame; x=x(&,17,¢), y=y(&n,C),

z=12(&£,1n,{) — B3B'I30K JCKAPTOBHX KOOpAMHAT TOYykd M 3

BIAMOBITHUMY il KpUBONiHIHHUMHU KoopauHatamu (&,7,¢) . 3Biacu, 3
ypaxyBaHHAM CyMapHOI IIBHAKOCTI U =0, +0, OigbTpauiifHoi Teuii,
Ma€eMo:

=, +iv, = E(s)[%,ﬁ—”j, (3.86)
T(a(HZHw+8(H1HSU")jdg=o (387)
41 6§ 677 | |
<2
j(a(Hszf(S)Ué)+6(H1H3f(5)un)+GH1H2H3§]dg=o, (3.89)
41 ag 677 a
kki(s) _ kka(s) pka (s)
k(s  T8)=—= )
e k(s)= " 0 (s)= k() + ko (5)

[TincraBmsroun (3.86) B (3.87), (3.88) 1 3MiHIOIOUHM TIOPSIOK
IHTerpyBaHHA Ta AU(PEPEHIIIOBAHHS OTPUMAEMO CHCTEMY PIBHSHHS, 110

OTIFICY€ TIPOITIEC BUTICHEHHS y BUKPUBJICHOMY IIIACTi 3MiHHOT TOBIIMHU

i(K 6_(p] ¢ [Kz a—q)}o, (3.89)
o¢ 0s) On on
K S i(K4a—¢]+i(Ksa—(p]=0, (3.90)
‘ot og o) on on
) &
e K,(&7) = Jk(8)|_||_| ,Hs de, K, () = jk(sLH H3dg’
¢ 1 4 2
& L
Ky(€m) = [ oHH,HdS KK?WFI%M.
& a 1



S
K.(&,m) = I%d{ — XapaKTepUCTWYHI KOeQilli€eHTH, IO
2

51
BIAMOBIMAIOTh 3a 30epexkeHHs iHQOpMaIi mpo TeoMeTpiro Ta
dbimpTpariitai  BIaCTUBOCTI Iwuiacta. JIisi 3amucy TpaHUIHHX YMOB
MIPEACTABUMO PIBHSHHS IiAOMIBH, KPIiBJIi IJIACTA 1 PEIITH, OOMEKYIOTHX

¢utpTpaniiiny o0sacTh MOBEPXOHb B KoopauHatax (&,77,{) HACTYyIHUM

YHHOM:

* K Kk k

AABB.={(&n,¢) L(Em =0},  ABCTD ={(&n¢):¢=¢"},
C.CD'D. ={(&7.0): t:(&m) =0},  ABC.D.={(En.):¢ =),
AD.A'D" ={(£,7,0):0.(&,7) =0}, BC.C'B ={(&.1.0)19° (&) =0}

Toxi BiANOBiAHI TPaHUYHI Ta MOYATKOBI YMOBH MaTUMYTh BUIJISA:

op op

—_— = — :O’
on on

Ol empeo = Ol emo =9 .
g (£.m)=0

9+(&,m)=0
S|f*(§ﬂi):0 =S S|t:0 = 5(95’7714/) .

Beesemo GyHKIIIO ycepeaHEHOT Tewii ¥, IO 3aI0BOJbHSE
CIIIBBIHOIIIEHHS:

o _ov  Oe__ov (3.91)

o5 0on on 05
NpY BUKOHAHHI SKUX piBHSHHA (4.19) mepeTBOPIOETHCS HA TOTOXKHY
pieuicts. Cucrema (3.91) BusHauae gesiky QyHkuito 0 =w(z2)=@+iy,

sIKa TIPY BUKOHAHHI YMOB:

(p‘f*(cf,n)zoz(p*' w‘f*(é,n)=0:¢ ' V/‘g*(-f,n)zozo' l//‘g*(g,n)=o:Q (3.92)

3IiHCHIOE KBa3ikoH(opMHe BifoOpaxkeHHs ¢izndHOol o0nacti Qimbrpamii
Ha BIJIMIOBITHY obmacTs KOMITJIEKCHOTO KBa3iMOTEHITI ATy
G,={w p.<p<¢p’, 0<y<Q}, ne Q- HeBimoma dinbTpauiiina

BUTpATa.



Bignosinny HemiHiiiHy obepHeny 3amauy a0 (3.91)-(3.92) na
KkBasikondopmue BinoOpaxenns z=1z(w)=X(p,y)+iy(p,y) obmacrti
G, Ha G, OTpUMAaEMO y BHITIAMI:

K N_%& & __n
&// o KZ&W 6@,( v)eG,, (3.93)

f(&(@w). (@ w)) =0, £ (5(0 W), (e W) =0,0<y <Q,

. . (3.94)
9.(£(,0),17(9.0)) =0, 9 (£(2.Q).17(9.Q) =0, 0. <p<9,
30KpeMa, K Haciiiok (3.93), maemo:
K, D¢ +— 10 =0,
6;{/ 81// 6(0 K op
0 Kla_’7 +i 1o =0. (3.95)
oy oy ) op\ K, op
Buxopucrapuiu BiJIIIOBITHI dhopmynu nepexony
0 _Lono 1on o 0 __ 1050 106 0
08 Jowdp Jopoy' on  Jowdp Jopoy’

6(0 1on op 108 oy  1ong oy 108

of Jowy'  on Jdoy'  oF Jop < on Jop'

_0¢on_ 05 on

, ymoBu (4.23) Ta Qopmynu s oOYHCIEHHS
op oy OV Op

k(s on

KOMIIOHEHT CyMapHOi IIBUAKOCTI v =
J(p.w)H, oy’

_k(s) o

i = _— 3az[aqy JJIA HaCI/I‘-IeHOCTl 3aIIUIIICMO TaK:
J(p.w)H, 0w

kB o 0K on 0K de ),
ot oyl|opl J oy ow\ J oy



+%(i{&%} K, i[ﬁﬁ_nn 0, (3.96)
ow| op\ J Oy ow\ J Oy
s(&(@e,v), (@), ¢ (@), 1) =,

s(G(@.w)n(ew).¢(o.w),0) =5 (o.w).n(o.w).¢ (p.v)) . (3.97)

[Ipu mpOMYy, AKIIIO 6f—§) =0, To piBastHHEA (3.96) Mae BUTIIA
[47,77]:
2
0 __v ot o5 (3.98)
ot ok s dp

1 € MPOCTOPOBO OTHOBUMIPHHM, a/pKe 3MiHHA W TyT (irypye sk
napamerp.

BBenenns  TakuM  9MHOM  (IKTMBHOTO  KOMIIIEKCHOTO
KBa3iMOTEHLialy, 3 HACTYIIHUM BUKOPUCTAaHHSIM ileil meTony
KBa31iKOH(OPMHHX BiJOOpakeHb Ta TNPOLEAYpU IOETanmHoi Qikcamii
PI3HUX XapakTEPUCTHUK CEepeoBHIIA 1 TNPOLECY, CYTTEBO CIIPOIIYE
3arajibHy CTpAaTerilo po3YeIUIeHHS aJrOpUTMYy pPO3B’s3aHHS BHX1IHOI
3amavi (TIpeJCTaBIeHHS HOTO Y BUTIISAL OJNOKIB, IO BUKOHYIOTHCS OJUH
3a OJHUM ITUKIIYHO). A came, 3a (JiIKCOBAaHMUM PO3IOAIIOM HACHICHOCTI
S PO3B’sA3yEMO 3a7ady Ha KBa3iKOH()OPMHE BiIOOpakeHHS: OyIyeMO
TiIpoAMHAMIYHY CITKY, XapakTepHi JiHil po3aidy Teuii; 3HAXOAUMO
KBa3iOTEHLIaNl ¢, BUTpPATy Ta iHII HeBimoMi (QinbTpauiliHi napameTpu;
3a 3HaimeHUMH GIIBTPAIifHUMU XapaKTepUCTUKaMU 3rigHo 3 (3.96)
3HAXOAMMO TIEPEPO3IOALT HACHUCHOCTI Ta TIEPEBIPSIEMO YMOBH 3YTTHHKHU
nporiecy obunciaeHs. OmHi€I0 3 HAX MOXKe OyTH yMOBa IIEPEBUIICHHS

JIOITYCTHMO] YaCTKH BUTICHAOYOI pisuHM Ha rpanmmi B.C.C'B.

AHasloriyHO AK 1 B MONEpegHiX po3aigax Ta poborax [46—

48, 63, 69-70], anropuT™M 3HaXOMKCHHA PO3B’SI3Ky  OOEpHEHOI



HENIHIIHHOT MudepeHItianbHoi 3aadi, OO0 OMUCYE IMPOIEC BUTICHEHHS,
OyayeThes MUIIXOM ITOETAIMHOL napaMeTpu3aii BEINYNHA
KBa31KOH(GOPMHOTO 1HBapiaHTy, TPAHUYHHUX Ta BHYTPIIIHIX BY3JiB CITKH

3 BUKOPHUCTAHHSIM 1/Iel OJI0YHOI iTepartii.
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